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Preface

An intriguing and famous talk presented by Stanislaw M. Ulam in 1940 triggered
the study of stability problems for various functional equations. In his talk, Ulam
discussed a number of important unsolved mathematical problems. Among them, a
question concerning the stability of homomorphisms seemed too abstract for anyone
to reach any conclusion. In the following year, Donald H. Hyers was able to give
a partial solution to Ulam’s question that was the first significant breakthrough and
step toward more solutions in this area. Since then, a large number of papers have
been published in connection with various generalizations of Ulam’s problem and
Hyers’s theorem. In particular, Themistocles M. Rassias succeeded in extending
the result of Hyers’s theorem by weakening the condition for the Cauchy differ-
ence. This remarkable result of Rassias led the concern of mathematicians toward
the study of stability problems of functional equations.

Unfortunately, no books dealing with a comprehensive illustration of the fast
developing field of nonlinear analysis had been published for the mathematicians
interested in this field for more than a half century until D. H. Hyers, G. Isac and
Th. M. Rassias published their book, Stability of Functional Equations in Several
Variables, Birkhduser, 1998.

This very book will complement the books of Hyers, Isac and Rassias and
of Czerwik (Functional Equations and Inequalities in Several Variables, World
Scientific, 2002) by presenting mainly the results applying to the Hyers—Ulam—
Rassias stability. Many mathematicians have extensively investigated the subjects
on the Hyers—Ulam—Rassias stability. This book covers and offers almost all classi-
cal results on the Hyers—Ulam—Rassias stability in an integrated and self-contained
fashion.

e In Chapter 2, we discuss the Hyers—Ulam—Rassias stability problems and the
related topics of the additive Cauchy equation. In Section 2.1, we explain the
behaviors of additive functions. We, then, begin to discuss the Hyers—Ulam and
the Hyers—Ulam—Rassias stability problems of additive functional equation in
Sections 2.2 and 2.3. The stability on restricted domains and its applications are
introduced in Section 2.4. We explain briefly the method of invariant means and
the fixed point method in Sections 2.5 and 2.6. In Section 2.7, the composite
functional congruences are surveyed. The stability of the Pexider equation will
be proved in Section 2.8.

vii



viii Preface

e The Hyers—Ulam—Rassias stability of some generalized additive functional
equations is proved in Chapter 3. Moreover, we discuss the Hyers—Ulam stability
problem in connection with a question of Th. M. Rassias and J. Tabor.

e Chapter 4 deals with the Hosszid’s functional equation. In Section 4.1, we prove
that the Hosszu’s equation is stable in the sense of C. Borelli. The Hyers—Ulam
stability problem is discussed in Section 4.2. In Section 4.3, we present that the
generalized Hosszid’s equation is stable in the sense of Borelli. In the next section,
we prove that the Hosszl’s equation is not stable on the unit interval. Moreover,
the Hyers—Ulam stability of the Hosszi’s equation of Pexider type is proved in
Section 4.5.

e We survey the stability problems of the homogeneous functional equation in
Chapter 5. In Section 5.1, we prove the Hyers—Ulam—Rassias stability of the ho-
mogeneous functional equation between real Banach algebras. Section 5.2 deals
with the superstability on restricted domains. The stability problem of the equa-
tion between vector spaces will be discussed in Section 5.3. Moreover, we present
the Hyers—Ulam—Rassias stability of the homogeneous equation of Pexider type
in Section 5.4.

e There are a number of functional equations including all the linear functions
as their solutions. In Chapter 6, we introduce a few functional equations among
them. We survey the superstability property of the system of functional equations
f(x+y)= f(x)+ f(y)and f(cx) = cf(x) in Section 6.1. Section 6.2 deals
with the stability problem for the functional equation f(x+cy) = f(x)+cf(y).
In Section 6.3, we discuss stability problems of other systems which describe
linear functions.

e Jensen’s functional equation is the most important equation among a number of
variations of the additive Cauchy equation. The Hyers—Ulam—Rassias stability
problems of Jensen’s equation are proved in Section 7.1, and the Hyers—Ulam
stability on restricted domains is discussed in Section 7.2. In Section 7.3, we
prove the stability of Jensen’s equation by using the fixed point method. The
superstability and Ger type stability of the Lobacevskii functional equation will
be surveyed in Section 7.4.

e Chapter 8 is dedicated to a survey on the stability problems for the quadratic func-
tional equations. We prove the Hyers—Ulam—Rassias stability of the quadratic
equation in Section 8.1. The stability problems on restricted domains are dis-
cussed in Section 8.2. Moreover, we prove the Hyers—Ulam—Rassias stability by
using the fixed point method in Section 8.3. Section 8.4 deals with the Hyers—
Ulam stability of another quadratic functional equation. We prove the stability of
the quadratic equation of Pexider type in Section 8.5.

e In Chapter 9, we discuss the stability problems for the exponential functional
equations. In Section 9.1, the superstability of the exponential Cauchy equa-
tion is proved. Section 9.2 deals with the stability of the exponential equation
in the sense of R. Ger. Stability problems on restricted domains are discussed in
Section 9.3. Another exponential functional equation f(xy) = f(x)” is intro-
duced in Section 9.4.
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e Chapter 10 deals with the stability problems for the multiplicative functional
equations. In Section 10.1, we discuss the superstability of the multiplica-
tive Cauchy equation and a functional equation connected with the Reynolds
operator. The results on §-multiplicative functionals on complex Banach alge-
bras are presented in Section 10.2. We describe §-multiplicative functionals in
connection with the AMNM algebras in Section 10.3. Another multiplicative
functional equation f(x”) = f(x)” is discussed in Section 10.4. In Section 10.5,
we prove that a new multiplicative functional equation f(x + y) = f(x) f(y)
f(1/x + 1/y) is stable in the sense of Ger.

e In Chapter 11, we introduce a new functional equation f(x”) = yf(x) with the
logarithmic property. Moreover, the functional equation of Heuvers f(x + y) =
f(x)+ f(y) + f(1/x + 1/y) will be discussed.

e The addition and subtraction rules for trigonometric functions can be repre-
sented by using functional equations. Some of these equations are introduced
and the stability problems are surveyed in Chapter 12. Sections 12.1 and 12.2
deal with the superstability phenomena of the cosine and the sine equations. In
Section 12.3, some trigonometric functional equations with two unknown func-
tions are discussed. In Section 12.4, we deal with the Hyers—Ulam stability of
the Butler-Rassias functional equation following M. Th. Rassias’s solution.

e Chapter 13 deals with the Hyers—Ulam—Rassias stability of isometries. The
historical background for Hyers—Ulam stability of isometries is introduced in
Section 13.1. The Hyers—Ulam—Rassias stability of isometries on restricted do-
mains is proved in Section 13.2. Section 13.3 is dedicated to the fixed point
method for studying the stability problem of isometries. In Section 13.4, we
discuss the Hyers—Ulam—Rassias stability of the Wigner equation on restricted
domains.

e Section 14.1 deals with the superstability of the associativity equation. In
Section 14.2, the Hyers—Ulam stability of a functional equation defining mul-
tiplicative derivations is proved for functions on (0, 1]. In Section 14.3, the
Hyers—Ulam—Rassias stability of the gamma functional equation and a gen-
eralized beta functional equation is proved. The Hyers—Ulam stability of the
Fibonacci functional equation will be proved in Section 14.4.

I would like to express my humble gratitude to Professor Themistocles M. Rassias
for his valuable suggestions and comments. I am also very much indebted to my
wife, Min-Soon Lee, as she has always stood by me and helped me type the
manuscript in KTEX system.

This research was supported by the Basic Science Research Program through the
National Research Foundation of Korea (NRF) funded by the Ministry of Education,
Science and Technology (No. 2010-0007143).

Finally, I would also like to acknowledge the fine cooperation and assistance that
Ms. Elizabeth Loew of Springer Publishing has provided in the publication of this
book.

December 2010 Soon-Mo Jung
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Chapter 1
Introduction

In the fall of 1940, S. M. Ulam gave a wide-ranging talk before a Mathematical
Colloquium at the University of Wisconsin in which he discussed a number of im-
portant unsolved problems. Among those was the following question concerning the
stability of homomorphisms (cf. [354]):

Let G1 be a group and let G, be a metric group with a metric d(-,-). Given
& > 0, does there exist a § > 0 such that if a function h : G; — Gy satisfies the
inequality d(h(xy), h(x)h(y)) < 8 forallx,y € G, then there is a homomorphism
H : Gy — Gywithd(h(x), H(x)) < ¢ forall x € Gy?

If the answer is affirmative, we say that the functional equation for homomor-
phisms is stable.

D. H. Hyers was the first mathematician to present the result concerning the
stability of functional equations. He brilliantly answered the qguestion of Ulam for
the case where G; and G, are assumed to be Banach spaces (see [135]). This result
of Hyers is stated as follows (cf. Theorem 2.3):

Theorem 1.1 (Hyers). Let f : E; — E; be a function between Banach spaces
such that

IfGx+y)=f)—f =4 (1.1)

for some § > 0 and for all x,y € E1. Then the limit
A(x) = lim 27" f(2"x) (1.2)
n—o0
exists for each x € E1, and A : E1 — E; is the unique additive function such that

[f(x) —AX)[| <8

for every x € Ey. Moreover, if f(tx) is continuous in t for each fixed x € E, then
the function A is linear.

Taking this famous result into consideration, the additive Cauchy equation
f(x +y) = f(x) 4+ f(y) is said to have the Hyers—Ulam stability on (E1, E2)
if for every function f : E; — E, satisfying the inequality (1.1) for some § > 0
and for all x,y € Ej, there exists an additive function A : E1 — E; such that
f — A is bounded on E;.

S.-M. Jung, Hyers—Ulam—Rassias Stability of Functional Equations in Nonlinear 1
Analysis, Springer Optimization and Its Applications 48,
DOI 10.1007/978-1-4419-9637-4_1, (© Springer Science+Business Media, LLC 2011



2 1 Introduction

The method in (1.2) provided by Hyers which produces the additive function A
will be called a direct method. This method is the most important and powerful tool
to study the stability of various functional equations.

Ten years after the publication of Hyers’s theorem, D. G. Bourgin extended the
theorem of Hyers and stated it in his paper [28] without proof. Unfortunately, it
seems that this result of Bourgin failed to receive attention from mathematicians at
that time. No one has made use of this result for a long time.

In 1978, Th. M. Rassias addressed the Hyers’s stability theorem and attempted
to weaken the condition for the bound of the norm of Cauchy difference

Jx+y)=fx) = f)

and proved a considerably generalized result of Hyers by making use of a direct
method (cf. Theorem 2.5):

Theorem 1.2 (Rassias). Let f : E1 — E» be a function between Banach spaces.
If f satisfies the functional inequality

1A G+ ») = £ = I = 0(IxI1? + [[y117)

forsome 8 > 0, pwith0 < p < 1 and forall x,y € E, then there exists a unique
additive function A : E1 — E, such that

26

1) =AW = 3

llx[1? (1.3)

for each x € Ey. If, in addition, f(tx) is continuous in t for each fixed x € E,
then the function A is linear.

This exciting result of Rassias attracted a number of mathematicians who began
to be stimulated to investigate the stability problems of functional equations.

By regarding a large influence of S. M. Ulam, D. H. Hyers, and Th. M. Rassias
on the study of stability problems of functional equations, the stability phenomenon
proved by Th. M. Rassias is called the Hyers—Ulam—Rassias stability. In this book,
the Hyers—Ulam stability will be regarded as a special case of the Hyers—Ulam—
Rassias stability.

For the last thirty years many results concerning the Hyers—Ulam—Rassias stabil-
ity of various functional equations have been obtained, and a number of definitions
of stability have been introduced. Hence, it is necessary to introduce the exact def-
inition of the Hyers—Ulam—Rassias stability which is applicable to all functional
equations appearing in this book.

Let E; and E, be some appropriate spaces. For some p,¢ € N and for any
ie{l,...,p}let

gitEl - E; and G:EJxE] - E,
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be functions. Assume that ¢, ® : E f — [0, 0o) are functions satisfying some given
conditions. If for every function f : E; — E; satisfying the inequality

||G(f(g1(x1,...,xq)),...,f(gp(xl,...,xq)),xl,...,xq)”
< o(x1,...,Xxq) (1.4)

forall xq,...,x4 € Ej there exists a function H : £y — E such that

G(H(g1(x1.....%xg)). ..., H(gp(x1.....Xg)). X1,.... Xg) =0

forall xq,...,x4 € Ey and
[ f(x) —HX@| < ®(x,...,x) (1.5)

for any x € E1, then we say that the functional equation

G(f(gl(xl,...,xq)),...,f(gp(xl,...,xq)),xl,...,xq) =0 (1.6)

has Hyers—Ulam—Rassias stability on (Eq, E») or we say that it is stable in the sense
of Hyers, Ulam, and Rassias.

If o(x1,...,x4) in (1.4) and O(x,...,x) in (1.5) are replaced by § and K§
(K > 0), respectively, then we say that the corresponding phenomenon of the func-
tional equation (1.6) is the Hyers—Ulam stability on (E1, E3).

If each solution f : Ey — E; of the inequality (1.4) is either a solution of
the equation (1.6) or satisfies some strong regular conditions, then we say that the
equation (1.6) is superstable on (E;, E;). J. Baker, J. Lawrence, and F. Zorzitto
discovered the superstability phenomenon for the first time. Indeed, they assumed
that V' is a vector space over rational numbers Q and proved that if a function
f:V — Rsatisfies | f(x + y) — f(x) f(y)| < § for a given § > 0 and for all
x,y € V, then either f(x) remains bounded or f is an exponential function (ref.
[17]). If there is no confusion, we can omit (£, E>) in the terminologies.

R. Ger pointed out that the superstability phenomenon of the exponential equa-
tion is caused by the fact that the natural group structure in the range space is
disregarded, and he suggested a new type of stability for the exponential equation

(ref. [122]):
M 1‘ < (1.7)

f) )

If for each function f : (G, +) — E\{0} satisfying the inequality (1.7) for some
8 > 0 and for all x, y € G, there exists an exponential function M : G — E\{0}
such that

1/ (x)/M(x) = 1| = ®(8) and [[M(x)/f(x)— 1]l = ¥(5)
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for all x € G, where ®(§) and ¥(§) depend on § only, then the exponential
functional equation is said to be stable in the sense of Ger.

We will use the following notations. C, N, Q, R, and Z denote the set of complex
numbers, of positive integers, of rational numbers, of real numbers, and of integers,
respectively. Furthermore, let No = N U {0}.

Now, let us review the contents of this book briefly.

In Chapter 2, we discuss the most famous functional equation, namely, the addi-
tive Cauchy functional equation

Jx+y) = fx)+ f(»)

of which properties have been widely applied to almost every field of science and
engineering.

In Section 2.1, the behaviors of the continuous or discontinuous additive func-
tions will be briefly described.

In Section 2.2, the very historically important theorem of Hyers will again be
presented.

Section 2.3 will entirely be devoted to the Hyers—Ulam—Rassias stability of the
additive functional equation for functions between Banach spaces. The theorem of
Rassias (see above or [285]) which is also very important from a historical point
of view will be described in Theorem 2.5. Furthermore, a counterexample of Z.
Gajda [112], stating that the theorem of Rassias is no more valid if p = 1, will be
introduced in Theorem 2.6.

In relation to Rassias’s theorem, Th. M. Rassias asked in his paper [290] whether
the inequality (1.3) provides the best possible estimate of the difference | f(x) —
A(x)]|| between an “approximately additive function” f and the additive function
A constructed by making use of a direct method. This question was affirmatively
answered by Th. M. Rassias and J. Tabor in the case of p = 1/2 (ref. [313]). In the
case of p > 0 (p # 1), the answer is also affirmative as was demonstrated by J.
Brzdek (ref. [30]). The result of Brzdgk will be formulated in Theorem 2.10.

In the next part of Section 2.3, more generalized results on the Hyers—Ulam—
Rassias stability of the additive Cauchy equation will further be introduced (see,
e.g.,[113,118,119,142-144,156,280-282,302,311]). These results will be applied
to the study of some important problems in nonlinear analysis; for example, the
existence of fixed points on cones for nonlinear functions, the study of eigenvalues
for a couple of nonlinear operators, and the study of bifurcations to the infinity, with
respect to a convex cone, of solutions of the Hammerstein equation (see [144]).

In Section 2.4, the Hyers—Ulam stability of the additive Cauchy equation on a
restricted domain will be proved. F. Skof was the first person to address the stability
on a bounded domain. Indeed, Skof obtained the following result for N = 1, and
Z. Kominek extended it for any N € N (cf. [224,330] or Lemma 2.28):

Let E be a Banach space. Given ¢ > 0, let a function f : [0,c)N — E satisfy
the functional inequality

If(x+y)=f) = fOll =4
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forall x,y € [0,c)N with x + y € [0,¢)N. Then there exists an additive function
A: RN — E such that

I/ (x) = AX)|| = (4N —1)8

forx €[0,c)N.

A theorem of L. Losonczi [238] concerning the stability on a restricted domain
will also be introduced in Theorem 2.31. This result will be reserved for further use
in the study of the Hyers—Ulam stability of Hosszii’s equation (see Theorem 4.5).

In contrast to the previous one, F. Skof [331] also proved the Hyers—Ulam sta-
bility of the additive Cauchy equation on an unbounded and restricted domain. She
applied this result to the study of an interesting asymptotic behavior of additive
functions (Theorems 2.32 and 2.34 and Corollary 2.35):

The function f : R — R is additive if and only if f(x +y)— f(x)— f(y) = 0
as |x| + |y| — oc.

The stability result of the additive Cauchy equation on a restricted domain pre-
sented by D. H. Hyers, G. Isac, and Th. M. Rassias will be discussed in Theorem
2.36, and its applications to p-asymptotical derivatives will also be presented
(ref. [136]).

Section 2.5 will address the method of invariant means. Until now, it has been
assumed that the domains of functions involved are vector spaces. In this section, the
theorem of Hyers will be generalized by extending the domain spaces of involved
functions to abelian semigroups. The results of G. L. Forti and Z. Gajda will be
described (cf. [105,111,316,342,343]).

Recently, L. Céddariu and V. Radu proved the Hyers—Ulam—Rassias stability of
the additive Cauchy equation by using the fixed point method (see [57,279]). Many
mathematicians try to prove the Hyers—Ulam—Rassias stability of various functional
equations by applying the fixed point method. This method appears to be powerful
and successful. In Section 2.6, a theorem of Cadariu and Radu will be introduced.

In Section 2.7, a theorem of R. Ger and P. Semrl concerning the composite func-
tional congruence will be demonstrated (Corollary 2.48 or [123]):

Let (G, +) be a cancellative abelian semigroup, and let ¢ € (0, 1/4). If a function
f 1 G — R satisfies the congruence

Jx+y) = fx) = f(y) € Z + (—¢.¢)

forall x,y € G, then there exists a function p : G — R such that

p(x+y)—p(x)—p(y) €Z and |f(x)—p(x)|<e¢

forany x,y € G.

This result will be applied to the proof of stability of the exponential functional
equation in the sense of Ger (see Theorem 9.7).

The Hyers—Ulam—Rassias stability of the Pexider equation, f(x + y) = g(x) +
h(y), will be surveyed in the last section of Chapter 2. A theorem proved by
K.-W. Jun, D.-S. Shin, and B.-D. Kim is introduced (see Theorem 2.49 or [155]):
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Let G and E be an abelian group and a Banach space, respectively. Let ¢ :
G? — [0, 00) be a function satisfying

o0
O() = ) 27 (p(271x.0) + (0.2 ') + (276,27 x)) < 00

i=1
and
lim 27"p(2"x,2"y) =0
n—o0
forall x,y € G. If functions f, g, h : G — E satisfy the inequality

If(x +y) —g(x) =h(Y) = ¢(x.y)

forall x,y € G, then there exists a unique additive function A : G — E such that

1/ () = A = IgO)] + [2O)[] + P(x).
lg(x) = A = 8O + 2[2O)] + ¢(x,0) + P(x),
[7(x) = A = 2[g(O)] + [7O)[| + ¢(0. x) + P(x)

forallx € G.

In Chapter 3, the Hyers—Ulam—Rassias stability of some generalized additive
Cauchy equations will be discussed. In the paper [312], Th. M. Rassias and J. Tabor
asked whether the functional equation

flax +by +¢)=Af(x) + Bf(y) +C

with abAB # 0 is stable in the sense of Hyers, Ulam, and Rassias.
Section 3.1 will deal with the results of C. Badea [8] concerning the Hyers—
Ulam—Rassias stability of the functional equation

flax +by) = af(x) +bf(y).

These results of Badea provide a partial answer to the question of Rassias and Tabor.
In Section 3.2, in the paper [162] S.-M. Jung introduced another generalized
additive Cauchy equation

m m m
flxo+d amx; | =3 bif[ Y aix; | (1.8)
j=1 Jj=1

i=1

In the case of xo = 0 in (1.8), the Hyers—Ulam—Rassias stability of (1.8) will be
proved in Theorem 3.6. This result will be applied to a partial answer to the question
of Rassias and Tabor.
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In Section 3.3, the Hyers—Ulam stability phenomenon of a new functional
equation

foe+ 2= () + f()’

introduced by S.-M. Jung [157] will be presented.
In Chapter 4, a special form of generalized additive Cauchy equations, the pre-
sumed Hosszii’s functional equation

Sx+y—xy)=f(x)+ f(y) = f(xp),

will be discussed.

C. Borelli was the first person to deal with the stability problem of this equation.
He proved in his paper [23] that the Hosszii’s equation is stable in the sense of
Hyers, Ulam, and Borelli (cf. Theorem 4.4). The result of Borelli will be introduced
in Section 4.1.

The result of Borelli was a predecessor to the proof of the Hyers—Ulam stability
of the Hosszi’s equation. In fact, L. Losonczi proved the Hyers—Ulam stability of
the Hosszi’s functional equation (Theorem 4.5 or [238]):

Let E be a Banach space and suppose that a function f : R — E satisfies the
inequality
lf(x+y—xy) = f(x) = f) + fxy) =6

for some § > 0 and for all x,y € R. Then there exists a unique additive function
A : R — E and a unique constant b € E such that

| f(x) —A(x) — b <206

forany x € R.

In Section 4.3, a generalized form of the Hosszu’s functional equation

S +y+qxy) = fx)+ f(y) +aqf(xy).

where ¢ is a fixed rational number, will be discussed. In Theorem 4.10, the Hyers—
Ulam—Borelli stability of the functional equation mentioned above will be proved
under the assumption that ¢ & {—1/2,0, 1/2} (cf. [191]).

We will see that the Hosszd’s equation is not stable on the unit interval.
J. Tabor proved this surprising theorem in the paper [348] and will be addressed
in Section 4.4.

In Section 4.5, we will survey the Hyers—Ulam stability of the Hosszid’s func-
tional equation of Pexider type.

In Chapter 5, the Hyers—Ulam—Rassias stability of the homogeneous functional
equation

fyx) = y* f(x)
of degree k will be proved.
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Section 5.1 will be devoted to the Hyers—Ulam—Rassias stability property of
the homogeneous equation for the functions between Banach algebras. Notably,
J. Tabor and J. Tabor proved that the homogeneous equation for the functions
between Banach algebras is superstable if some weak conditions are satisfied
(Theorem 5.3 or [161]).

In Section 5.2, a few results of S.-M. Jung [166] will be introduced, i.e., the
superstability property of the homogeneous equation will be applied to the study of
the superstability phenomenon of the same equation on a restricted domain, and this
result for a restricted domain will be applied to the proof of an asymptotic behavior
of the homogeneous functions.

In Section 5.3, the stability results of the homogeneous equation for the func-
tions between vector spaces will be presented. The superstability results of J. Tabor
[347] will be formulated in Theorem 5.9. It is interesting to observe that the bound
condition for the norm of the difference f(cx) — ¢f(x) determines the type of sta-
bility as we may see in Theorems 5.9 and 5.11. Indeed, S. Czerwik [88] proved the
Hyers—Ulam—Rassias stability of the homogeneous equation (Theorem 5.11), while
J. Tabor [347] observed the superstability phenomenon for the same equation under
different conditions from those of Czerwik.

In the last section of Chapter 5, the Hyers—Ulam—Rassias stability of the homo-
geneous functional equation of Pexider type

flax) = y(a)g(x)

will be discussed, where f and g are unknown functions and v is a given function
(Theorem 5.15 or [91]).

There are a number of (systems of) functional equations which include all the
linear functions as their solutions.

In Chapter 6, only a few (systems of) functional equations among them will be
introduced. In Section 6.1, the superstability property of the “intuitive” system

fx4+y) = f(x)+ f), (1.9)
flex) = cf(x) '

obtained by J. Tabor will be presented (ref. [347]).
J. Schwaiger introduced the functional equation

fx+cey)=fx)+cf(y)

which is equivalent to the system (1.9) if the related domain and range are vector
spaces (ref. [325]). He proved the stability of the given equation, and these related
results will be found in Section 6.2.

As indicated above, Rassias’s theorem cannot be extended for p = 1 (cf.
Theorem 2.6). Such a counterexample has stimulated many mathematicians in an
attempt to surpass such awkwardness. For example, B. E. Johnson worked for this
purpose. In Section 6.3, a theorem of Johnson will be formulated in Theorem 6.7
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(ref. [147]). P. Semrl simplified the functional inequalities appearing in the theorem
of Johnson and proved the stability result (cf. Theorem 6.9 or [326]):

Let a continuous function f : R — R satisfy the functional inequalities

Gt o) = fGe) == fCon)] < 8(bxl + -+ )

for some § > 0 and for alln € N, x1,...,x, € R. Then there exists a linear
function L : R — R such that

| f(x) = L(x)| < 8]x|

forall x € R.

The simplest and most elegant variation of the additive Cauchy equation is the
Jensen’s functional equation

X+y
2

2/ (52) = f0) + f)
whose Hyers—Ulam—Rassias stability properties will be proved in Chapter 7.

In Section 7.1, the Hyers—Ulam—Rassias stability result of S.-M. Jung will be
presented (see Theorem 7.1 or [163]):

Let E1 and E» be a real normed space and a real Banach space, respectively.
Assume that §, 8 > 0 are fixed, and let p > 0 be given with p # 1. Suppose a
function f . E1 — E, satisfies the functional inequality

xX+Yy
2

l2r (2E2) - o= s] <8+ 0017+ 1y17) (1.10)

forall x,y € E1. Furthermore, assume f(0) = 0 and § = 0 in (1.10) for the case
of p > 1. Then there exists a unique additive function A : E1 — E, such that

§+ 1O+ @77 = D70x]|? (for 0 < p < 1),

—A
I f(x) = A < 2p=1(20=1 _ y=1g|x||? (for p > 1)

forall x € E;.

Similarly, as in the case of the additive Cauchy equation, the Jensen’s functional
equation is not stable if p = 1 and § = 0 are assumed in the inequality (1.10). Jung
proved that an example which was constructed by Th. M. Rassias and P. Semrl [310]
as a counterexample for the case of p = 1 in the theorem of Rassias also serves as
a counterexample for the Jensen’s equation (see Theorem 7.3 or [163]).

In Section 7.2, the stability result of Z. Kominek for a bounded domain will
be introduced in Theorem 7.5 (ref. [224]). Another stability result of the Jensen’s
equation on an unbounded and restricted domain was obtained by S.-M. Jung, which
will be formulated in Theorem 7.7. By using this result, Jung was able to prove an
asymptotic property of the additive functions which may be regarded as a modifica-
tion of Skof’s result mentioned above (see Corollary 7.8 or [163]).
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A new method for proving the stability will be introduced in Section 7.3. By
applying the fixed point method (Theorem 2.43), L. Cadariu and V. Radu [55]
proved the Hyers—Ulam—Rassias stability of the Jensen’s functional equation (see
Theorem 7.9):

Let E 1 be a (real or complex) vector space and let E5 be a Banach space. Assume
that a function f : E1 — E; satisfies f(0) = 0 and the inequality

x+y
|2/ (555) - r@) = 10| = o)
forall x,y € Eq, where ¢ : E12 — [0, 00) is a given function. Moreover, assume
that there exists a constant O < L < 1 such that

@(x,0) < Lgip(q; 'x,0)

for any x € Eq, where qo = 2 and g1 = 1/2. If ¢ satisfies the condition
lim ¢;"p(qi'x.qi'y) =0
n—>00

forall x,y € Ej, then there exists a unique additive function A : E1 — E, such
that )
1—i

L
1) = AW < T

@(x,0)

forany x € E;.

A theorem of P. Gavruta will be introduced in Section 7.4 which concerns the
superstability of Lobacevskii’s functional equation

X+ y\?
F(557) = rorm
(see Theorem 7.10 or [114]). Moreover, the Ger type stability of the Lobagevskii’s
equation is also introduced (see [170]).

In Chapter 8, the Hyers—Ulam—Rassias stability of the quadratic functional equa-
tions will be discussed. The “original” quadratic functional equation

Sx+y)+ flx—y)=2f(x)+2f()

will be presented in Section 8.1.

F. Skof was the first person who proved the Hyers—Ulam stability of the quadratic
equation for the functions f : E; — E,, where E7 is a normed space and E> is a
Banach space (ref. [331]). P. W. Cholewa demonstrated that the theorem of Skof is
also valid if £} is replaced by an abelian group (ref. [70]). S. Czerwik finally proved
the Hyers—Ulam—Rassias stability of the quadratic equation (see Theorems 8.3 and
8.4 or [87]).
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Similarly, as in the cases of the additive Cauchy equation and the Jensen’s
equation, Czerwik presented a counterexample concerning the special case when
p = 2 is assumed in Theorem 8.3 or 8.4.

In Section 8.2, the important results concerning the Hyers—Ulam stability of the
quadratic functional equation on restricted domains will be introduced.

The Hyers—Ulam—Rassias stability of the quadratic functional equation will be
again proved in Section 8.3 by using the fixed point method. In Theorems 8.12 and
8.14, some results of S.-M. Jung, T.-S. Kim, and K.-S. Lee will be presented.

Section 8.4 is devoted to a quadratic functional equation different from the
“original” quadratic functional equation:

Ja+y+a+ )+ +f@=fx+n)+ 0 +2+ flz+x).

In Theorems 8.16 and 8.17, the Hyers—Ulam stability of the above equation will be
proved under some suitable conditions.

The stability problem of the quadratic functional equation of Pexider type is
treated in Section 8.5. In Theorem 8.18 and Corollary 8.19, we will introduce some
results presented by S.-M. Jung (see [173]).

Chapter 9 will discuss the stability problems of the exponential functional equa-
tions. The exponent law of the exponential functions is intuitively symbolized by
the exponential functional equation

Jx+y)=fx)f().

This equation reveals a different stability behavior from those of other functional
equations. Indeed, J. Baker, J. Lawrence, and F. Zorzitto proved the superstability
of the exponential equation (ref. [17]):

If a real-valued function defined on a real vector space satisfies the functional
inequality

| fx+y) =) fO)]=$

for some § > 0 and for all x and y, then f is either bounded or an exponential
function.

This theorem was the first result concerning the superstability phenomenon of
functional equations. Later, J. Baker, L. Székelyhidi, and S.-M. Jung generalized
this result (ref. [16, 164,341]). These results will be described in Section 9.1.

Section 9.2 will address the subject on the stability in the sense of Ger. As men-
tioned above, R. Ger first demonstrated that the superstability phenomenon of the
exponential equation is caused by the fact that the natural group structure in the
range space is disregarded and he suggested the stability problem in the form (1.7)
(ref. [122]).

R. Ger and P. Semrl proved the stability (in the sense of Ger) of the exponential
equation (cf. Theorem 9.7 or [123]):

Let (G, +) be a cancellative abelian semigroup, and let § € [0, 1) be given. If a
function f : G — C\{0} satisfies the inequality (1.7) for all x,y € G, then there
exists a unique exponential function M : G — C\{0} such that
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max {| f(x)/M(x) = 1|, [M(x)/f(x) — 1]}
<(1+ (=82 =2((1 +8)/(1 —8)/2)"?

forany x € G.

Section 9.3 will deal with the stability problems of the exponential equation on a
restricted domain. S.-M. Jung presented the superstability phenomenon of the expo-
nential equation for functions on an unbounded and restricted domain under a weak
condition and applied this result to the proof of an asymptotic property of the ex-
ponential functions (see Theorem 9.8, Corollary 9.9 or [180]). Furthermore, he also
proved a theorem which may be regarded as a version of the theorem of Ger for a
restricted domain (Theorem 9.10).

In Section 9.4, we will introduce a new type of functional equation

fxy) = f(x)”

with the exponential property because every exponential function f(x) =a* (a > 0;
x € C) satisfies this equation. The results of Jung [165] on the stability in the sense
of Ger of this equation will be presented.

In Chapter 10, stability problems of the multiplicative functional equations
will be discussed. First, we will consider the “original” multiplicative functional
equation

fxy) = f(x)f(y).

Let E be a commutative complex Banach algebra. A linear functional ¢ on E is
called §-multiplicative if

lp(xy) = () ()| =< 8llx[[y |

for all x, y € E. Each nonzero continuous linear functional on FE is called a char-
acter of E if it is multiplicative. Let us denote by E the set of characters of E. For
every continuous linear functional ¢, let us define

d(¢) =inf{¢ — v | ¥ € EU{0}}.

We state that E is an algebra in which approximately multiplicative functionals are
near multiplicative functionals, or E is AMNM for short, if for any ¢ > 0 there
exists § > 0 such that d(¢) < € whenever ¢ is a §-multiplicative linear functional.

A theory of AMNM algebras contributed by B. E. Johnson [146] will be demon-
strated in Section 10.3.

A new type of multiplicative functional equation, namely, f(x”) = f(x)”, will
be discussed in Section 10.4. In the paper [171] (cf. [300]) S.-M. Jung dealt with
the stability problems of this equation in the sense of Ger, and these results will be
presented.
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In the last section of Chapter 10, a new multiplicative functional equation,

f+y) =) fO)f (7 +yTh),

will be discussed. In particular, S.-M. Jung [175] proved that this functional equation
is stable in the sense of Ger (see Theorem 10.23).

It is not difficult to demonstrate the Hyers—Ulam stability of the logarithmic func-
tional equation f(xy) = f(x)+ f(») for the functions from (0, co) into a Banach
space E. More precisely, if a function f : (0,00) — E satisfies the inequality
| f(xy)— f(x)— f(y)| <6 forsome é > 0 and for all x, y > 0, then there exists
a unique logarithmic function L : (0,00) — E such that || f(x) — L(x)| < 6 for
any x > 0. Therefore, we will introduce, in Chapter 11, a new functional equation

J&x¥) = yf(x).

The above functional equation may be regarded as another logarithmic functional
equation because each logarithmic function f(x) = logx (x > 0) is a solution
of this equation. S.-M. Jung obtained the superstability results of this equation in
various settings in his paper [158], which will be presented in Theorems 11.2, 11.3,
and 11.8.

Moreover, the functional equation of Heuvers, f(x + y) = f(x) + f(y) +
f(x7 + y~1), will be introduced. The Hyers—Ulam stability of the equation of
Heuvers will be proved in Theorem 11.10.

The famous addition or subtraction rules for trigonometric functions may be rep-
resented by using functional equations. Some of such equations will be introduced
and stability problems for them will be surveyed in Chapter 12.

In Section 12.1, we will discuss the superstability phenomenon of the cosine
functional equation

fx+y)+ flx—y)=2f(x)f(») (1.11)

which stands for an addition theorem of cosine function. This equation is sometimes
called the d’ Alembert equation.

J. Baker proved the superstability for this equation for the first time, and later
P. Gavruta presented a short proof for the theorem (Theorem 12.2, [16] or [114]):

Let § > 0 be given and let (G, +) be an abelian group. If a function f : G — C
satisfies the functional inequality

[ fx+y)+ fx =) =2f()f()] =6

for all x,y € G, then either | f(x)| < (1 + J1+ 25)/2f0r any x € G or f
satisfies the cosine functional equation (1.11) forall x,y € G.

Similarly, the superstability of the sine functional equation

fx+n)fx—y)= f(x)*= f(»)? (1.12)
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will be presented in Section 12.2. This equation may remind us of one of the
trigonometric formulas:
sin(x 4 y) sin(x — y) = sin® x — sin? y.
P. W. Cholewa obtained the superstability phenomenon of the sine functional
equation (1.12) (ref. Theorem 12.7 or [69]):

Let (G, +) be an abelian group in which division by 2 is uniquely performable.
If an unbounded function f : G — C satisfies the inequality

SO+ f(x =) = [+ f(0)?| <8

for some § > 0 and for all x,y € G, then f is a solution of the sine functional
equation (1.12).

L. Székelyhidi introduced the following functional equations

fxy) = f(x)f(y) —g(x)g(y) (1.13)

and

fxy) = f(x)g(y) + f(»)g(x) (1.14)

for complex-valued functions defined on a semigroup (G, ) (ref. [345]). It is not
difficult to demonstrate that the equations (1.13) and (1.14) represent addition theo-
rems for cosine and sine.

In Section 12.3, the stability results of L. Székelyhidi in connection with the
trigonometric functional equations (1.13) and (1.14) will be surveyed (Theorems
12.10, 12.13 or [345]). It is very interesting that these functional equations for
complex-valued functions defined on an amenable group are not superstable, but
they are stable in the sense of Hyers and Ulam, whereas the equations (1.11) and
(1.12) are superstable.

In Section 12.4, we will deal with the Butler—Rassias functional equation

fx+y)= f(x)f(y) + csinxsiny.
M. Th. Rassias solved the equation in the class of real functions (Theorem 12.14):

Let ¢ < —1 be a constant. The solution f : R — R of the Butler—Rassias
functional equation is f(x) = asinx + cosx or f(x) = —asinx + cosx, where
a=/|c|—1

S.-M. Jung proved the Hyers—Ulam stability of the Butler—Rassias functional
equation (see Theorem 12.17).

It is worthwhile to note that R. Ger considered the functional equations (1.13)
and (1.14) simultaneously and proved that the system is not superstable, but that it
is stable in the sense of Hyers, Ulam, and Rassias (ref. Theorem 12.18 or [121]).
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An isometry is a distance-preserving map between metric spaces. For normed
spaces Ep and E», a function f : E; — E, is called a §-isometry if f changes
distances at most §, i.e.,

) = fOl=llx =yl <8

forall x,y € E;.

In Section 13.1, we will introduce the Hyers—Ulam stability results of the isome-
tries. By making use of a direct method, D. H. Hyers and S. M. Ulam proved that
the surjective isometries of a complete Euclidean space are stable in the sense of
Hyers and Ulam. (Theorem 13.4 or [139]).

Let E be a complete abstract Euclidean space. Assume that f : E — E isa
surjective §-isometry and f(0) = 0. Then there exists a surjective isometry I :
E — E such that

If(x) = I(x)| =< 108
forall x € E.
D. G. Bourgin [25], R. D. Bourgin [27], P. M. Gruber [128], and J. Gevirtz [124]
continued the study of stability problems for isometries. We close Section 13.1 by

introducing a theorem of M. Omladi¢ and P. Semrl in which they presented a sharp
stability result for §-isometries (see Theorem 13.8 or [259]):

Let E| and E; be real Banach spaces. If f : E1 — E is a surjective §-isometry
and f(0) = 0, then there exists a unique surjective linear isometry I : Ey — E;
such that

If(x) = 1(x)]| =28
for each x € E.

The Hyers—Ulam—Rassias stability of isometries on a restricted domain will be
surveyed in Section 13.2. Let us define

Ko(8) = Ki(8) =8, Ka(8) =338, K;(8) =278

inductively for all integers i > 3 and for some § > 0. First, we introduce a theo-
rem of J. W. Fickett (see Theorem 13.10 or [103]). Fickett constructed the related
isometry by quite a different method from the (direct) method of Hyers and Ulam:

Let S be a bounded subset of R" and let f : S — R” be a §-isometry, where
0 < K, (8/diam S) < 1/3. Then there exists an isometry I : S — R" such that
/() = I($)]| = Kp+1(8/diam S) - diam §

foralls € S.

Moreover, some results of S.-M. Jung concerning the Hyers—Ulam stability of
isometries on a restricted domain will be presented in Theorems 13.11 and 13.13
(ref. [178]).
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Section 13.3 will be devoted to the fixed point method for studying the stability
problem of isometries. Recently, by applying the fixed point method, S.-M. Jung
could present a short and simple proof for the Hyers—Ulam—Rassias stability of
isometries of which domain is a normed space and range is a Banach space in which
the parallelogram law holds true (see Theorems 13.15 and 13.17).

Let £ and E; be real or complex Hilbert spaces with the inner products and the
associated norms denoted by (-, -) and | - ||, respectively. A function f : £y — E»
is a solution of the orthogonality equation { f(x), f(y)) = (x, y) if and only if it is
a linear isometry. Functions f, g : E; — E; are called phase-equivalent if and only
if there exists a function ¢ : E; — S such that g(x) = o(x) f(x) foreach x € Ej,
where we set S = {z eK|lz] = 1}. A functional equation

[(f (), S = [{x. y)

is called the Wigner equation (or the generalized orthogonality equation).

In the last section of Chapter 13, we will present a theorem of J. Chmielifiski and
S.-M. Jung concerning the Hyers—Ulam—Rassias stability of the Wigner equation on
a restricted domain (see Theorem 13.20 or [66]):

If a function [ : E1 — E; satisfies the inequality

G, FON = e )| < o(x,p),
forall x,y € D, with the function ¢ : E% — [0, 00) satisfying the property

m—l!}zn—lmo cm+"g)(c_mx, C_ny) =0,

forall x,y € D, where

{xe Ei||x]| =d} (for 0<c<1),
{x € Ei||x| =d} (for ¢ > 1)

for given constants ¢ > 0 (¢ # 1) and d > 0. Then there exists a function I : E1 —
E5 satisfying the Wigner equation and such that

I/ () =10 = Velx. x)

forall x € D. The function I is unique up to a phase-equivalent function.

One of the simplest functional equations is the associativity equation

F(x,F(y.2)) = F(F(x,y).2)

representing the famous associativity axiom x - (y - z) = (x - y) - z which plays an
important role in definitions of algebraic structures. The superstability phenomenon
of the associativity equation will be demonstrated in Section 14.1 (Theorem 14.1
or [4]).
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In Section 14.2, the stability problems of an important functional equation

Sxy)=xf(y)+ f(x)y

representing multiplicative derivations in algebras will be discussed. P. Semrl [327]
obtained the first result concerning the superstability of this equation for functions
between operator algebras. In this section, a Hyers—Ulam stability result presented
by J. Tabor as an answer to a question of G. Maksa will be formulated in Theorem
14.2 (ref. [239, 260, 349]).

The gamma function T is very useful to develop other functions which have phys-
ical applications. In Section 14.3, the Hyers—Ulam—Rassias stability of the gamma
functional equation

S+ 1) =xf(x)

and a generalized beta functional equation

fx+py+q =vx,y)f(x,y)

will be proved (see Theorems 14.3 and 14.4 or [148, 160]).

The Fibonacci sequence is one of the most well-known number sequences. If F},
stands for the nth Fibonacci number for any n € N and Fy = 0, then the Fibonacci
numbers satisfy the equation

F,=F,_1+ F,—», forall n>2
(ref. [225]). From this formula, we derive a functional equation

Jx)=flx =1+ flx=2),

which is called the Fibonacci functional equation. The Hyers—Ulam stability of the
generalized Fibonacci functional equation

S&x)=pf(x—=1)—qf(x—-2),

where p and ¢ are fixed real numbers with ¢ # 0 and p? — 4q # 0, will be proved
in the last section.

Besides, there are a large number of valuable results concerning the stability
problems of various functional equations which cannot be presented in this book for
lack of space (see, e.g., [198,243,299,305]).



Chapter 2
Additive Cauchy Equation

The functional equation f(x 4+ y) = f(x) + f(») is the most famous among the
functional equations. Already in 1821, A. L. Cauchy solved it in the class of contin-
uous real-valued functions. It is often called the additive Cauchy functional equation
in honor of A. L. Cauchy. The properties of this functional equation are frequently
applied to the development of theories of other functional equations. Moreover, the
properties of the additive Cauchy equation are powerful tools in almost every field of
natural and social sciences. In Section 2.1, the behaviors of solutions of the additive
functional equation are described. The Hyers—Ulam stability problem of this equa-
tion is discussed in Section 2.2, and theorems concerning the Hyers—Ulam—Rassias
stability of the equation are proved in Section 2.3. The stability on a restricted do-
main and its applications are introduced in Section 2.4. The method of invariant
means and the fixed point method will be explained briefly in Sections 2.5 and 2.6.
In Section 2.7, the composite functional congruences will be surveyed. The stability
results for the Pexider equation will be treated in the last section.

2.1 Behavior of Additive Functions

The history of the study of functional equations is long. Already in 1821, A. L.
Cauchy [60] noted that every continuous solution of the additive Cauchy functional
equation

flx+y)=fx)+ fy). (2.1)

for all x,y € R, is linear. Every solution of the additive Cauchy equation (2.1) is
called an additive function.

First, we will solve the additive Cauchy equation (2.1) under some weaker con-
ditions than that of A. L. Cauchy (ref. [59]).

Theorem 2.1. If an additive function f : R — R satisfies one of the following
conditions, then there exists a real constant ¢ such that f(x) = cx forall x € R:

(i) f is continuous at a point;
(ii) f is monotonic on an interval of positive length;

S.-M. Jung, Hyers—Ulam—Rassias Stability of Functional Equations in Nonlinear 19
Analysis, Springer Optimization and Its Applications 48,
DOI 10.1007/978-1-4419-9637-4_2, (© Springer Science+Business Media, LLC 2011
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(iii) f is bounded from above or below on an interval of positive length;
(iv) f isintegrable;

(v) f is Lebesgue measurable;

(vi) f is a Borel function.

Proof. We prove the theorem under the condition (i) only. By induction on n we
first prove

fnx) =nf(x) (a)

forall x € R andn € N. Let x in R be arbitrary. Obviously, (a) is true forn = 1.
Assume now that (a) is true for some 7. Then, by (a), we get

S+ 1x) = fnx) + f(x) =nf(x) + f(x) = (n + D f(x).

If we substitute x/n for x in (a), we obtain

Sfx/n) = (1/n) f(x). ()

Following from (a) and (b) yields

flgx) = qf(x) (c)

forany x € R and forall ¢ € Q.
Finally, by letting x = 1 in (¢) and considering the condition (i), we have
f(x) = cx forany x € R, where ¢ = f(1). O

As indicated in the previous theorem, if a solution of the additive Cauchy equa-
tion (2.1) additionally satisfies one of the very weak conditions (i) — (v), then it has
the linearity.

Every additive function which is not linear, however, displays a very strange
behavior presented in the following theorem (ref. [2]):

Theorem 2.2. The graph of every additive function f : R — R which is not of the
form f(x) = cx, forall x € R, is dense in R2.

Proof. The graph of f is the set

G={(x.y) eR*|y= f(0)}

Choose a real number x; # 0. Since f is not of the form f(x) = cx for any real
constant ¢, there exists a real number x, # 0 such that

J(x)/x1 # f(x2)/x2.

Namely,
x1 f(x1)

w2 fy| 7
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This means that the vectors p; = (x1, f(x1)) and pr = (x2, f(x2)) are linearly
independent and thus span the whole plane R2. Let p be an arbitrary plane vector.
Then there exist rational numbers ¢ and ¢ such that |5 — (¢1 p1 + ¢2p2)| < & for
any & > 0, since Q? is dense in R?. Now,

q101 + q2P2 = q1(x1. f(x1)) + g2(x2. f(x2))
= (131 + g2x2. 1 [ (x1) + q2 [ (x2))
= (q1x1 + g2x2, f(q1x1 + q2x2)).

The last inequality follows from (c) in the proof of Theorem 2.1. Hence,

Gio={(x,y) € R? | x = q1x1 + q2x2, ¥y = f(x). q1.¢2 € Q}

is dense in R2. From the fact G;» C G we conclude that G is dense in R? which
completes the proof of our theorem. O

We now give some results concerning the additive complex-valued functions de-
fined on the complex plane:

If an additive function f . C — C is continuous, then there exist complex
constants ¢y and ¢y with f(z2) = c1z + 2z for all z € C, where 7 denotes the
complex conjugate of z.

Unlike the case of real-valued additive functions on the reals, the complex-valued
continuous additive functions on the complex plane are not linear. However, every
complex-valued additive function is linear if it is analytic or differentiable.

2.2 Hyers-Ulam Stability

As stated in the introduction, S. M. Ulam [354] raised the following question con-
cerning the stability of homomorphisms:

Let Gy and G, be a group and a metric group with a metric d(-,-), respectively.
Given ¢ > 0, does there exist a § > 0 such that if a function h : G — G,
satisfies the inequality d(h(xy), h(x)h(y)) <8 forall x,y € Gy, then there exists
a homomorphism H : Gy — G, with d(h(x), H(x)) <egforallx € Gy?

D. H. Hyers presented the first result concerning the stability of functional equa-
tions. Indeed, he obtained a celebrated theorem while he was trying to answer the
question of Ulam (ref. [135]).

Theorem 2.3 (Hyers). Let f : E; — E, be a function between Banach spaces
such that

If G +y) = f)—f =4 (2.2)
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for some § > 0 and for all x,y € E1. Then the limit
A(x) = lim 27" f(2"x) 2.3)
n—o0
exists for each x € Ey and A : E1 — E is the unique additive function such that
[f(x)—AX)[| <4 24

for any x € E1. Moreover, if f(tx) is continuous in t for each fixed x € E, then A
is linear.

Proof. For any x € E; the inequality || f(2x) — 2 f(x)|| < § is obvious from (2.2).
Replacing x by x/2 in this inequality and dividing by 2 we get

1(1/2) f(x) = f(x/2)| = (1/2)8
for any x € E;. Now, make the induction assumption
[27" f(x) = f(27"x)| < (1—27")8. (a)
It then follows from the last two inequalities that
|72 @)~ £ )| < (1/2)8

and
[ ) = /2 5@ < (/20 =278,
Hence,

[27" 7 fo) = 27" )| = (1=27"71)8.

Therefore, the inequality (a) is true forall x € £y andn € N.
Put g, (x) =27" f(2"x), where n € N and x € E;. Then

qm(x) — qn(x) = 27" f(2"x) = 27" f(2"x)
= 27272 x) — 27 F(2 ).

Therefore, if m < n, we can apply the inequality (@) to the last equality and we get
lgm (x) = gn ()| < (27" =27")8

for all x € E;. Hence, the Hyers—Ulam sequence {g,(x)} is a Cauchy sequence for
each x, and since E; is complete, there exists a limit function

Alx) = lim_ g (x).
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Let x and y be any two points of E;. It follows from (2.2) that
[f@2"x +2%y) = fQ2"x) = fQ"V)I =6

for any n € N. Dividing by 2" and letting n — oo we see that A is an additive
function. If we replace x by 2"x in (a) and take the limit, we have the inequality
(2.4).

Suppose that A’ : E; — E, was another additive function satisfying (2.4) in
place of A, and such that A(y) # A’(y) for some y € E;. For any integer n >
28/||1A(y) — A’(y)|| we see that the inequality ||A(ny) — A’(ny)| > 2§ holds. On
the other hand, this inequality contradicts the inequalities

[A(ny) = f(ny)ll =& and [|A'(ny) — f(ny)]| < 6.

Hence, A is the unique additive function satisfying the inequality (2.4).

Assume that f is continuous at y. If 4 is not continuous at a point x € Ej,
then there exist an integer k and a sequence {x, } in E; converging to zero such that
|A(xn)|| > 1/k for any n € N. Let m be an integer greater than 3k§. Then

[A(mxn + y) — AW = [[A(mx,)|| > 35.
On the other hand,

[AGmxn +y) = AW < [[A(mxn + y) = f(mxn + )|

+ 1 mxn +y) = SO+ 117 () — A
<36

for sufficiently large n, since f(mx, + y) — f(y) as n — oo. This contradiction

means that the continuity of f ata pointin £ implies the continuity of 4 on Ej.
For a fixed x € Eq, if f(¢x) is continuous in ¢, then it follows from the above

consideration that A(¢x) is continuous in ¢, hence A is linear. O

The Hyers—Ulam stability result of Theorem 2.3 remains valid if £ is an abelian
semigroup (ref. [105]).
The following corollary has been proved in the proof of Theorem 2.3.

Corollary 2.4. Under the hypotheses of Theorem 2.3, if f is continuous at a single
point of E1, then A is continuous everywhere in E1.

As we see, we can explicitly construct the unique additive function satisfying
(2.4) by means of the method expressed in (2.3). D. H. Hyers was the first person to
suggest this method known as a direct method because it allows us to construct the
additive function A satisfying (2.4) directly from the given function f in Theorem
2.3. It is the most powerful tool to study the stability of several functional equations
and will be frequently used to construct certain function which is a solution of a
given functional equation.
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2.3 Hyers-Ulam-Rassias Stability

After Hyers gave an affirmative answer to Ulam’s question, a large number of papers
have been published in connection with various generalizations of Ulam’s problem
and Hyers’s theorem.

There is no reason for the Cauchy difference f(x + y) — f(x) — f(y) to be
bounded as in the expression of (2.2). Toward this point, Th. M. Rassias tried to
weaken the condition for the Cauchy difference and succeeded in proving what is
now known to be the Hyers—Ulam—Rassias stability for the additive Cauchy equa-
tion (see [159,298,301,306]). This terminology is justified because the theorem of
Th. M. Rassias (Theorem 2.5 below) has strongly influenced mathematicians study-
ing stability problems of functional equations. In fact, Th. M. Rassias [285] proved
the following:

Theorem 2.5 (Rassias). Let E1 and E, be Banach spaces, and let | : E1 — E,

be a function satisfying the functional inequality

1/ G+ y) = £ = I = 0(IxI1? + [[y117) (2.5)

for some 6 > 0, p € [0,1), and for all x,y € Ei. Then there exists a unique
additive function A : E1 — E» such that

26

1) = AW = 55

llx[1” (2.6)

for any x € E1. Moreover, if f(tx) is continuous in t for each fixed x € E, then A
is linear.

Proof. By induction on n, we prove that

n—1
127" f2"x) = f)ll < 0f]x[|P ) 2me=D (a)
m=0

for any n € N. Putting y = x in (2.5) and dividing by 2 yield the validity of («a)
for n = 1. Assume now that (@) is true and we want to prove it for the case n + 1.
However, this is true because by (a) we obtain

n—1

127" f2"2x) — fQ2x)| < 6]2x]|7 Y 2™,

m=0

therefore

27t F (2 ) — (1/2) f2x) | < O ]|? Y 2D,
m=1
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By the triangle inequality, we get

|27 () = @)
< 2t @) = /2 /@0 + 101/2) fx) = f@

n
< 0x|” Z 2m(p—1),

m=0

which completes the proof of (a).
It then follows that

27 F ") = 0 = 7755

[lx11? (b)

o0
since ZZ’"(P_I) convergesto2/(2—27),as 0 < p < 1. However, form > n > 0,
m=0
we have

27 f(2mx) = 27" F2x)|| = 27" |27 F2m 2 ) — f(2")|
260

< on(p=1)
- 227

117

Therefore, the Rassias sequence {27 f(2"x)} is a Cauchy sequence for each x €
E;. As E; is complete, we can define a function A by (2.3). It follows that

£ 2"+ ) = F@"%) = f"W] =2"70(IxII? + Iy [17).

Dividing by 2" the last expression and letting n — oo, together with (2.3), yield
that A4 is an additive function.

The inequality (2.6) immediately follows from (b) and (2.3).

We now want to prove that A is such a unique additive function. Assume that
there exists another one, denoted by A’ : E; — E5. Then there exists a constant
g1 >0andg (0 < g < 1) with

1A"C) = fOll < exllx]|?. (©)

By the triangle inequality, (2.6), and (¢) we obtain

A

[A(x) = A" < 1AG) = fOll + [/ (x) = A ()]
26

2-2»p

lxlI” + e llx?.
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Therefore,

[AGx) = A"l = (1/m) | A(nx) — A'(nx) |

1 26

< 2 (525 Il + exlnxi)
26

2-—-2p

nP~! (17 + n?= ey |lx ]|
forall n € N. By letting n — oo we get A(x) = A’(x) forany x € Ej.

Assume that f(zx) is continuous in ¢ for any fixed x € Ej. Since A(x + y) =
A(x) 4+ A(y) for each x,y € E;, A(gx) = qA(x) holds true for any rational
number g. Fix x¢ in E; and p in EJ (the dual space of E,). Define a function
¢ :R — R by

¢ (1) = p(A(txo))
for all € R. Then ¢ is additive. Moreover, ¢ is a Borel function because of
the following reasoning: Let ¢(t) = nll)ngo 27"p(f(2"tx0)) and set ¢, (1) =

27"p(f(2"1x0)). Then ¢, (¢) are continuous functions. ¢ (¢) is the pointwise limit

of continuous functions, thus ¢ () is a Borel function. According to Theorem 2.1, ¢

is linear and hence it is continuous. Let @ € R. Thena = lim g,, where {g,} is a
n—o0

sequence of rational numbers. Hence,
plar) = ¢(1 lim g,) = lim $(1q,) = lim gug(1) = ag(v).

Therefore, ¢ (at) = ap(t) for any a € R. Thus, A(ax) = aA(x) for any a € R.
Hence, A is a linear function. 0O

This theorem is a remarkable generalization of Theorem 2.3 and stimulated the
concern of mathematicians toward the study of the stability problems of functional
equations. T. Aoki [7] has provided a proof of a special case of Th. M. Rassias’s
theorem just for the stability of the additive function using the direct method. Aoki
did not prove the last assertion of Rassias’s Theorem 2.5 which provides the stability
of the linear function.

Th. M. Rassias [289] noticed that the proof of this theorem also works for p < 0
and asked whether such a theorem can also be proved for p > 1. Z. Gajda [112]
answered the question of Rassias for the case of p > 1 by a slight modification of
the expression in (2.3). His idea to prove the theorem for this case is to replace n by
—n in the formula (2.3).

It turns out that 1 is the only critical value of p to which Theorem 2.5 cannot be
extended. Z. Gajda [112] showed that this theorem is false for p = 1 by constructing
a counterexample:

For a fixed 6 > 0 and ;t = (1/6)6 define a function f : R — R by

f) =) 27"¢@2"x),

n=0
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where the function ¢ : R — R is given by

m (for x € [1,00)),
¢(x) =14 ux  (for x € (—1,1)),
—u  (for x € (—o0,—1)).

Then the function f serves as a counterexample for p = 1 as presented in the
following theorem.

Theorem 2.6 (Gajda). The function f defined above satisfies

|f(x+ )= f) = fOD)] = 0(]x] + [y]) 2.7

for all x,y € R, while there is no constant § > 0 and no additive function
A : R — R satisfying the condition

| f(x) = A(x)| =< x| (2.8)

forallx,y € R.

Proof. If x = y = 0, then (2.7) is trivially satisfied.
Now, we assume that 0 < |x| 4 |y| < 1. Then there exists an N € N such that

27N < xl Iyl <270,
Hence, 2N_1x\ < 1, |2N_1y| < 1, and \2N_1(x + y)\ < 1, which implies that

foreachn € {0,1,..., N — 1} the numbers 2" x, 2"y, and 2" (x + y) belong to the
interval (—1, 1). Since ¢ is linear on this interval, we infer that

$(2"(x +»)) =9 (2"x) = $p(2"y) = 0

forn € {0,1,..., N —1}. As aresult, we get

[6(27(x + ) — $2"x) — (2"y)]
< 27(Ix] + 1y])

|f(x+3) = fO) = D] _
x| + 1yl -

Nk

3
Il

3p
262N (|x| 4 |y])

~
Il

0

n

2

IA
¢
(98]

I

>

. Il
(=}
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Finally, assume |x| + |y| > 1. Then merely by means of the boundedness of f
we have

|f O +y) = ) = D)
x| + 1yl -

6 =0,

since

|f)l <) 27" =2p.

n=0

Now, contrary to what we claim, suppose that there exist a constant § > 0 and an
additive function A : R — R such that (2.8) holds true. Since f is defined by means
of a uniformly convergent series of continuous functions, f itself is continuous.
Hence, A is bounded on some neighborhood of zero. Then, by Theorem 2.1, there
exists a real constant ¢ such that A(x) = cx for all x € R. Hence, it follows from
(2.8) that

| f(x) —cx| < 8]x].
for any x € R, which implies
| fCOl/1x] =8 + |c]

for all x € R. On the other hand, we can choose an N € N so large that Nu >
8 + |c|. If we choose an x € (0,2_(N_1)), then we have 2"x € (0, 1) for each

ne{0,1,..., N — 1}. Consequently, for such an x we get
N-1 N-1
f(x) $(2"x) p2"x
x EZ on ZZ on =N/L>5+|C|,
n=0 n=0
which leads to a contradiction. O

Similarly, Th. M. Rassias and P. Semrl [310] introduced a simple counterexample
to Theorem 2.5 for p = 1 as follows:
The continuous real-valued function defined by

xlog,(x + 1 for x > 0),
xlog, |[x — 1| (for x <0)
satisfies the inequality (2.7) with # = 1 and | f(x) — cx|/|x| — o0, as x — oo, for
any real number c.

Furthermore, they also investigated the behaviors of functions which satisfy the
inequality (2.7).

Theorem 2.7. Let f : RF — R be a function such that f(tx) is continuous in t
for each fixed x, where k and € are given positive integers. Assume that [ satisfies
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the inequality (2.7) for any x,y € RK. Then for any ¢ > 0, there exists a real
number Mg such that

Me|x|'™* (for |x| = 1),

| f(x)] < Mox|' (o x| < 1. (2.9)
Proof. Applying (2.7) and induction on n, we can prove
| fOer 4+ x0) = f(x1) =+ — fxn) (@)
< 00 = D1+ + ).
Let {eq,...,ex} be the standard basis in R*. An arbitrary vector x € R with

|x| < 1 can be expressed in the form
x =Aer + -+ Arex,

where [A;| < 1fori € {1,2,...,k}. It follows from (a) that

}f(llel +---+lkek)—f()tlel)—---—f()tkek)|
< Ok —D)(JArer] + -+ + |[Arer])
< Ok — k.

Then

|f(Arer + -+ Agep)| < Ok — Dk + | f(Are)| + -+ + | f(Aeer)]
<0k —-1Dk+ M, +---+ My,

where
M; = max | f(Le;)].
lAl<1

Hence, f is bounded on the unit ball in Rk, Thus, there exists a real number ¢ such
that

[ /()] < clx| (b)

for all x satisfying 1/2 < |x| < 1.
Claim that

27 f(2"x) = f(x)| = n0|x] (©)

forall n € N. By (2.7), (c) is true for n = 1. Assume now that (c) is true for some
n > 0. Using the triangle inequality and (c), we get

iz—n—lf(zn"rlx) _ f(.x)|
< 27N F@2x) = (1/2) f(2x)| + [(1/2) f(2x) = f(x)]
< (n+ DO|x],

which ends the proof of (c¢).
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For any x with |x| > 1, we can find an integer n such that the vector y = 27" x
satisfies 1/2 < |y| < 1. Moreover, we have n < log, |x| + 1. It follows from
(c) that

27" f(x) = f(»)] < nb]y].
Therefore, by (b), we obtain

|fCOl = 2"(1/ W) +n01y]) = 2"|yl(c +nb) < |x|(c + O(og, x| + 1)),

which proves the first part of (2.9).
A similar argument as in the proof of (¢) yields

12" (27" x) = f(0)] < nblx|

for any n € N. For any x with |x| < 1, there exists an integer n such that the vector
y = 2"x satisfies 1/2 < |y| < 1. It follows that n < —log, |x|. As in the previous
case, we obtain

12" f(x) = f(»)] <nbly].
Thus,
|f)] < 27(|f )] +nblyl) < |x|(c — O log, |x]).

Hence, the second part of (2.9) also holds true. O

Th. M. Rassias [290] asked whether (2.6) gives the best possible estimate of the
difference || f(x) — A(x)|| for p # 1. Th. M. Rassias and J. Tabor [313] answered
the question for p = 1/2, and J. Brzdek has partially answered the question for the
case of p > 0 (p # 1). As it is an interesting subject, we introduce the result of
Brzdek [30]:

Letf >0and p > 0 (p # 1) be given, and let A, f : R — R be defined by

A(x) =0

for all x € R, and

0
f(x) = sign(x) mmp
for all x € R, where sign : R — {—1,0, 1} is the sign function. Then A is an
additive function and
— — 7 xIP
() = 40 = oyl

for all x € R. We now aim to show that f also satisfies the inequality (2.5) for all
x,y € R.



2.3 Hyers-Ulam—Rassias Stability 31

Let us start with the following lemma:

Lemma 2.8. If f1, f> : [0, 1] — R are functions defined by

fi(x) = (x + DP =xP = 1]/(x” + 1),
fo(x) = [(1 =x)? + xP = 1]/(x” + 1)

for some p > 0 (p # 1) and for any x € [0,1], then f1(x) > fa(x) for all
x €10,1].

Proof. Put gi(x) = fi(x)(x? + 1) for x € [0,1] and i € {1,2}. Note that, in the
case p > 1,

(I=x)P+x?<1 and (x+ 1P —xP>1 for x €0, 1]
and, inthecase 0 < p < 1,
(1=-x)+x?>1 and (x+ 1) —x? <1 for x €0, 1].
Hence, for every x € [0, 1],

_ )G+ DP—xP =1 (for p>1),
gl(x)_{1+xp_(x+1)1’ (fOr 0<p<1) (a)

and
_f1=xP—(1—=x)? (for p>1),
gZ(X)—{(l_x)p+xP_1 (for 0 < p < 1).

Consequently, for x € [0, 1],

/ px + )P~ — pxP~t - (for p > 1),
&1 (x) = p—1 p—1
pxP~  —p(x+1) (for 0<p<1)

and

'y = | 0 —x)P7t = pxP=t (for p > 1),
£200 = pxP~L — p(1—=x)?~1  (for 0 < p < 1).

Further, if p > 1, then
(x+ P —xP7l > (1 —x)P7 —xP71 for x €[0,1],

andif0 < p < 1,

P (x+DP > 2P (1= x)?7! for x € (0,1).
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Thus, g7(x) > g5(x) for any x € (0, 1). Hence, g1(x) > g2(x) forall x € [0, 1],
since g1(0) = g2(0) = 0. That is, fi(x) > f2(x) foreach x € [0, 1]. O

Lemma 2.9. Let fi be the same as in Lemma 2.8. Then
sup{fl(x) | x €10, 1]} = |2"’_1 - 1\
for p>0and p # 1.

Proof. Suppose f{(x) = 0. Considering (a) in the proof of Lemma 2.8, it follows
from the hypothesis that

(p(x + DP71— px? ) (x? + 1) — px?H((x + )P —x? —1) = 0.

The solution of this equation is x = 1 only.
In this way, we have shown that

sup { /1) | x € [0, 1]} = max {1(0), /i(D} = 277" 1],

which ends the proof. O
J. Brzdek [30] proved that f satisfies the inequality (2.5):

Theorem 2.10 (Brzdek). The function f satisfies the functional inequality (2.5)
forallx,y € R.

Proof. First, let x = y = 0. Since f(0) = 0, it is clear that f satisfies (2.5) for this
case.
Now assume (x, y) # (0,0), and let

2t -1
glx,y) = m“(x +J’)—f(x)—f(y)}

forall x,y € R with x2 + y2 > 0. Let us define
s =sup{g(x.y) | x.y e R, x>+ y? > 0}.
Since g(x,y) = g(y,x) for x, y € R with x2 + y2 > 0, it is easily seen that
s=sup{g(x,y) | x,y €R, x| <|y], x* +y* >0}

Moreover, if xy > 0, x2 4+ y2 > 0 and |x| < |y|, then

g0, y) = [lx + 1P — x| = |p|?| /(I1x[? +[yI7),
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and if xy < 0 and |x| < |y|, then

glx.y) = |lx + y|” + |IxI? = [y?| /(1x|” + |y|7).

Define
S1 = sup{g(x,y) |xy >0, x24+y2>0, |x| < |J’|}
and
s2 = sup {g(x,y) | xy <0, |x| < [y]}.
Then
s1=sup{fi(x) | x € [0.1]}
and

S = sup {fz(x) | x €0, 1]}

Therefore, by Lemmas 2.8 and 2.9, we get
s = max {s1, 52} = 277" — 1]

which implies that f satisfies (2.5) for all x, y € R with x2 + y2 > 0. O

Until now, we have proved that 8| x||? /|1 — 27~!| gives the best possible upper
bound for the norm of the difference f(x) — A(x) inthe caseof p > 0 (p # 1).

Now, we return to the subject concerning the generalization of the bound condi-
tion for the norm of the Cauchy difference in (2.5).

A function H : [0, 00)? — [0, 00) is called homogeneous of degree p if it satis-
fies H(tu,tv) = t? H(u,v) forall t,u,v € [0, 00). We can replace 9(||x||1’ + 1y ||1’)
with H(||x||, ||y||), where H : [0,00)?> — [0,00) is a monotonically increasing
symmetric homogeneous function of degree p > 0, p # 1, and still obtain a stabil-
ity result. More precisely, Th. M. Rassias and P. Semrl [311] generalized the result
of Theorem 2.5 as follows:

Theorem 2.11 (Rassias and gemrl). Let E1 and E, be a normed space and a real
Banach space, respectively. Assume that H : [0, 00)? — [0, 00) is a monotonically
increasing symmetric homogeneous function of degree p, where p € [0,00)\{1}.
Let a function f : E1 — E, satisfy the inequality

I f(x+y)— fx) = SO < H(IxI Iy l) (2.10)

forany x,y € E1. Then there exists a unique additive function A : E1 — E» such
that

H(l, 1)

/() = A < mllel” (2.11)
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for any x € Ejy. Moreover, the function A is linear if for each fixed x € E; there
exists a real number §x > 0 such that f(tx) is bounded on [0, §y].

Proof. The proof of the first part of the theorem is similar to Theorem 2.3 or 2.5.
Therefore, we prove only the linearity of A under the condition that f(¢x) is locally
bounded for each fixed x. So, let us assume that for every fixed x € E; there exists a
positive number 8 such that the function || f(#x)| is bounded on [0, 8x]. Fix z € E
and ¢ € EJ. Here, EJ denotes the dual space of E,. Let us define

M. = sup {|[ /()] | € [0,8]}.

Consider the function ¢ : R — R defined by ¢ (¢) = go(A (lz)). It is obvious that ¢
is additive. For any real number ¢ € [0, §;], we have

9] = |p(A@2))| < llell 1A < llll(IA@2) = fE)] + L))
Using (2.11) we obtain

H(1, 1)

601 <oy

32117 + ).

Since the additive function ¢ is bounded on an interval of positive length, in view
of Theorem 2.1, it is of the form

P(t) = p(1)2

forall 1 € R. Therefore, p(A(1z)) = ¢(rA(z)) for any ¢ € R, and consequently A
is a linear function. O

As expected, an analogue of Theorem 2.11 cannot be obtained in the case that H
is a monotonically increasing symmetric homogeneous function of degree 1. It is not
difficult to construct a counterexample from the following lemma presented in the
paper [311].

Lemma 2.12. Let h : [0,00) — [0,00) be a monotonically increasing function
satisfying

tlim h(t) =00, h(1) =1, and h(t) =th(1/t)

—>00

for all t > 0. Then there exists a continuous monotonically increasing function
g :[0,00) — [0, 00) such that

(i) g(0) =0,
(ii) g(t) — o0 ast — oo,
(iii) gt +s) —g(t) < h(s/t) foralls,t € [0,00), t # 0.

Proof. Since h(t) — oo ast — oo, we can find a monotonically increasing se-
quence {ny} of positive integers satisfying

ny =1 and h(2"%) > k. (a)
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Let {ag } be a sequence given by
a; =0, ap =2, and agy; = 2"ay (b)

fork € {2,3,...}.
We define

gla)) =0 and g(ax)=1/3+1/44+---+1/(k+1)

for k € {2,3,...}. We extend g to [0,00) such that g is piecewise linear. It is
obvious that g : [0, 00) — [0, 00) is a continuous monotonically increasing function
satisfying (i) and (ii).

Let ¢ be a real number with 0 < ¢ < 1. Since /4 is a monotonically increasing
function satisfying 2(1) = 1, we have h(1/¢) > 1. It follows that th(1/t) > ¢t.
Using h(t) = th(1/t) we finally get that

h(t) >t (c)
holds true for any ¢ € (0, 1].

In order to prove (iii) let us first assume that # > s and choose k € N such that
t € [ak,ak+1]- The definition of g implies

s
8e+9) =80 = T D —an (d)
For k > 1 we get using (b) that
s 1 s s
gt t+s)—g) < a1 (k +2)(1 —277) = k41 = -
The relation (c) completes the proof in this case. The case, when k = 1, is an

immediate consequence of (), (¢), and (d).
Suppose now that s > ¢ and choose k € N such that s € [ag,ax+1]. Let us set
ag = 0. We will first consider the case that 1 > a;_;. Then we have

gt +5)—g@) < glaxt2) — glar-1) =1/3+1/4+1/5< 1.

The desired relation (iii) follows now from A(1) = 1 and s/t > 1.
It remains to consider the case when ¢ < aj_;. This implies k > 3. Therefore,

gt +s)—gt) <glagt2) =1/3+1/4+--+1/(k +3) <k — L.
Using (a) we have

gt +s)—g() < h(akZ"k—lalzl) < h(2"k—1sa,:1).
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Applying 2"*k=1¢ < 2"k=lg;_; = ay in the previous inequality, we obtain
gt +s)—g() < h(2"k—1s2_"k—‘t_1) = h(s/t),

which ends the proof. O

Using the result of the last lemma, Th. M. Rassias and P. Semrl [311] have suc-
ceeded in finding a counterexample to Theorem 2.11 for the case in which H is a
monotonically increasing symmetric homogeneous function of degree 1.

Theorem 2.13. Assume that H : [0, 00)? — [0, 00) is a symmetric monotonically
increasing homogeneous function of degree 1 such that

lim H(l,s) = oo. (2.12)
§S—>00
Then there exists a continuous function f : R — R satisfying

| f(t+5)= f(0) = f(s)| < H(It]. Is])

forallt,s € R and
sup | f(1) — A/t = o0 (2.13)
10

Sfor any additive function A : R — R.

Proof. For every real number ¢ > 1 we have H(1,t) < H(t,t) = tH(1,1). Thisin-
equality yields H(1, 1) # 0 using (2.12). We can assume without loss of generality
that H(1,1) = 1. Let us define /4 : [0, 00) — [0, 00) by () = H(1,1). Obviously,
h is a monotonically increasing function satisfying h(f) — oo, as t — oo, and
h(l) = 1. Moreover, we have h(t) = H(l,t) = tH(1/t,1) = tH(1,1/t) =
th(1/t) for any t > 0. We choose a function g as in Lemma 2.12 and define
f(@t) = (1/2)tg(¢) forall t > 0. We extend f to R as an odd function.
We first prove the inequality

|f(t+ )= f(©) = f(s)| = H(lel.]s]) (a)

for all s, € R. Clearly, (a) holds true in the case that t = 0 or s = 0. Next, we
consider the case in which both numbers ¢ and s are positive. Then we have

|f(t+5) = f(O) = ()| = (1/D)|t(g(r +5) — g(1) + 5(g(t +5) — g(5))].

As g is a monotonically increasing function, Lemma 2.12 (iii) yields

|/t +5)— f(t) = f(s)] < (1/2)(th(s/1) + sh(t/s))
= (1/2)(H(t,5) + H(s, 1))
= H(|t],|s]).

Since f is an odd function, (a) holds true for ¢, s < 0 as well.
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It remains to consider the case when r > 0 and s < 0. Let us first assume that
|t| > |s|. The left side of (a) can be rewritten as | f(t) — f(t + s) — f(—s)|, but
t 4+ s and —s are positive real numbers. Thus,

|f(t+5) = f(t) = f($)] < H(t +5,—s) < H([t],]s]).

The proof of (@) in the case when |s| > |¢| proceeds in a similar way.
Suppose now that there exists an additive function 4 : R — R such that

sup | f(1) — A(D)|/]1] < oo. (b)
t#0

As f is a continuous function, it is bounded on any finite interval. It follows from
(b) that the additive function A is bounded on every finite interval [a, b] of the real
line with 0 ¢ [a, b]. This implies that A is of the form A(t) = ct for some real
number c¢. For ¢t > 0 we have

Lf()—ADI/|r] = 1(1/2)g(@) —c|.
According to Lemma 2.12 (ii), this contradicts (b). O

As seen in the above proof, the condition (2.12) is essential for the construction
of a function f satisfying (2.13). The above theorem is a generalization of the result
of Theorem 2.6 stating that the answer to Ulam’s problem is negative in the special
case that H (|7], |s]) = |¢] + |s].

In the following theorem, we will introduce the behavior of functions satisfying
the inequality (2.10), where H is a homogeneous function of degree 1 (ref. [311]).

Theorem 2.14. Let E1 and E; be a real normed space with dim E1 > 1 and a real
Banach space, respectively. Suppose a function f : E1 — E; satisfies the inequal-
ity (2.10), where H : [0,00)?> — [0, 00) is a symmetric monotonically increasing
homogeneous function of degree 1. Then the following conditions are equivalent:
(i) sup [ f(x)] < oo,
Ixl<1

(i) sup || f(x)]| < o0,
lxl=1
(iii) f is continuous at 0,

(iv) | 1”1m LA GO/ lx]'e =0 for any &> 0,
(v) lim || f)[/[lx['=* =0 forany &> 0.

lxlI—o0

Proof. Letusset H(1,1) = 6. Claim that

127" £(2"x) = f)ll = (1/2)nb]|x]| (a)

and

12% F27"x) = f)Il < (1/2)nb]|x]| (b)
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for any n € N. The proof of (a) follows by induction on n. The case n = 1 is clear.
Assume now that () is true for some n > 0 and we want to prove it for n + 1. Using
the triangle inequality and (a), we get

|27 @) = o] < |27 A @) — (1/2) f@)]
+101/2) £ 20) = f)
< (1/2)(n + D],

Replacing x with 27"x in (a) and multiplying the resulting inequality by 2", we
obtain (b).

The implications (i) = (ii) and (v) = (iii) are easily seen. In order to prove
(ii) = (i), we choose a vector z such that ||z]] < 1. Since dim £y > 1, the in-
tersection of the unit spheres S(0,1) = {x e Ei | |Ix|| = 1} and S(z,1) =
{x € E1 | |lx —z| = 1} is nonempty. Choose w € S(0,1) N S(z,1). Clearly,
z=w++ (z—w). Since f satisfies (2.10), we have

If@I < H(Iwll. Iz —wll) + | S + | fz = wl
<60+4+2 sup [ f(0)].

Ixl=1

Claim that (iif) = (7). It is easy to see f(0) = 0. From (iii) it follows that there
exist positive real numbers § and M such that || x| < § yields || f(x)|| < M. We fix
a positive integer n¢ satisfying 270 < §. For every vector z € Eq, ||z]] < 1, we get
using (b) that

I/ @I = (1/2neblzll + 2" f 27" < (1/2)n00 +2"° M.

Claim that (i) = (iv). It follows from (i) that there exists a real number ¢ such
that

I/ < ellx] (c)
for all x with 1/2 < |x|| < 1. For any x with norm greater than 1 we can find
a positive integer n such that the vector y = 27"x satisfies 1/2 < ||y|| < 1.

Moreover, we have n < log, ||x|| + 1. It follows from (a) that

127" f () = SO = 1/2)n0b]ly]l.

Therefore,

LGl = 2" (ILfF DIl + (1/2)n0]ly]l)
< 2"yl (c + (1/2)n)
=< llxll(c + (1/2)8(log, || x|l + 1)),

which completes the proof of this implication.
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Claim that (i) = (v). For any x in the unit ball, ||x|| < 1, there exists an integer
n such that the vector y = 2"x satisfies 1/2 < ||y| < 1. It follows that n <
—log, ||x||. As before we get

12" f(x) = fFWI = (1/2)n0] y].
Thus,
£ < 27" (ILFD) + (1/2)n0]y]) < lxll(e = (1/2)8 Tog, [1x]1).
Hence, (v) holds true.

Claim that (iv) = (ii). It follows from (iv) with ¢ = 1 that there exist positive
real numbers 7 and M such that || x| > M implies || f(x)| < nllx||>. Let us fix a

positive integer ng satisfying 2”0 > M. Then for every z € E; with ||z]] = 1, the
inequality || f(2"0z)|| < 4"0p is true. A simple use of (@) completes the proof.
Applying a similar approach we can prove the implication (v) = (if). O

The assumption that dim £; > 1 is indispensable in the above theorem. Every
function f : R — E; satisfying (2.10), where H is a homogeneous function of
degree 1, is bounded on the unit sphere {—1, 1}. However, such functions need not
be bounded on the unit ball. The proof of the equivalence of the conditions (i), (iif),
(iv), and (v) works also in the case that dim E; = 1. A function f : R?> — R
defined by

f,s) = g—i—s (for t,5s € Q),
(for t e R\Q or s € R\Q)
is an example of a function satisfying (2.10), where H is a monotonically increasing
symmetric homogeneous function of degree 1, of which point of continuity is only
0 (see [311]).
Under the additional assumption that supH(1,s) < oo, Th. M. Rassias and

§>0

P. Semrl [311] improved the previous result as follows:

Theorem 2.15. Let E; and E» be those in Theorem 2.14. Suppose a function
f : E1 — Ej satisfies the inequality (2.10), where H : [0,00)?> — [0,00) is a
symmetric monotonically increasing homogeneous function of degree 1. Further-

more, assume that supH (1, s) < oco. Then the conditions (i), (ii), and (iii) given in
§>0
Theorem 2.14 are equivalent to the following condition:

(vi) there exists a real number M such that || f(x)|| < M| x| forall x € E;.

Proof. All we have to do is to prove that (7) implies (vi). Let us denote

sup H(1,s) = M;.

§>0
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Claim that

11/ k) fkx) = fOIl = Myl x]| (@)

for any integer k > 1. The verification of (a) follows by induction on k. In the case
k = 2, we have

1(1/2) f2x) = fC)l < (1/2)H (x| [Ix]) < (1/2)My]lx]].

Assume now that (a) is true for some k > 1 and we want to prove it for k + 1.
Using the triangle inequality and (a), we get

Ik + D7 £tk + Dx) = f(0)|
<[tk + D7 F(tk+ Dx) =k + D)7 flhkx) — (k+ D7 F()||
+ |k + D7t flhx) — (k/(k + 1) f(x)||
< (k+ D7 H(|lx]l kllx]l) 4+ (k/k + D)1/ k) f(kx) = fl
< (k + D)7 Myl x|l + kMy]|x]))
= Mi|x|.

It follows from (i) that there exists a real number ¢ such that (¢) in the proof
of Theorem 2.14 holds true for all x satisfying 1/2 < |x|| < 1. For any x with
norm greater than 1 we can find an integer k (> 2) such that the vector y = (1/k)x
satisfies 1/2 < ||y|| < 1. From (c) in the proof of Theorem 2.14 and (a) it follows

If N = Gl = kllyli(c + My) = |lx[l(c + My). (b)

A similar argument yields || f(x)|| < ||lx||(c + M) for any x having norm smaller
than 1/2. The relations (¢) in the proof of Theorem 2.14 and (b) demonstrate that
the assertion of the theorem holds true with M = ¢ + M;. O

In the following corollary, Rassias and Semrl [311] generalized the result of
Theorem 2.7, i.e., it was proved that if a function f : E; — E; satisfies the inequal-
ity (2.10), where H is the same as in Theorem 2.14, and some suitable condition,
then it behaves like that of Theorem 2.7.

Corollary 2.16. Let E1 and E, be a finite-dimensional real normed space with
dim £y > 1 and a real Banach space, respectively. Suppose a function f : E1 — E»
satisfies the inequality (2.10), where H : [0,00)? — [0, 00) is a symmetric mono-
tonically increasing homogeneous function of degree 1. Moreover, assume that for
every x € Ej there exists a positive real number 8y such that the function || f(tx)|| is
bounded on [0, §x]. Then for every positive real number ¢ there exists a real number
M, such that

Me|x]|'*e (for |Ix|| = 1),

=0 b= Gor < 1),
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Further, assume that supH (1, s) < co. Then there exists a real number M such that
§>0

I/l = M|x]|
forallx € E.

Proof. All norms on a finite-dimensional vector space are equivalent. Thus, without
loss of generality, we can assume that £ is a Euclidean space R¥. Let us set 6 =
H(1,1). For an arbitrary pair x, y € E; we have

£ Ce+y) = f) = fOI < H(lIx] 1y1l)
< H(llxl + Iyl Ixl + 1yl
= O(IxIl + Iy1)-

Applying induction on n we can easily prove

IfGer 4o 4 xn) = fxn) === f(xn) |

<0 = D(llxell + -+ xall)- (a)
Let{ey....,ex} be the standard basis in R¥. According to the hypothesis, there exist
positive real numbers M1, 81, ..., 8 such that || < §; implies || f(ze;)|| < M; for

i €{l,...,k}.Choose a positive number K. Using (a) in the proof of Theorem 2.14
we can find a real number M, such that |f| < K implies || f(te;)|| < M, for
ie{l,.... .k}

An arbitrary vector x € R¥ with || x|| < K can be expressed in the form

X =tey + -+ lkeg,
where |t;| < K fori € {1,...,k}. It follows from (a) that

| f(trer + -+ trex) — f(trer) —---— ftxer)|l
<0k — (el + -+ lltxexl) < 6k — kK.

Then
I/l = Il f(trer + -+ + txer) ||

< 0k = DK + || f(treD)|| + -+ + I f (txex)
< 0(k — kK + kM.

Hence, we have proved that f is bounded on every bounded set in £;. The assertion
of our corollary is now a simple consequence of Theorems 2.14 and 2.15. O
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G. Isac and Th. M. Rassias [142] established a different generalization of
Theorem 2.5 as follows:

Theorem 2.17 (Isac and Rassias). Ler E1 and E, be a real normed space and a
real Banach space, respectively. Let v : [0,00) — [0, 00) be a function satisfying
the following conditions:

(i) limy(1)/t =0,

(it) w(ts) <Yy @)Y(s) forall t,s € [0, 00),
(iii) Yy (t) <t forall t > 1.

If a function [ : E1 — E; satisfies the inequality

£ G+ ») = £ = fOI = 0wl + v dlyD) (2.14)

for some 6 > 0 and for all x,y € E}, then there exists a unique additive function
A Ey — E5 such that

0
1700 = AW = 5= (1] 2.15)

for all x € Ey. Moreover, if f(tx) is continuous in t for each fixed x, then the
function A is linear.

Proof. We will first prove that

127" £2"x) = f)ll < 0y (llx]) Z v(2)/2)" (a)

for any n € N and for all x € E;. The proof of (a) follows by induction on n. The
assertion for n = 1 is clear by (2.14). Assume now that (@) is true for n > 0 and we
want to prove it for the case n + 1. Replacing x with 2x in (a) we obtain

n—1
127" f2"2x) = o) < 6y (2llx]) Y (¥(2)/2)"
m=0
By (ii) we get
n—1
|27 F (2" x) — fex| < oy @y (lixl) D (v(2)/2)" (b)
m=0

Multiplying both sides of (b) by 1/2 we have

||2—n—1f(2n+1 ) (1/2)f(2x)|| < 91// ||x|| Z W(z)/2
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Using the triangle inequality, we now deduce

||2—n—1f(2n+1x) _ f(x) ”
< |27 A2 ) = (1/2) Fx) | + 11(1/2) f2x) — f(x)]]

n

<0y (Ixl) Y- (v@/2)" + 6y (lxl)

m=1
n

= oy (Ill) > (v@/2)",

m=0

which ends the proof of (a).
Thus, it follows from (a) that

20y (lx1)

27 f@m) ~ fell = 5= s

(c)

forany n € N.
For m > n > 0 we obtain
1277 £2™x) — 27" fQ2"x)| = 27" 27 £ 2 x) — f(2"x)||
=227 fQ27y) = SO,

where r = m —n and y = 2"x. Hence,

29([1y1l)

2-v(2)

2y 2"y (l1x])
2-v(2)

4<(w@fy92wmxm

- 2 2—1#(2)'

127" f(2"x) = 27" f(2"0)|l =276

<279

However, by (iii), the Rassias sequence {27" (2" x)} is a Cauchy sequence. Let us
define

A(x) = nli>nolo 27" (2" x)

forall x € E;.
We will prove that 4 is additive. Let x, y € E; be given. It then follows from
(2.14) and (ii) that
£ @ (x + ) = f@"x) = £@" )| < 6w (12" x]1) + v (12" y11))
=0y @) (v x) +wdyID).
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which implies that

272N+ ) = fQM0) = F@ )] < (W @/2)" 0w x) + vy D)

Using (iii) and letting n — oo, we conclude that A4 is additive.

By letting n — oo in (¢), we obtain the inequality (2.15).

Claim that A4 is such a unique additive function. Assume that there exists another
one, denoted by A’ : Eq1 — E», satisfying

/

0
1760 = Al = 3= (1), (@

where 6’ (> 0) is a constant and ¥’ : [0, 00) — [0, 00) is a function satisfying (i),
(ii), and (iii). By (2.15) and (d), we get

[AGx) — A"l

A

< [AK) = fOl + 1f(x) = A
26 200,
= mW(”ﬂl) + mw (I1x11).-

Then,

[A(x) = A"l = (1/m)|A(nx) — A'(nx) |
_ v 26y (lix]) 4 ' (n) 20"y (I1x])
n 2—-v(Q2) no 2—y'Q2) "’
for every integer n > 1. In view of (i) and the last inequality, we conclude that
A(x) = A'(x) forall x € E;.
Because of the additivity of A it follows that A(gx) = gA(x) for any ¢ € Q.

Using the same argument as in Theorem 2.5, we obtain that A(ax) = aA(x) for all
real numbers a. Hence, A is a linear function. O

G. Isac and Th. M. Rassias [142] remarked that if ¥ (¢) = t? with0 < p < 1,
then from the last theorem we get the result of Theorem 2.5. If p < 0 and

|0 (for t = 0),
v = t? (for t > 0),

then from Theorem 2.17 we obtain a generalization of Theorem 2.5 for p < 0
(ref. [112]). If £(S) is bounded, where S = {x e Ei| x| = 1}, then the A given
in Theorem 2.17 is continuous. Indeed, this is a consequence of the inequalities

FACHN = 17 + [1AGx) = F ()l

26
= I @I+ 53—y wa(wm

< 1A+ 5= ¥ (D)

forall x € S.
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The control functions H and ¥ appearing in Theorems 2.11 and 2.17 were re-
markably generalized and the Hyers—Ulam—Rassias stability with the generalized
control function was also proved by P. Givruta. In the following theorem, we will
introduce his result [113].

Theorem 2.18 (Gavruta). Let G and E be an abelian group and a Banach space,
respectively, and let ¢ : G* — [0, 00) be a function satisfying

o

O(x.y) =y 275 Tp(2Fx.2%y) < 00 (2.16)
k=0

forall x,y € G. If a function f : G — E satisfies the inequality
I/ +y) = f(x) = FODI = e(x.p) 2.17)
forany x,y € G, then there exists a unique additive function A : G — E with
[f(x) =AMl = ®(x,x) (2.18)

forall x € G. Moreover, if f(tx) is continuous in t for each fixed x € G, then A is
a linear function.

Proof. Putting y = x in the inequality (2.17) yields
1(1/2) f(2x) = f() = (1/2)¢(x, x) (@)

for all x € G. Applying an induction argument to n, we will prove

n—1
1277 £ 27x) — f) < Y 27F g (2kx, 2Fx) (b)
k=0

for any x € G. Indeed,

|27 @) = S < |27 £ (27 ) = (1/2) f2)]
+ 1(1/2) f2x) = f ().

and by (a) and (b), we obtain

|27 @) = )

n—1

<(1/2) Z2‘k_1<p(2k+1x,2k+1x) + (1/2)¢p(x, x)
k=0

n
= Z 2_k_1g0(2kx, 2kx),
k=0

which ends the proof of (b).
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We will present that the Rassias sequence {27 f(2"x)} is a Cauchy sequence.
Indeed, for n > m > 0, we have

27" f@"x) = 27" f2" )|
=272 f@M M) — f(27 )|
n—m—1
k=0
n—1
= Z Z_k_lrp(ka,ka).

k=m

Taking the limit as m — oo and considering (2.16), we obtain
lim [|27" f(2"x) =27 f(2"x)|| = 0.
m—0Q0

Since E is a Banach space, it follows that the sequence {27" (2" x)} converges. Let
us denote

A(x) = lim 27" f(2"x).
n—0o0
It follows from (2.17) that
| £ 2" (x + ) = f2"x) = 2" )| < 0(2"x,2"y)
for all x, y € G. Therefore,
1277 (2" (x + ) =27 f2"x) =27 f (2" )| < 27"p(2"x.2"y). (c)
It follows from (2.16) that
nli>nolo 27"9p(2"x,2"%y) = 0.
Thus, (c) implies that A : G — E is an additive function.
Taking the limit in (b) as n — 0o, we obtain the inequality (2.18).
It remains to show that A is uniquely defined. Let A’ : G — E be another additive

function satisfying (2.18). Then, we get

[AGx) — A ()] = 27" A@2"x) =27 A'2"Y)|
< 1277 AQ"x) = 27" f (2" )|
+ 127" f@2"x) = 27" A'2"x) |
<27"P(2"x,2"x) + 27" ®(2"x,2"x)
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for all n € N. Taking the limit in the above inequality as n — oo, we get
A(x) = A'(x)

forallx € G.

From the additivity of A it follows that A(gx) = qA(x) for any ¢ € Q. Using
the same argument as in Theorem 2.5, we obtain that A(ax) = aA(x) for all real
numbers a. Hence, A is a linear function. 0

Later, S.-M. Jung complemented Theorem 2.18 by proving a theorem which in-
cludes the following corollary as a special case (see [173, Theorem 4]).

Corollary 2.19. Let E; and E, be a real normed space and a Banach space, re-
spectively. Assume that a function ¢ : E 12 — [0, 00) satisfies

o0
d(x,y) = 22k<p(2_kx,2_ky) < 00
k=1

forall x,y € Ey. If a function [ : E1 — E; satisfies the inequality (2.17) for any
X,y € Ey, then there exists a unique additive function A : E1 — E3 such that

[/ (x) = A = (1/2)®(x, x)
forall x € E;.

S.-M. Jung [156] has further generalized the result of Theorem 2.18 by making
use of an idea from the previous theorem. In the following theorem, let G be an
abelian group and E be a Banach space. Consider a function ¢ : G2 — [0, c0)
satisfying ¢(x,y) = ¢@(y,x) forall x,y € G.Foralln € Nandall x,y € G
define ¢l (x,y) = ¢(nx,y) and ¢2(x,y) = ¢(x,ny). By a = (a1,a2,...) we
denote a sequence with a, € {1,2} for all n € N, and we define ¥/ (x,y) =
e (x,y) + -+ goZ" (x, y) for a fixed integer k > 1. Suppose that there exists a
sequence a = (aj,ds,...) witha, € {1,2} for all n € N such that

We(x,y) =D kT (k" e kT y) < oo (2.19)
n=1

forall x, y € G. With these notations, Jung [156] proved the following theorem.
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Theorem 2.20. Suppose f : G — E is a function satisfying

I/ +y) = f(x) = FOI = e(x.p) (2.20)

forall x,y € G. Then there exists a unique additive function A : G — E such that
If(x) = A)|| = Wi(x, x) (2.21)

for all x € G. Moreover, if G is a Banach space and f(tx) is continuous in t for
every fixed x € G, then A is linear.

Proof. We first claim

I(1/n) f(nx) = fOOIl = (1/m) ¥y (x. x) (@)

for each integer n > 1 and all x € G. We verify it by induction on n. By putting
y = x in (2.20), we obtain

1/ 2x) =2f ()l = ¢(x.x) = ¥{ (x,x).

This implies the validity of (@) for the case n = 2. Assume now that the inequality
(@) is valid forn = m (m > 2), i.e.,

I/ (mx) =mf ()| < ¥y (x.x). (b)

For the case n = m + 1, replacing y with mx in (2.20), we get

ILf(x +mx) — f(x) = f(mx)|| < ¢(x.mx) = p(mx, x). (©)

It follows from (b) and (c) that

|.£(m + Dx) = m + 1) f ()
< | £(m + 1D)x) = f(x) = fmx)| + | £ 0mx) —mf(x)]

< ya(x,x).

Accordingly, the assertion (a) is true for all integers 7 > 1 and all x € G.
We claim

k™ f(K"x) = fEOll < Yk yg (K x k) (d)

i=1

for each n € N. We also prove it by induction on n. The validity of (d) forn =
follows from (a). By assuming the induction argument for » = m and puttingn =
and then substituting k™ x for x in (d), we obtain
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”k—m—l f(km-‘rlx) _ f(x) ||
< [Tt (R x) — kT F )|+ KT f ™) — £

<K k) f k- kmx) = fE™ )| 4+ kT (K k)
i=1
<kl (k™Mx, k”’x)—i—Zk Y (K x k)
i=1
m+1

=3 kg (K ek ).

i=1

Hence, the inequality (d) is true for all n € N.
We now claim that the Rassias sequence {k—" f(k"x)} is a Cauchy sequence.
Indeed, by (d), we have

1" F (K" x) = k=™ f (™))
=k Hk‘(’"’”) ™ kmx) = f(™ )|
<km2k_ll// kllkmxkllkm)
i=1

S kT (K x k)

i=m+1

for n > m. In view of (2.19), we can make the last term as small as possible by
selecting sufficiently large m. Therefore, the given sequence is a Cauchy sequence.
Since E is a Banach space, the sequence {k~" f (k" x)} converges for every x € G.
Thus, we may define

AGe) = Tim k7 (" ).

We claim that the function A is additive. By substituting k" x and k" y for x and
y in (2.20), respectively, we get

| £ (K" +p)) = f(K"x) = f(K"p)|| < (k" x, k" y). (e)
However, it follows from (2.19) that
Tim kY (6K y) = 0,
Therefore, dividing both sides of (e) by k" and letting n — oo, we conclude that A

is additive.
According to (d), the inequality (2.21) holds true for all x € G.
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We assert that A is uniquely determined. Let A" : G — E be another additive
function with the property (2.21). Since A and A’ are additive functions satisfying
(2.21), we have

[AG) = A"l = k7" AK"x) — k" A" (K" x) |
< kAR x) = fEO| + KT f (" x) = A" x) |
< kT (k" x, k" x) + kTP (K" x, K x)

=2 Y kT (KT e kT ).

m=n+1

In view of (2.19), we can make the last term as small as possible by selecting suffi-
ciently large n. Hence, it follows that A = A’.

Finally, it can also be proved that if G is a Banach space and f(¢x) is continu-
ous in ¢ for every fixed x € G, then A is a linear function in the same way as in
Theorem 2.5. O

It is worthwhile to note that P. Gavruta, M. Hossu, D. Popescu, and C. Céaprdu
obtained the result of the previous theorem in the papers [118, 119] independently.
Furthermore, Y.-H. Lee and K.-W. Jun generalized Theorem 2.20. Indeed, they
replaced k with a rational number ¢ > 1 in the condition (2.19) and proved
Theorem 2.20 (see [233]).

There are still new valuable results for the Hyers—Ulam—Rassias stability of the
additive Cauchy equation which were not cited above. Among them we have to state
here an outstanding result of G. Isac and Th. M. Rassias [143] without proof:

Let £y and E, be a real normed space and a real Banach space, respectively.
Assume that f : E1 — E, is a function such that f(tx) is continuous in t for every
fixed x in Eq. Assume that there exist 0 > 0 and p1, p2 € R such that p, < p; <1
or 1 < py < py. If f satisfies the inequality

1A G+ ») = £ = fOl = 0(lx 17t + [[yl172)

forall x,y € Ey, there exists a unique linear function A : Ey — E, such that

02 =227 (lx[1?r + [Ix[172)  (if p2 < pr < D),

—A <
[/ (x) (O = (272 —2)_1(||x||P1 + ||x||1’2) (if 1 < p2<p1)

forany x € E;.

During the 3Ist International Symposium on Functional Equations,
Th. M. Rassias [292] raised an open problem whether we can also expect a simi-
lar result for p» < 1 < py.

We here remark that J. M. Rassias [280] considered the case where the Cauchy
difference || f(x + y) — f(x) — f(»y)] in (2.5) is bounded by &/ x|? || y||? (6 > 0,
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0 < p < 1/2) and obtained a similar result to that of Theorem 2.5 except the
bound for the difference || f(x) — A(x)| in (2.6) bounded by 0]x||??/(2 — 27)
instead of 26||x||? /(2 — 27). Furthermore, he [281] also proved the Hyers—Ulam—
Rassias stability of the additive Cauchy equation for the case where the norm of the
difference in (2.5) is bounded by @|/x||?|y||9 (8 > 0,0 < p + g < 1) with the
modified approximation bound 0| x||?*4 /(2 — 22%4) for || f(x) — A(x)]| in (2.6).

Several mathematicians have remarked interesting applications of the Hyers—
Ulam—Rassias stability theory to various mathematical problems. We will now
present some applications of this theory to the study of nonlinear analysis, espe-
cially in fixed point theory.

In nonlinear analysis it is well-known that finding the expression of the asymp-
totic derivative of a nonlinear operator can be a difficult problem. In this sense, we
will explain how the Hyers—Ulam—Rassias stability theory can be used to evaluate
the asymptotic derivative of some nonlinear operators.

The nonlinear problems considered in this book have been extensively studied by
several mathematicians (cf. [6,54,226,242,364]). G. Isac and Th. M. Rassias were
the first mathematicians to introduce the use of the Hyers—Ulam—Rassias stability
theory for the study of these problems (see [144]).

Let E be a Banach space. A closed subset K of E is said to be a cone if it satisfies
the following properties:

(Cl) K+ K CK;
(C2) AK C K forall A > 0;
(C3) KN (—K) ={0}.

By K* we denote the dual of K ,i.e., K* = {¢ € E* | ¢(x) > Oforall x € K}.
It is not difficult to see that each cone K C E induces an ordering on E by the
hypothesis that x < y if and only if y — x € K. If in E a cone is defined, then
E is called an ordered Banach space. A cone K C E is said to be generating if
E = K — K and it is said to be normal if there exists a § > 1 such that ||x| <
8llx + y|| for all x,y € K. We say that a cone K C E is solid if its topological
interior is nonempty. We call a point xo € K a quasi-interior point if ¢ (x¢) > 0 for
any nonzero ¢p € K*.If the cone K C E is solid, then the quasi-interior points of
K coincide precisely with its interior points.

We denote by L(E, E) the space of linear bounded operators from E into E.
It is well-known that for every T € L(E, E) the spectral radius r(T) is well de-
fined, where r(T) = max {|A| | A € o(T)} and o(T) is the spectrum of T. We
say that T € L(E, E) is strictly monotone increasing if for every pair x, y € E the
relation x < y (i.e., x < y and x # y) implies T(y) — T (x) € K°, where K°
denotes the interior of K.

Let D C E be a bounded set. We define y (D), the measure of noncompactness
of D, to be the minimum of all positive numbers § such that D can be cov-
ered by finitely many sets of diameter less than §. A function f : E — E is said
to be a k-set-contraction if it is continuous and there exists a k > 0 such that
y( f (D)) <ky(D) for every bounded subset D of the domain of f. A function
f 1 E — E is said to be a strict-set-contraction if it is a k-set-contraction for some
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k <1. A function f : E — E is called compact if it maps bounded subsets of the
domain of f onto relatively compact subsets of E and f is said to be completely
continuous if it is continuous and compact. Every completely continuous function
is a strict-set-contraction.

Let K be a generating (or fotal, i.e., E = K — K ) cone in E. The function
f : K — E is said to be asymptotically differentiable along K if there exists a
T € L(E, E) such that

Jim - fG) = T/ Ix] = 0.
Il — 0o

In this case, T is the unique function and we call it the derivative at infinity along
K of f. We say that a function f : E — E is asymptotically close to zero along
K if

limK I/ COI/lIx]l = 0.

X €
lxl| = oo

Let ¢ : [0,00) — [0, 00) be a function such that ¢(¢) > O for all 1 > y, where
y > 0. We say that f : K — E is ¢-asymptotically bounded along K if there
exist b, ¢ > 0 such that for all x € K, with ||x|| > b, we have || f(x)| < c¢(||x||)
Every ¢-asymptotically bounded function (along K) such that tli)rgo ¢(t)/t = 0is

asymptotically close to zero.
If K is a generating (or total) cone in E, then a function f : K — FE is said to
be differentiable at xo € K along K if there exists f'(xo) € L(E, E) such that

liemK 1f(xo + x) = f(x0) = f"(xo)x|l/[Ix]| = 0.

x—>0

In this case, f”(xo) is the derivative at xo along K of f and it is uniquely deter-
mined.

To enlarge the class of the functions ¥ such that the condition of Theorem 2.17
remains valid, we consider the following: Let Fy, be the set of all functions ¥ :
[0, 00) — [0, 00) satisfying the conditions (i), (i), and (iif) in Theorem 2.17. Let
P (W) be the convex cone generated by the set Fy,. We remark that a function ¥ €
P (W) satisfies the condition (i) but generally does not satisfy the conditions (i)
and (iii) in Theorem 2.17. However, G. Isac and Th. M. Rassias [144] presented
that Theorem 2.17 remains valid for each v € P(W).

Theorem 2.21. Let Eq be a real normed space, E» a real Banach space, and
f : E1 — E3 a continuous function. Let & € P(V) be given. If f satisfies the
inequality (2.14) for some 0 > 0 and for all x,y € E1, then there exists a unique
linear function T : E1 — E; satisfying the inequality (2.15) for all x € E.
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Proof. We apply Theorem 2.18 for the function

e(x.y) = 0(vdlxD + v dlyD).

In this case, using the properties of the functions ¢ € P(W¥), we can show that
®(x,y) < ooforall x,y € Eq, and the conclusion of our theorem follows. O

The last theorem is significant because the class of functions satisfying (2.14)
with ¥ € P(W) is strictly larger than the class of functions defined in Theorem
2.17. G. Isac and Th. M. Rassias [144] also proved the following theorem:

Theorem 2.22. Let E be a Banach space ordered by a generating cone K and let
f 1 E—E, g: K — K befunctions such that:

(fl) f is completely continuous, positive, and satisfies the inequality (2.14) for
some Y € P(W)and 0 > 0 (i.e.,, f(K) C K);

(f2) there exist a quasi-interior point xg € K and 0 < Ag < 1 such that
Jim 277 f(2"xo) = Aoxo;

(gl) g is asymptotically close to zero along K;

(hl) h = f + g is a strict-set-contraction from K to K.

Then h = [ + g has a fixed point in K.

Proof. Let S = {x e E||x| = 1}. By assumption (/1) and Theorem 2.21, we

have that 7(x) = lim 27" f(2"x) is well defined for every x € E and T is the
n—o0

unique linear operator satisfying the inequality

0
1700 = T@)| = 5= (1) @

for all x € E. Since f is compact, we have that f(S) is bounded, which implies
that T is continuous. Indeed, the continuity of T is a consequence of the following
inequalities:

ITCHN =< 17+ 1T () = f ()l

20
= /™l + 2_—M¢(IIXII)

20
< [ fl+ mW(l)

forall x € S.
From the definition of 7" and the fact that f(K) C K, we deduce that T is
positive (i.e., T(K) C K). From (a) and the properties of ¥, it follows that
lim [ f(x) =T/l x]l =0,
xeK

x| — oo
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i.e., T is the asymptotic derivative of f along K. In addition, from the principal
theorem of [141] or [6], T is completely continuous (and it is also a strict-set-
contraction). From (g1) we have

lim  ||h(x) = Tx)||/]Ix]l

xeK
[xll = o0
< lim Jg@)l/llx]l + lim [ f(x) =T/ x|
xeK xekK
lx]| — o0 lx]| = oo
=0,

i.e., T is also the asymptotic derivative of & along K.

Since T is completely continuous, its spectrum consists of eigenvalues and zero.
Suppose that 7(7') > 0. From (f2) we have that T'(xg) < A¢xo and using the
Krein—Rutman theorem ([364, Proposition 7.26]) we have that there exists ¢o €
K*\ {0} such that T*(¢pg) = r(T )¢ and ¢o(x¢) > 0 (since xo is a quasi-interior
point of K), where we denote by T* the adjoint of T'. Hence, we deduce

B (T*(¢0)) (x0) B $o(T (x0)) _ $o(Aoxo)

r(T) = = < = Ao,
Po(xo) Po(xo) bo(x0) ’
ie,r(T) < 1.
Now, all the assumptions of [6, Theorem 1] are satisfied and hence h = f + g
has a fixed point in K. O

Corollary 2.23. Let E be a Banach space ordered by a generating cone K and let
f : E — E be a function satisfying the conditions (f1) and (f2). Then f has a fixed
point in K.

In Theorem 2.22 and Corollary 2.23 we can replace (f2) with the following
condition:

73) | f(x) —Ax]| > 29(2 — w(Z))_lw(HxH)forall/\ > 1 and x € K\{0}.

G. Isac and Th. M. Rassias [144] investigated the existence of nonzero positive
fixed points. We will express the result of G. Isac and Th. M. Rassias in the following
theorem.

Theorem 2.24. Let E be a Banach space ordered by a generating cone K and let
f 1 E—E, g: K — K be functions satisfying (f1), (gI), (hl), and:

(f4) there exist Ao > 1 and xo € —K such that 1lim 27" f(2" xo) > AoXo;
n—>00

(15) 11f(x) = x|l > 202 = y(@) "y (llx])) for all x € K\{0};
(h2) h is differentiable at 0 along K and h(0) = 0;

(h3) I (0) does not have a positive eigenvector belonging to an eigenvalue A > 1.

Then h = f + g has a fixed point in K\{0}.
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Proof. As in the proof of Theorem 2.22, h is asymptotically differentiable along
K and its derivative at infinity along K is 7' (x) = nll)n;o 27" f(2"x) for each
x € E. Moreover, T is completely continuous and the inequality (a) in the proof of
Theorem 2.22 is also satisfied. It follows from (f'5) that 1 is not an eigenvalue with
corresponding positive eigenvector of 7. From ( f4) we obtain r(7T) > A¢. Indeed,
if r(T) < Ao and since r(T) = nli>nolo||T” ['/" (Gelfand’s formula), AT < k™
for sufficiently large n and some k < 1. From the fact that T'(xo) > Aoxo we deduce
Ao T™(x0) = xo (since T is positive) and if we pass to the limit in the last relation,
we obtain xo < 0,1i.e., xo € —K, which is a contradiction. Using the Krein—Rutman
theorem again, we have that r(7) is an eigenvalue of 7 with an eigenvector in K.
Thus, all the assumptions of [54, Theorem 1] are satisfied and we conclude that &
has a fixed point in K\ {0}. O

Let E be a Banach space ordered by a cone K, and let L,A : E — E be
functions. We say that A > 0 is an asymptotic characteristic value of (L, A) if L
and AA are asymptotically equivalent (with respect to K), i.e.,

lim [[L(x) = AAQ)[|/[lx] = 0.
xeK
lxll — o0

An asymptotic characteristic value of (L, A) is a characteristic value of (L, A) in
the sense of the definition provided by M. Mininni in [242], i.e., A iS a characteristic
value of (L, A) in Mininni’s sense, if there exists a sequence {x, } of elements of K
such that

lim |[x,]| =00 and lim || L(x,) —AA(xn)|/llxn] = O.
n—o00 n—o00

The following result is a consequence of Theorem 2.24.

Corollary 2.25. Let E be a Banach space ordered by a generating cone K (C E),
let f: E — E be a function such that f(K) C K, and let L,A : E — E be
functions. Assume that the following conditions are satisfied:

(i) f satisfies the conditions (f1), (f4), and (f5);
(ii) A is an asymptotic characteristic value of (L, A);

(iii) h = f + L — AA satisfies the conditions (hl), (h2), and (h3).

Then the nonlinear eigenvalue problem, L(xx) + f(x«) = X« + AA(xx) with un-
knowns x« € E\{0} and A > 0, has a solution.

It is well-known that the study of the nonlinear integral equation

x(u) = /Q G(u, v)f(v,x(v))dv, (o)

known as the Hammerstein equation, is of central importance in the study of several
boundary-value problems (cf. [226,364]).
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In addition, some special interest is focused on the eigenvalue problem

x(u) = )L/Q G(u, v)f(v,x(v))dv. B)

If we denote by G the linear integral operator defined by the kernel G(u, v) and
by f the Nemyckii’s nonlinear operator defined by f(v,x(v)), i.e., f(u)(v) =
f(v, x(v)), then the equation () takes the abstract form

x = AGf(x). (r)

For the equation () we consider the following hypotheses:

(H1) (E,K) and (F, P) are real ordered Banach spaces. The cone K is normal
with nonempty interior.

(H2) The function f : E — F is continuous and the operator G : F — E is
linear, compact, and positive.

(H3) G is strongly positive, i.e., x < y implies G(y) — G(x) € K°.

We recall that (A, +00) is a bifurcation from infinity of equation () if A« > 0
and there is a sequence of solutions (A,, x,) of (y) such that A, — A, and | x,| —
oo asn — oo.

Isac and Rassias [144] also contributed to the following theorem.

Theorem 2.26. Consider equation (y) and suppose that (HI), (H2), and (H3) are
satisfied. In addition, assume that the function f : E — F satisfies the following
conditions:

(i) f(K) C K and f(S) is bounded, where S = {x € E | ||x| = 1};
(ii) f satisfies the inequality (2.14) for some 6 > 0, ¥ € P(W¥), and for all
x,yekE;
(iii) lim 27" f(2"x) > 0 for all x € K\{0}.
n—o0

If we set T(x) = lim 27" f(2"x), for all x € E, and As = r(GT)™!, then
n—o0
(A, +00) is the only bifurcation from infinity of equation (y).

Proof. First, we note that T is the asymptotic derivative of f along K. Since by
assumption (iii) we see that 7T is strictly positive on K, we remark that r(GT) > 0.

We set
21 f (x/llxll)  (for x # 0),
0 (for x = 0).

We know that g’(0) = T and (4, +00) is a bifurcation point of x = AG f(x) if and
only if (4, 0) is a bifurcation point of x = AGg(x). Our theorem now follows from
a theorem of [364]. O

g(x) =

Concerning Theorem 2.26, the two-sided estimates for the spectral radius ob-
tained by V. Y. Stetsenko [337] are very essential. Stetsenko presented that if
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A : E — E is a completely continuous operator and E is a Banach space or-
dered by a generating closed cone K with quasi-interior points and if some special
assumptions are satisfied, then we can define the numbers A, p, the vectors ug, v,
and a functional ¢ such that

¢o(vo) _

P _ 1 go(vo)
do(uo) —

) = o p po(uo)”

(©)

0—

G. Isac and Th. M. Rassias [144] raised an interesting problem to find new and
more efficient two-sided estimates for the spectral radius of the operator GT with

T(x) = nli>nolo 27" (2" x)

when f satisfies the inequality (2.14) for some 6 > 0, v € P(W¥), and for all
x,yeE.

Such an estimate of r(GT), similar to the estimate (§), is important for the ap-
proximation of the bifurcation point (A, +00) of the equation (y).

2.4 Stability on a Restricted Domain

In previous sections, we have seen that the condition that a function f satisfies one
of the inequalities (2.2), (2.5), (2.10), (2.14), (2.17), and (2.20) on the whole space,
assures us of the existence of a unique additive function approximating f* within a
given distance.

It will also be interesting to study the stability problems of the additive Cauchy
equation on a restricted domain. More precisely, we will study whether there exists a
true additive function near a function satisfying one of those inequalities mentioned
above only in a restricted domain.

F. Skof [330] and Z. Kominek [224] studied this question in the case of functions
defined on certain subsets of RY with values in a Banach space. First, we will intro-
duce a lemma by Skof [330] which is necessary to prove the following propositions.

Lemma 2.27. Let E be a Banach space. If a function f : [0, 00) — E satisfies

If(x+y)=f) = fOll =4

for some § > 0 and for all x,y > O, then there exists a unique additive function
A : R — E such that

/() =A@ <8

forany x > 0.
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Proof. Define a function g : R — E by

f(x) (for x > 0),

gx) = —f(=x) (for x <0).

It is not difficult to see that

lgx +y)—gx)—g =6

for all x, y € R. Therefore, by Theorem 2.3, there exists a unique additive function
A : R — E such that

lg(x) —AX)[| <8 (@)
for any x € R. This function A is the unique additive function which satisfies ()
for any x > 0. O

F. Skof [330] proved the following lemma for N = 1, and Z. Kominek [224]
extended it for any positive integer N .

Lemma 2.28. Let E be a Banach space and let N be a given positive integer. Given
¢ > 0, let a function f : [0,c)N — E satisfy the inequality

IfGx+y)=f)—fl =4 (2.22)

for some 8§ > 0 and for all x,y € [0,c)N with x + y € [0,c)N. Then there exists
an additive function A : RN — E such that

I/ (x) = AX)[| = (4N —1)8

forany x € [0,c)N.

Proof. First, we consider the case N = 1. We extend the function f to [0, c0)
and then make use of Lemma 2.27 above. Let us represent an arbitrary x > 0 by
x = (1/2)nc + p, where n is a nonnegative integer and 0 < u < (1/2)c. Define a
function g : [0, 00) — E by

g(x) = f(w) +nf((1/2)c).
On the interval [0, ¢) we have
llg(x) = f(O)Il = 6. (a)

In fact, when 0 < x < (1/2)c, we have g(x) = f(x). When (1/2)c < x < c,
we get

lg) = f)ll = || f(w) + £((1/2)c) = £((1/2)e + p)| = 6.

since f satisfies (2.22).
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We will now show that g satisfies

lg(x +y)—gx)—g) <26 (b)

forall x,y > 0. For given x,y > 0,let x = (1/2)nc + pand y = (1/2)mc +
o, where n and m are nonnegative integers and © and @ belong to the interval
[0, (1/2)c). Assume  + w € [0, (1/2)c). Then

lg(x +y) —g(x) — gl
= | f(+ @)+ m+n) f((1/2)c) = f(1)
—nf((1/2)c) = f(@) —mf((1/2)c)|
=f(k+ )= f(p) - flo)]

<3$.

Assume now that 4 + o € [(1/2)c,c). Put u + w = (1/2)c + ¢. Then, by (a), we
have

le(x +y)—g(x)— gl
= || f((1/2)¢) + f(1) = f(w) — f(o)|
=lguto)— f(r+to)+ f(n+o)—f(r)— flo
<28.

According to Lemma 2.27, (b) implies that there exists a unique additive function
A : R — E such that

lg(x) — A < 28 (c)

for any x > 0. Therefore, by (a) and (c), we have

1/ (x) =A@ = 1/ (x) =g ()] + [lg(x) — A = 36

for all x € [0, ¢), which completes the proof for N = 1.
Assume now that N > 1. If we define the functions f; : [0,¢) — E fori €
{1,...,N} by
f,-(xi) = f(o,...,O,X[,O,...,O),

then the functions f; satisfy
ILfi Gei + yi) = fi(xi) = fi(yi)ll = 6

forall x;, y; € [0,¢) withx;+y; € [0, ¢). Thus, the first part of this proof guarantees
the existence of additive functions 4; : R — E such that

I fi (xi) — Ai (xi)|| = 38 (d)

forall x; € [0,¢).
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Representing x € R¥ in the form (x1,...,xn5) we see that the function A4 :
RN — E given by

N
A(x) =) Ai(x)
i=1
is an additive function. Moreover, for each x € [0, c)N ,by (d) and (2.22), we get
[ f(x) —AX) ||
N
<[ =D filx)

i=1

N
+ ) NG — Al

i=1

IA

N—-1
SOt xn-1,00 = D filx)
i=1

+ 1l = £(0.....0,x8) — f(xX1.....XxN_1.0) + f(x)|| +3N§

IA

N-1
S Xy, 0) = Y fi(xi)| 4+ 8+ 3N8S
i=1

=
=

(N = 1)§ + 3NS.

This ends the proof. O

Lemma 2.29. Let E be a Banach space and let N be a positive integer. Given
¢ > 0, let a function [ : (—c,c)N — E satisfy the inequality (2.22) for some § > 0
and for all x,y € (—c,c)N with x +y € (—c,c)N. Then there exists an additive
function A : RN — E such that

1f(x) = A < (5N — 1)
forany x € (—c,c)V.
Proof. First, we prove the assertion for N = 1. Put
g(x) = (1/2)(f(x) = f(=x)) and h(x) = (1/2)(f(x) + f(-x))
for all x € (—c, ¢). We note that
[A(x)]| <6 (a)

for x € (—c,c) and
lgx+y)—g(x)—gO)Il <4

forall x, y € (—c,c) with x + y € (—c, ¢). According to Lemma 2.28, there exists
an additive function A : R — E such that ||g(x) — A(x)| < 36§ for each x € [0, c).
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Since g and A are odd, ||g(x) — A(x)|| < 36 holds true for any x € (—c, c¢). Hence,
by (a), we get

[/(x) =A@ = A + llg(x) — AX)| < 48
for all x € (—c, c¢). This completes the proof for the case N = 1.

Assume now that N > 1. The proof runs in the same way as in the proof of
Lemma 2.28. We define functions f; : (—c,c¢) — E by

fi(xi) = £(0,...,0,x;,0,...,0)
fori € {1,..., N}. Then, the functions f; satisfy
/i Gxi + i) — fi(xi) = fily)ll < 6

for all x;,y; € (—c,c) with x; + y; € (—c,c). Thus, the first part of our proof
implies that there exist additive functions A; : R — E such that

/i (xi) — Ai (xi)|| < 46 (b)
for x; € (—c,c¢).

Expressing x € R in the form (x1,...,xn) we see that the function A4 : RN -
E defined by

N
Ax) =) Ai(x)
i=1

is additive. Let x € (—c,c)" be given. Then, by (b) and (2.22), we have

N
+ ) A6 — An(x)|

i=1

< ”f(x)_f(()’"wvaN)_f(xls-”st—lsO)”

N
) =Y filx)

i=1

1/ () = A =

N-1
| f(re o xno1 0) = Y filx) || + 4NS
i=1
N-1
S"f(xlv"'va—lvo)_Zﬁ(xi) +8+4N8
i=1
S.
< (N —1)§ + 4N§,

which ends the proof. O
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Using Corollary 2.23, Z. Kominek [224] proved a more generalized theorem con-
cerning the stability of the additive Cauchy equation on a restricted domain.

Theorem 2.30 (Kominek). Let E be a Banach space and let N be a positive inte-
ger. Suppose D is a bounded subset of RN containing zero in its interior. Assume,
moreover, that there exist a nonnegative integer n and a positive number ¢ > 0 such
that

(i) (1/2)D C D,
(ii) (—c,c)N c D,
(iii) D C (=2"c,2"c)V.

If a function f : D — E satisfies the functional inequality

If(x+y)—f(x) = fDIl =4 (2.23)

for some § > 0 and for all x,y € D with x + y € D, then there exists an additive
function A : RN — E such that

If(x) — A = 2" -5N — 1)§

forany x € D.

Proof. On account of Lemma 2.29, there exists an additive function 4 : RN — E
such that

I/ (x) — Al = BN —1)8 (@)

forany x € (—c,c)" . Taking an arbitrary x € D we observe, by (i), that 2% x € D
fork € {1,...,n},and condition (iii) implies that 27" x € (—c, c)V . It follows from
(2.23) that for every x € D andeach k € {1,...,n}

”2](—1f(z—k+1x) _ zkf(z—kx) ” < 2k—18,
therefore,

[f(x) =2" f27" )| < (2" = 1)8. (b)
Now, by (a), (b), and the additivity of A, we get

[ f(x) =A@ < [1f(x) =2" fFQ7"0)]|
+ 112" f27"x) = 2" A7 )|
< (@"—1)§ +2"(5N —1)$
=(@2"-5N —1)§

for any x € D, which ends the proof. O

L. Losonczi [238] proved the following theorem and applied it to the study of the
Hyers—Ulam stability for Hosszi’s equation (see Theorem 4.5).
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Theorem 2.31. Let Eq and E» be a normed space and a Banach space, respec-
tively. Suppose a function f : E1 — Ej satisfies the inequality

If(x+y)—fx) = fDIl =4 (2.24)

for some § > 0 and for all (x,y) € E?\ B, where B is a subset of E} such that
the first (or second) coordinates of the points of B form a bounded set. Then there
exists a unique additive function A : E1 — E3 such that

[ f(x) —AX)|| <56 (2.25)

forany x € E;.
Proof. Since the left-hand side of (2.24) is symmetric in x and y, we may assume
that (2.24) holds true for all (x,y) € C = (E?\ B) U (E?\ By), where B; =
{(x.y) € E} | (y.x) € B}. Since

C = (Ef\B) U (E}\B;) = Ef\(B N By)

and both coordinates of the points from B N B form a bounded set, we can find a
number @ > 0 such that B N By C Q, where

0 ={(x.y) € Ef | lIxll <a. |yl <aj.

Choose a t € Ej such that ||£|| = 2a and take any point (#,v) € B N B;. We
then know that all the points

(u +v,2t — (u+ v)), (u,t —u), (t—v,v), (t—ut—v), (1) (a)
are in E?\ Q and hence also in E7\ (B N By), since the inequalities

12 =+ v = [12¢]] = lu+v]| = 4a —2a > a,

e —ull = l]] = llull = a.
e =vl = el = VIl = a.
el > a

are true. Thus, if (#,v) € B N By, we get

If(u+v)— fw—fO
= f+v)+ Q21— (u+v)— fQ21)]
+ = fQt=(u+v)+ ft—u)+ f =)
+ = fC—u)= f@)+ fO)
+1=fO)=f@—v)+ fOl
+ = f@) = f@©)+ fQ20)]
<54,

where we applied (2.24) for each of the points listed in (a).
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If (u,v) € E#\(B N By), then we obtain

If+v) = f)— f] <6

as we have already seen. Hence, the inequality

Ifx+y) = f(x) = f)Il =56

holds true for all x,y € Ej. According to Theorem 2.3, there exists a unique ad-
ditive function 4 : £y — E; such that the inequality (2.25) is true for all x € E;
because the assertion of Theorem 2.3 also holds true for the case when the do-
main E; of the function f is extended to an amenable semigroup and because each
normed space is an amenable semigroup (see Corollary 2.42 below). O

F. Skof [331] proved the following theorem and applied the result to the study of
an asymptotic behavior of additive functions.

Theorem 2.32 (Skof). Let E be a Banach space, andlet a > 0 be a given constant.
Suppose a function f : R — E satisfies the inequality

If(x+y)—f(x)=fDIl =4 (2.26)

for some § > 0 and for all x,y € R with |x| + |y| > a. Then there exists a unique
additive function A : R — E such that

I/ (x) — A = 98 (2.27)

forall x € R.

Proof. Put
px.y) = fx +y) = f(x) = f(¥)

for x, y € R. Suppose real numbers x and y # 0 are given. Let m and n be integers
greater than 1. We then have

fnx +my) = f(nx) + f(my) + ¢(nx,my)

and

fx +my) = f((n—Dx + (x +my))
= f((n=Dx) + f(x) + f(my)
+o(x.my) +o((n — Dx,x + my),
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from which it follows that

fnx) = f((n—1x) = f(x)
= @(x,my) + ¢((n — Dx,x + my) — p(nx,my).

If m is so large that m > (a + |x|) /|»|, the last equality implies

| £(nx) = f((n = Dx) = f(0)] = 38 (a)

for any x € R and any integer n > 1. The relation

n

fox) —nf(x) =Y (flkx) = f((k = 1)x) = f(x)).

k=2

together with (a), yields

If(nx) —nf(o)| < 3(n—1)8 ()
for any real number x and n > 1. Obviously, it follows from (b) that

le(nx,ny) —ne(x, )| < | f(nx +ny) —nf(x + y)|
+ [[f(nx) —nf ()| + [|.f (ny) —nfO)
<9(n—1)8

for all real numbers x and y with (x,y) # (0,0). Dividing both sides of the last
inequality by n, then letting n — oo and considering the fact that (1/n)@(nx,ny)
— 0asn — oo, we get

loCx, y)|| < 98 (c)

for all x, y with (x,y) # (0,0). Let x be a real number with |x| > a. Then, the
inequality (2.26) with such an x and y = 0 yields | f(0)|| < §. Hence, we obtain
le(0,0)|| = || f(0)|| < 8. Therefore, (¢) holds true for all x, y € R.

According to Theorem 2.3, there is a unique additive function A : R — E such
that the inequality (2.27) holds true for any x in R. O

Analogously, we can easily generalize the last result. More precisely, we can
extend the domain of the function f in the last theorem to an arbitrary normed
space. Here, we remark that the domain £; of the function f in Theorem 2.3 can
be extended to a normed space without reduction of the validity of the theorem. The
proof of the following theorem given by F. Skof [331] is the same as that of the last
theorem.

Theorem 2.33. Let E| and E, be a normed space and a Banach space, respec-
tively. Given a > 0, suppose a function f : E1 — E; satisfies

If(x+y)=fx) = fOll =4
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for some § > 0 and for all x,y € Ey with |x|| + ||y|| > a. Then there exists a
unique additive function A : E1 — E, such that

I/ (x) — A = 98

forall x € E;.

Using this theorem, F. Skof [331] has studied an interesting asymptotic behavior
of additive functions as we see in the following theorem.

Theorem 2.34 (Skof). Let E1 and E» be a normed space and a Banach space,
respectively. Suppose z is a fixed point of E1. For a function f : Ey — Ej the
following two conditions are equivalent:

(i) fx+y)—f(x) = fy) =z as x| +[y] — oo
(ii) f(x+y)=f(x)=f(y) =z forall x,y € E.

Proof. Tt suffices to prove the implication (i) = (ii) only because the reverse impli-
cation is a trivial case. Define g(x) = f(x) + z for all x € E;. Then the condition
(7) implies that

gx+y)—gx)—g(y) =0 as |x|| + [yl = oco. (a)

Due to (a) there is a sequence {8, } monotonically decreasing to zero such that

lg(x +y)—gx) =g < dn

for all x,y € Ey with ||x|| 4+ ||y|| > n. According to Theorem 2.33, there exists a
unique additive function 4, : E; — E; satisfying

lg(x) — An(X)|| < 98n ()

for all x € E;. Let m and n be integers with n > m > 0. Then the additive
function A, : E; — E, satisfies ||g(x) — An(x)|| < 98, for all x € E;. The
uniqueness argument implies 4, = A,, for all integers n greater than m > O.
Therefore, Ay = A, = ... = A, = .... If we define a function A : E; — E; by
A(x) = Ay(x) for all x € E; and for some n > 1, then A is an additive function.
Letting n — oo in (b), we conclude that g itself is an additive function. Thus,

0=glx+y)—gx)—g) =flx+y)—fx)— f(y)—z
forall x,y € E;. O

The following corollary is an immediate consequence of the last theorem (see
[331]).
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Corollary 2.35. The function f : R — R is an additive function if and only if
fx+y)—f(x) = f(y) >0 as x|+ |y| > oo

Skof [334] dealt with functionals on a real Banach space and proved a theorem
concerning the stability of the alternative equation | f(x + y)| = | f(x) + f(¥)|:

Let E be a real Banach space, and let M be a given positive number. If a func-
tional f . E — R satisfies the inequality

Ifx+ = 1f)+ fDI <6

for some § > 0 and for all x,y € E with |x|| + ||y|| > M, then there exists a
unique additive functional A : E — R such that

| f(x) — A(x)| <408 + 11| £(0)| + 11 max {3, | /(0)|}

forall x € E.

On the basis of this result, Skof could obtain the following characterization of
additive functionals (see [334]):

Let E be a real Banach space. The functional f : E — R is additive if and only
i f0)=0and |f(x +y)|=1f(x) + SO =0 as x|+ [y = oc.

D. H. Hyers, G. Isac, and Th. M. Rassias [136] have proved a Hyers—Ulam—
Rassias stability result of the additive Cauchy equation on a restricted domain and
applied it to the study of the asymptotic derivability which is very important in
nonlinear analysis.

Theorem 2.36 (Hyers, Isac, and Rassias). Given a real normed space Ey and a
real Banach space E,, let numbers M > 0, 0 > 0, and p with 0 < p < 1 be
chosen. Let a function f : E1 — E» satisfy the inequality

1/ G+ ») = £ = I = 0(IxI1? + [[y117) (2.28)

for all x,y € Eq satisfying ||x||? 4+ |y|? > M?P. Then there exists an additive
function A : E1 — E5 such that

1f(x) — AQ)|| < 26(2 —27) " [|x||? (2.29)

forall x € Ey with ||x|| > 27?7 M.

Proof. When ||x|| > 27 M or 2|x||? > M?, we may put y = x in (2.28) to
obtain

1(1/2) f2x) = fG) < O]lx]|”. (@)
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Since [|2x|| is also greater than 2~/7 M, we can replace x with 2x in (a). Thus,
we can use the induction argument given in Theorem 2.5 to obtain the inequality

_ -1
127" f(2"x) = f)ll < 26(2—27) " ||x||” (b)
forall x € E; with ||x|| > 27Y/?M and for any n € N. Hence, the limit
g(x) = lim 27" f(2"x) (c)
n—o0
exists when ||x|| > 277 M. Therefore,
~1
lg(x) = f() <26(2—27)""|Ix|1?. (d)
Clearly, when ||x|| > 2717 M, we have
g(2x) = lim 27" £(2"*'x) =2 lim 277" £(2""'x),
n—>00 n—o0

so that
g(2x) = 2g(x) (e)

for | x| > 27Y7M.
Assume now that ||x||, ||y, and || x + y|| are all greater than 2~/? M . Then, by
(2.28), we find that

[27"f (2" 4 2)) =277 @) =27 f @) | = 0277 (|x )17 + 1y )17

for all n € N. It then follows from (c) that

gx+y) =glx)+g()
forall x, y € Ey with ||x|, |y]. |lx + y| > 2717 M. Using an extension theorem
of F. Skof [334], we will define a function A : E; — E5 to be an extension of the
function g to the whole space E;. Given any x € E; with 0 < [|x|| <277 M, let
k = k(x) denote the largest integer such that

271 < 2| < M. (/)

Now, define a function A : £y — E, by

0 (for x = 0),
A(x) = { 27%g(2%x)  (for 0 < ||x| <27V/?M, where k = k(x)),
g(x) (for ||lx|| >27VPM).
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If we take x € E; with 0 < |x|| < 277 M, then k — 1 is the largest integer
satisfying
27MVP M < |25 2w | = M,

and we have
AQ2x) = 27* Vg (2 12x) = 27F . g (2Fx) = 24(x)

for 0 < ||x|| < 27Y/7 M. From the definition of A and (e), it follows that A(2x) =
2A(x) for all x € E;. Given x € E; with x # 0, choose a positive integer m so
large that |2 x|| > 2~/? M . By the definition of 4, we have

A(x) =27"AQ2"x) =27"g(2"x),
and by (c) this implies that
A(x) = lim 270m+m pom+nyy,
n—->oo
which demonstrates
A(x) = lim 27° f(2%x) ()
S—>00

for x # 0. Since A(0) = 0, (g) holds true for all x € E;.
We will now present that
A(=x) = —A(x) (h)

forall x € E;. Itis obvious for x = 0. Take any x € E;\{0} and choose an integer
n so large that [|2"x| > 2=Y2M . If we replace x and y in (2.28) with 2"x and
—2"x, respectively, and divide the resulting inequality by 2", then we obtain

1277 f(2"x) + 27" f(=2"x) || < 202707 |12 4277 £(O)]]-

If we let n — oo in the last inequality, () follows from (g).
We note that the equation

Alx +y) = A(x) + A(y) (i)

holds true when either x or y is zero. Assume then that x #% 0 and y # 0. If
x + y = 0, then (k) implies the validity of (i). The only remaining case is when
X, y, and x + y are all different from zero. In this case we may choose an integer
n such that [|2” x|, ||2" y||, and ||2” (x 4 y)|| are all greater than 2~'/? M . Then, by
(2.28), we get

£ 2"+ ) = f@"%) = fQ"W] = 62" (IIx|I” + Iy [17).-

If we divide both sides of this inequality by 2" and then let n — oo, we find by (g)
that (i) is true, thus A is additive.
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By definition we have A(x) = g(x) when ||x|| > 27?7 M, thus (2.29) follows
from (d). O

For convenience in applications, we give the following modified version of
Theorem 2.36 (ref. [136]).

Theorem 2.37. Given a real normed space E1 and a real Banach space E,, let
numbers m > 0, 8 > 0, and p with 0 < p < 1 be chosen. Suppose a function
f : Ey — E; satisfies the inequality

1f G+ ») = £ = I = 0(IxI1? + [[y117)

forall x,y € Ey such that ||x|| > m, ||y| > m, and ||x + y|| > m. Then there
exists an additive function A : E1 — E, such that

£ () = A < 262 —27)7"|x||?
forall x € Ey with ||x|| > m.

Proof. Assume that | x|| > m. Then as in the proof of Theorem 2.36 we obtain
(@) — (e) (in the proof of Theorem 2.36) inclusive, but now all these formulas are
satisfied for ||x|| > m. In particular,

glx) = lim 27" f(2"x)

when ||x|| > m. Also, if ||x|| > m, ||y|| > m, and ||x + y|| > m, then by hypothesis
we see that

|27 F (2" + ) =277 f(2"x) = 27" F2" )| < 0277 ([Ix 1P + |1y 11)

and
gx+y)=gkx)+g)

also hold true.
To apply Skof’s extension procedure in the present case, let x in E; be given
with 0 < ||x|| < m and define k = k(x) to be the unique positive integer such that

m < 28|x|| < 2m. ()
Now define a function A : E; — E, by
0 (for x = 0),

A(x) = { 27%g(2kx)  (for 0 < ||x]| < m),
g(x) (for [lx|| > m).
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The proofs, of (g) and (%), in the proof of the last theorem follow as before with
the obvious changes. Indeed, we start with x € E satisfying 0 < ||x|| < m and
let kK = k(x) as defined by (), etc. Thus, (g) and (%) mentioned above hold true
under the conditions of this theorem. The proof of the additivity of A also follows
as before. O

We apply the result of Theorem 2.37 to the study of p-asymptotical derivatives:
Let E1 and E; be Banach spaces. Suppose 4 : E1 — E is a function satisfying
eventually a special property, for example, additivity, linearity, etc.

Let0 < p < 1 be arbitrary. A function f : E; — E is called p-asymptotically
close to A if and only if || f(x) — A(x)||/||x||? — 0 as ||x|| = oco. Moreover, if
A € L(E1, E»), then we say that A is a p-asymptotical derivative of f and if such
an A exists, then f is called p-asymptotically derivable.

A function f : E; — E; is called p-asymptotically additive if and only if for
every 6 > 0 there exists a § > 0 such that

1/ G+ ») = £ = DI = 0(IxI” + [Iyl17)

forall x, y € Ep such that ||x||?, ||y]|?, ||x + y||? > 6.

A function A : E; — E, is called additive outside a ball if there exists an r > 0
such that A(x + y) = A(x) + A(y) forall x, y € E; such that ||x|| > r, |y|| > r,
and ||x + y| > r.

Hyers, Isac, and Rassias [136] contributed to the following Theorems 2.38, 2.39,
and Corollary 2.40.

Theorem 2.38. If a function f : E1 — E, is p-asymptotically close to a function
A : E1 — E3 which is additive outside a ball, then f is p-asymptotically additive.

Theorem 2.39. If a function f : E1 — E, is p-asymptotically close to a function
A : E1 — E, which is additive outside a ball, then f is q-asymptotically close to
an additive function, where 0 < p < q < 1.

Corollary 2.40. If a function f : E1 — E, is p-asymptotically close to a func-
tion A : E1 — E, which is additive outside a ball, then f has an additive
q-asymptotical derivative, where 0 < p < q < 1.

2.5 Method of Invariant Means

So far we have dealt with generalizations of Theorem 2.3 in connection with the
bounds for the Cauchy difference. Now, we will briefly introduce another general-
ization of the theorem from the point of view of the domain space of the functions
involved.
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Let (G, -) be a semigroup or group and let B(G) denote the space of all bounded
complex-valued functions on G with the norm

1f1l = sup {f(x) | x € G}.

A linear functional m on B(G) is called a right invariant mean if the following
conditions are satisfied:

(i) m(f) =m(f) for f € B(G),
(ii) inf{f(x)|x € G} <m(f) < sup{f(x)|x € G}forall real-valued f €
B(G),
(iii) m(fx) = m(f) forall x € G and f € B(G), where f(t) = f(tx).

If (iif) in the above definition is replaced with m(, /) = m(f), where , f(¢) =
f(xt), then m is called a left invariant mean.

When a right (left) invariant mean exists on B(G), we call G right (left)
amenable. 1t is known that if G is a semigroup with both right and left invari-
ant means, then there exists a two-sided invariant mean on B(G) and in this case
G is called amenable. 1t is also known that if G is a group, then either right or left
amenability of G implies that G is amenable (ref. [127]). We remark that the norm
of the functional m is one.

G. L. Forti [105] proved the following theorem.

Theorem 2.41 (Forti). Assume that (G,-) is a right (left) amenable semigroup.
If a function f : G — C satisfies

|fxe-y)=f) = fO =4

for some § > 0 andforall x,y € G, then there exists a homomorphism H : G — C
such that

|f(x) —H(x)[ <4
forallx € G.

Proof. Let m : B(G) — C be a right invariant mean. We use the notation m, to
indicate that the mean is to be applied with respect to the variable x. Define the
function H : G — C by

H(y) = mx(f(x-y) = f(x)).
Using the right invariance and the linearity of the functional m, we have
H() + HE@ = me(f(x-y) = f(0) +mx(f(x-2) = f(x))
=my(f(x-y-2) = f(x-2) + f(x-2) = f(x))

=my(f(x-y-2)— f(x))
=H(y-2),
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so that H is a homomorphism. We now get

|f) = HO)| = [f) —mx(f(x-y) = f(0)]
= |mx(f(x-y) = f(x) = f(0)]
< lmxll 1/ G- y) = f(x0) = f()I

<34

for all y € G. The proof for the case of a left invariant mean is similar. O

It should be remarked that L. Székelyhidi introduced the invariant mean method
in [339,340]. Also, he proved this theorem for the case when (G, -) is a right (left)
amenable group (see [342]).

The method of invariant means does not provide a proof of uniqueness of the
homomorphism H. However, it should be remarked that J. Rétz [316] proved the
uniqueness of the homomorphism H .

Let us now introduce some terminologies. A vector space E is called a fopologi-
cal vector space if the set E is a topological space and if the vector space operations
(vector addition and scalar multiplication) are continuous in the topology of E.
A local base of a topological vector space E is a collection B of neighborhoods
of 0 in E such that every neighborhood of 0 contains a member of 3. A topological
vector space is called locally convex if there exists a local base of which members
are convex. A topological space E is a Hausdorff space if distinct points of £ have
disjoint neighborhoods. A topological vector space E is called sequentially com-
plete if every Cauchy sequence in E converges to a point of E.

L. Székelyhidi [343] presented that if the equation of homomorphism is stable for
functions from a semigroup G into C, then stability also holds true for functions f :
G — E, where E is a semi-reflexive complex locally convex Hausdorff topological
vector space. Z. Gajda [111] significantly generalized this result, i.e., the stability
result of Székelyhidi also holds true for functions f : G — E, where E is a
complex locally convex Hausdorff topological vector space which is sequentially
complete.

Applying the above result of Gajda to Theorem 2.41, we obtain the following
corollary (ref. [111]).

Corollary 2.42. Let (G,-) be a right (left) amenable semigroup, and let E be a
complex topological vector space which is locally convex, Hausdorff, and
sequentially complete. If a function f : G — E satisfies

[fxe-y)=f) = fO =4

for some § > 0 and for all x,y € G, then there exists a unique homomorphism
H : G — E such that

|f(x) —H(x)[ <4
forallx € G.
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2.6 Fixed Point Method

In Theorems 2.3. 2.5, and 2.18, the relevant additive functions A are explicitly con-
structed from the given function f by means of

A(x) = nll)ngo 27" f(2"x) or A(x) = nll)n;o 2" f(27x).

This method is called a direct method presented by D. H. Hyers [135] for the first
time. On the other hand, another approach for proving the stability was introduced
in Section 2.5. This approach is called the method of invariant means. In this section,
we will deal with a new method, namely, the fixed point method.

For a nonempty set X, we introduce the definition of the generalized metric on X .
A function d : X? — [0, 0] is called a generalized metric on X if and only if d
satisfies

(M1) d(x,y) =O0ifandonlyif x = y;
(M2) d(x,y) =d(y,x)forallx,y € X;
(M3) d(x,z) <d(x,y)+d(y,z)forallx,y,z € X.

We remark that the only difference between the generalized metric and the usual
metric is that the range of the former is permitted to include the infinity.

We now introduce one of the fundamental results of the fixed point theory. For
the proof, we refer to [240].

Theorem 2.43. Let (X,d) be a generalized complete metric space. Assume that
A : X — X is a strictly contractive operator with the Lipschitz constant L < 1.
If there exists a nonnegative integer ng such that d (A”O‘Hx, A”0x) < 00 for some
x € X, then the following statements are true:

(i) The sequence { A" x} converges to a fixed point x* of A;
(ii) x* is the unique fixed point of A in X* = {y e X |d(A"x,y) < oo};
(iii) If y € X*, then

d(y,x*) <

1
Ay, ).
— 44y,

In 2003, V. Radu proved the Hyers—Ulam-Rassias stability of the additive
Cauchy equation (2.1) by using the fixed point method (see [279] or [57]).

Theorem 2.44 (Cadariu and Radu). Let E; and E; be a real normed space and
a real Banach space, respectively. Let p and 6 be nonnegative constants with p # 1.
If a function [ : E1 — E; satisfies the inequality

LA G+ y) = fC) = fOI = o(IxI” + [1v117) (2.30)

forall x,y € Ej, then there exists a unique additive function A : E1 — E, such
that

/() = A =

Tl 231

forany x € Ej.
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Proof. We define the set
X ={g:Ei— E2| p-g(0) =0}
and introduce a generalized metric d,, : X? — [0, oo] by

dp(g.h) = st;% lg(x) =R/ x)7.

We know that (X, d) is complete.
Now, we define an operator A : X — X by

(Ag)(x) = (1/9)g(gx).
where ¢ = 2if p < 1,and g = 1/2if p > 1. Then, we have
I(Ag)(x) = (AR )/ IIx[1” = (1/q)lIg(gx) — h(gx)|I/IIxII”

=q”"lg(gx) —h(gx)|l/lgx|”
< 4¢P 'dy(g.h)

for any g, h € X. Thus, we conclude that
dy(Ag, Ah) < qP 'd,(g.h)

forall g,h € X, ie., A is a strictly contractive operator on X with the Lipschitz
constant L = g?~ 1,
If we put y = x in (2.30), then we get

121 (x) = f2x)|| < 20]x]I”
for each x € E, which implies that

0 (for p < 1),

dp(fiAf) < 21=P9  (for p > 1).

(a)

According to Theorem 2.43 (i), there exists a function A : £y — E, whichis a
fixed point of A, i.e.,
AQ2x) = 2A(x)

for all x € E. In addition, A is uniquely determined in the set

X*={geX|dy(fg) < oo}
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Moreover, due to Theorem 2.43 (i), we see that d, (A" f, A) - Oasn — oo, i.e.,
A(x) = lim ¢™" f(¢q"x) (b)
n—>o0

for any x € E. In view of Theorem 2.43 (iii) and (a), we have

a’(fA)_1 —dp(f, f)_|2_2p|,

which implies the validity of the inequality (2.31).
If we replace x and y in (2.30) with ¢" x and ¢" y, respectively, then we obtain

la™” fa"(x+ ) —a7" fl@"x)—q7" f(g"y)| < L"6(IxI” + [y1I7)

forall x,y € Eq.If we let n — oo in the preceding inequality and consider (b),
then we have

Alx +y) = Ax) + A(y)
forany x,y € E;. O

2.7 Composite Functional Congruences

It is also interesting to study the stability problem when the values of the Cauchy
difference f(x + y) — f(x) — f(y) are forced to lie near integers, i.e.,

fx+y)=fx) = f(y) € Z+ (—¢.¢), (2.32)

where ¢ is a small positive number.

R. Ger and P. Semrl [123] proved that if a function f : G — R, where G is a
cancellative abelian semigroup, satisfies the condition in (2.32) with 0 < ¢ < 1/4,
then there exists a function p : G — R such that p(x + y) — p(x) — p(y) € Z and
|f(x) = p(¥)| <&

Such a property of functions satisfying (2.32) is called the composite functional
congruence. It is a generalization of the functional congruence which was first stud-
ied by van der Corput [86].

Before stating the results of Ger and Semrl, we introduce a theorem of M. Hosszu
[134]. We may omit the proof because it is beyond the scope of this book.

Theorem 2.45. Let Gy and G, be a cancellative abelian semigroup and a divisible
abelian group, respectively, in which the equation nx = y has a unique solution
x € Gy for each fixed y € G, and any n € N. The most general form of solutions
I G12 — G3 of the functional equation

fx+y.2+ fx.y) = fx,y+2+ f(y.2)
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is f(x,y) = B(x,y) + g(x +y) — g(x) — g(y), where B : G} — G, is an ar-
bitrary skew-symmetric biadditive function and where g : G1 — G is an arbitrary
function.

Let (G, +) be a group and let U, V' C G. We can define the addition and the
subtraction between sets by

U+V={x+y|lxelU yeV}

and

U-V={x—yl|lxeU yeV}.
For convenience, let us define Ut = U + U and U~ = U — U. We remark that if
(G, +) is an abelian group, then (U )™ = (U™)*.

A set of generators of a group G is a subset S of G such that each element of G
can be represented (using the group operations) in terms of members of S, where
the repetitions of members of S are allowed.

If G is an abelian group with a finite set of generators, then G is a Cartesian
product of infinite cyclic groups Fi, F», ..., Iy, and cyclic groups Hy, Ha, ..., Hy
of finite order. If n = 0, G 1is called torsion-free.

Ger and Semrl [123] proved the following theorem.

Theorem 2.46. Let (G, +) and (G, +) be a cancellative abelian semigroup and
a torsion-free divisible abelian group, respectively. Assume that U and V are
nonempty subsets of G, with (UT)™ N (V)™ = {0}. If a function f : G, — G»
satisfies

S+ —fx)—f)eU+V
forall x,y € G, it can be represented by
f=u+v,
where u,v : Gy — Gy satisfy the relations
ulx +y) —ulx) —u(y) e U

and
v(x +y)—v(x) —v(y) eV

forall x,y € Gy. The functions u and v are determined uniquely up to an additive
function.

Proof. There are functions ¢ : G? — U and ¢ : G? — V such that

dx,y) = f(x+y)— f(x) = f() = ¥(x,y) + e(x,y)

forall x, y € G;. The commutativity of (G, +) implies that d is symmetric.
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Claim that v is symmetric. We have

V(x,y) =y (,x) =dx,y) —e(x,y) —d(y,x) + ¢(y,x) € V™.
On the other hand,
V(x,y)—y(,x)eU™,
and since 0 € U™ N V', we infer that

W(st’)—W(ysx) € U_ﬂ V_
c(U™+U )NV +Vv7)

=(UT) n*)
= {0}.
Claim that v satisfies
Y,y +2)+ v (.2 =vx+y.2 +¥(xp) (a)

for all x,y € Gy. A straightforward computation yields that d satisfies the same
functional equation. Consequently,

Y(x,y+2+ v, —v(x +y,2 —¥(x,y)
=p(x+y.2) +ox,y) —ex,y+2) —¢(y.2)
c(Ut)y n(vh)
= {0},

which proves (a).
According to Theorem 2.45, there exists a function u : G; — G5 such that

Y(x,y) = ulx +y) —ulx) —u(y) eU

for any x, y € G (since ¥ is symmetric, we take B(x, y) = 0 in Theorem 2.45).
Now, define v(x) = f(x) — u(x) for all x € Gy. Then, we have

p(x,y) =d(x,y) —¥(x,y) =v(x +y) —v(x) —v(y) € V

forall x,y € G;.
In order to prove the uniqueness, we assume that there are two representations

f=ut+v=u+V
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with the properties described above. Putting

/ /
a=u—u =v —v,

we get
a(x +y)—a(x)—a(y)
= (u(x + y) —u(x) —u(y)) — (' (x + y) —u'(x) — i/ (y))
eU™.
Similarly,

a(x +y)—a(x)—a(y) e V".

These two relations, together with 0 € U™ N V™, imply the additivity of a. More-
over, we have
W=u—a and vV =v+a

which ends the proof. O

Let E be a vector space and let V' C E. The intersection of all convex sets in £
containing V' is called the convex hull of V' and denoted by CoV/. Thus, CoV is the
smallest convex set containing V.

Let U be a subset of a topological vector space and let U denote the closure of U.
Ger and Semrl [123] also presented the following theorem.

Theorem 2.47 (Ger and Semrl). Let (G, +) be a cancellative abelian semigroup,
and let E be a Banach space. Assume that nonempty subsets U,V C E satisfy
UH™ NV~ =1{0},0 € V, and V is bounded. If a function f : G — E
satisfies

fx+y)—f)-f()elU+V
forall x,y € G, then there exists a function p : G — E such that

px+y)—p(x)—py) €U
forany x,y € G, and
p(x) — f(x) € CoV
forany x € G. Moreover, if U™ N 3(COV ) = {0}, then the function p is unique.

Proof. According to Theorem 2.46, there exist functions u#,v : G — E such that
f=u+v,ulx+y)—ulx)—u(y) € U,and v(x + y) —v(x) —v(y) € V for
x,y € G. It follows from [105, Theorem 4] that there exists an additive function
a : G — E such that

v(x) —a(x) € Co(—=V) = —-CoV
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for all x € G. Putting p = u + a and applying f = u + v, we get the desired
relation

p(x) — f(x) € CoV
forany x € G.

Assume that py, p» : G — E are two functions such that

pi(x +y) = pi(x) —pi(y) €U
forany x,y € G, and
pi(x) — f(x) € CoV

forall x € G andi € {1,2}. Then, we have
r(x) = p1(x) = p2(x) = (p1(x) = f(x)) — (p2(x) — f(x)) € (CoV) "

for all x € G. Consequently, using the notation V; = CoV/, we obtain

rx+y)—r(x)—r(y) e U-U)n (Vg =Vy =Vy)
—U N3V
= {0},

since V|~ is convex and symmetric with respect to zero. Thus, r is additive and
bounded. An extended version of Theorem 2.1 implies that r (x)=p1 (x)—p2(x) = 0.
This ends the proof. O

Ger and Semrl also gave the following corollary in the paper [123].

Corollary 2.48. Let (G,+) be a cancellative abelian semigroup, and let ¢ €
(0,1/4). If a function f : G — R satisfies the congruence

Jx+y)=f(x) = f(y) €Z + (—¢.¢)

forall x,y € G, then there exists a function p : G — R such that

p(x+y)—px)—py)eZ
forany x,y € G, and
|f(x) = p(x)| <
forallx € G.

Proof LetU = Z and V = (—s,¢). Then, we have (U1)™ = Z and (V)™ =
(=1, 1) and hence (U1)~ N (V)™ = {0}. Therefore, the assertion is an immediate
consequence of Theorem 2.47. O
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2.8 Pexider Equation

In this section, we prove the Hyers—Ulam—Rassias stability of the Pexider equation,

f(x+y)=gx) + h(y).

Let G and G, be abelian groups. It is well-known that functions f, g,h : G; —
G, satisfy the Pexider equation if and only if there exist an additive function 4 :
G1 — G, and constants a, b € G, such that

f(x)=AKx)+a+b, gkx)=AKx)+a, h(x)=Ax)+b

forall x € G;.

In 1993, J. Chmielinski and J. Tabor [67] investigated the stability of the Pexider
equation (ref. [126]). This paper seems to be the first one concerning the stabil-
ity problem of the Pexider equation. We will introduce a theorem presented by
K.-W. Jun, D.-S. Shin, and B.-D. Kim [155].

Theorem 2.49 (Jun, Shin, and Kim). Let G and E be an abelian group and a
Banach space, respectively. Let ¢ : G*> — [0, o0) be a function satisfying
D(x) = Zz (2771%,0) + (0,277 1x) + (2 'x, 277 1x)) < 00
i=1
and
lim 27%¢(2"x,2"y) =0
n—oo

forall x,y € G. If functions f,g,h : G — E satisfy the inequality

If(x +y)—g(x) =h(y)] = ¢(x.y) (2.33)

forall x,y € G, then there exists a unique additive function A : G — E such that

1/ (x) = A = IgO)] + [2O)[] + P(x).
lg(x) = A = 8O + 2[2O)] + ¢(x,0) + P(x), (2.34)
[7(x) = A = 2[g(O)] + [7O)[| + ¢(0. x) + P(x)

forall x € G.

Proof. 1f we put y = x in (2.33), then we have

1/ (2x) = g(x) = h(X)[| = ¢(x,x) (@)
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for all x € G. Putting y = 0in (2.33) yields that
1/ (%) = g(x) = h(O)[| < ¢(x.0) ()
for any x € G. It follows from (b) that
lg(x) = fOI = [2(0)]| 4 ¢(x.0) (c)
foreach x € G. If we put x = 0 in (2.33), then we get
1/ (y) —&0) = (M = ¢(0.y)
for y € G. Thus, we obtain
[17:(x) = Ol =< [lg )] + ¢(0. x) (d)

forall x € G.
Let us define

u(x) = [lgO)] + [70)[| + ¢(0.x) + ¢(x,0) + ¢(x, x).
Using the inequalities (a), (c), and (d), we have

1/ 2x) =2/ ()]l
= [/ 2x) = g(x) =h()l + [lg(x) = fOI + [I~(x) = F ()]
= g1 + 20) ]| + ¢(0. x) + ¢(x.0) + ¢(x, x)
= u(x) (e)

for all x € G. Replacing x with 2x in (e), we get
|£(2%x) =2/ @x)| < u2x) (f)
for any x € G. It then follows from (e) and (f) that

| f(2°x) =22 f0) || < | f(2%x) =2/ Qx) | + 2l f(2x) — 2/ ()|
< u(2x) + 2u(x)

forallx € G.
Applying an induction argument on 7, we will prove that

1F2"x) 2" F)ll < Y2 u " x) (&)
i=1
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for all x € G and n € N. In view of (e), the inequality (g) is true forn = 1.
Assume that (g) is true for some n > 0. Substituting 2x for x in (g), we obtain

n

||f(2n+1x) —2" f(2x)|| < Zzi—lu(2n+1—ix)

i=1

for any x € G. Hence, it follows from (e) that

| £ (2 ) = 2"+ 0| < | £ (2" x) =27 F@x) | + 2] F2x) — 2f ()|

n
i=1

n+1

— Z 2i—lu(2n+l—ix)
i=1

for all x € G, which proves the inequality (g).
By (g), we have

127" @7 x) = Il < Y277 u@ ) (h)

i=1

forall x € G and n € N. Moreover, if m,n € N with m < n, then it follows from
(e) that

127" f(2"x) = 27" f 27|

n—1
<D 7@ 27 p (27 )|

i=m

n—1
< Z 2—(i+l)u(2ix)
I=m
n—1
= > 27U (g + 1R O)]| + ¢(0.27x) + (2 x.0) + ¢(2'x, 2 x))

i=m

=27"(llg©] + A1)

o0
+ 270 (p(0.2x) + 9(2'x.0) + p(2'x.2'x))
i=m

—0 as m — o0
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for all x € G. Hence, {27 f(2"x)} is a Cauchy sequence for every x € G. Since
E is a Banach space, we can define a function A : G — E by

A(x) = lim 27" f(2"x).
n—o0
In view of (2.33), we obtain
27" f(2"x +2%y) —27"g(2"x) = 27"h(2"y)|| = 27"p(2"x,2"y)
forall x € G and n € N. It follows from (c) that
127" g(2"x) = 27" FQ2" )|l < 27" (1R ()] + ¢(2"x,0)) (i)

forany x € G and n € N. Since

o0
27"p(2"x.0) < 2 270D (p(0.2x) + p(2'x.0) + ¢(2'x,2'x))
i=n

— 0 as n — oo,
it follows from (i) that
Jim 27g(2"x) = lim 277 f(2"x) = A(x) ()
foreach x € G. Also, by (d), we have
127"h2"x) = 27" f2"x) | = 27"(llg(0)]| + ¢(0,2"x)) (k)
forall x € G and n € N. Similarly, it follows from (k) that
nll)n;o 27"h(2%x) = nll)ngo 27" f(2"x) = A(x) )
for each x € G. Thus, by (2.33), (j), (I), and the commutativity of G, we get

0= ” Tim (277 f(2"x +2"y) —27"g(2"x) = 27"h(2"y)) ”

= [[A(x +y) = A(x) = AWl

forallx,y € G.
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Taking the limit in (k) as n — oo yields

[4(x) = f()l

n
S nli)n;ozgzi—l—nu(zn—ix)
iZ
= 1im (1 =27")(lgO] + [1A©O))
n
+ 1lim Y 27((0,2"7"x) + ¢ (2%, 0) + 92" 'x, 27 X))

n—00 4
i=1

= llg@ + 1RO + P(x)

for each x € G, which proves (2.34).
It remains to prove the uniqueness of A. Assume that A’ : G — E is another
additive function which satisfies the inequalities in (2.34). Then we have

[A(x) — A" )|
<27 AQ"x) — f2"x)| + 27" f(2"x) — A'(2"x)|
< 27" (g ()] + [[h(0)]| + @(2"x))
=27 (g)] + |k ©)])
+2 ) 27(p(0.277'x) + 927X 0) + 9(27x. 27 X))
i=n+1

—0 as n— o0
for each x € G, which implies that A(x) = A’(x) forall x € G. O

Corollary 2.50. Let E1 and E, be Banach spaces and let 8 > 0 and p € [0, 1) be
constants. If functions f, g, h : E1 — E, satisfy the inequality

1f G+ y) =) —hI = 0(lIxII” + [1y17)

forall x,y € E1, then there exists a unique linear function A : Ey — E» such that

1F () = A =< g O + 1hO) + 55 <117
6—27
llg(x) = ACOI =< llg Ol +2[A O + 5— 5 0llx]1”
0D
17(x) = A < 2[[gO)] + [|2(0)]| + 2_;9”)6””

forany x € E;.

In 2000, Y.-H. Lee and K.-W. Jun [232] investigated the Hyers—Ulam—Rassias
stability of the Pexider equation on the restricted domains (ref. [274]).
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2.9 Remarks

T. Aoki [7] appears to be the first to extend the theorem of Hyers (Theorem 2.3) for
additive functions. Indeed, Aoki provided a proof of the special case of the theorem
of Th. M. Rassias when the given function is additive.

It was Th. M. Rassias [285] who was the first to prove the stability of the linear
function in Banach spaces.

D. G. Bourgin [28] stated the following result without proof, which is similar to
the theorem of Gavruta (Theorem 2.18).

Let Ey and E, be Banach spaces and let ¢ : [0,00)> — [0, 00) be a monotone
nondecreasing function such that

o0
(x) = Y 272" x[l. 2% x]l) < o0
k=1

forall x € Ey. If a function f : E1 — Ej satisfies

Lf e+ ) = ) = fFOI = e(llxIl 1)

forall x,y € Ej, then there exists a unique additive function A : E1 — E, such
that

1/ (x) = AX)[| = ®(x)
forany x € E;.

G. L. Forti [104] used a similar idea in proving his stability theorem for a class
of functional equations of the form

f(F(x.y) =H(f(). f(»))

with f as the unknown function, which includes the additive Cauchy equation as a
special case. In the special case of the additive Cauchy equation, it proves that the
result of Bourgin with an abelian semigroup (G, +) instead of the Banach space E
holds true under an additional condition such as

lim 275 (2% |1x|. 2% y[) = 0
k—o00

forall x,y € G.

Recently, S.-M. Jung and S. Min [193] have proved the Hyers—Ulam—Rassias
stability of the functional equations of the type f(x + y) = H ( f), f (y)) by
using the fixed point method, where H is a bounded linear transformation.



Chapter 3
Generalized Additive Cauchy Equations

It is very natural for one to try to transform the additive Cauchy equation into
other forms. Some typically generalized additive Cauchy equations will be in-
troduced. The functional equation f(ax + by) = af(x) + bf(y) appears in
Section 3.1. The Hyers—Ulam stability problem is discussed in connection with a
question of Th. M. Rassias and J. Tabor. In Section 3.2, the functional equation
(3.3) is introduced, and the Hyers—Ulam—Rassias stability for this equation is also
studied. The stability result for this equation will be used to answer the question
of Rassias and Tabor cited above. The last section deals with the functional equa-
tion f(x + y)? = ( fx)+ f (y))z. The continuous solutions and the Hyers—Ulam
stability for this functional equation will be investigated.

3.1 Functional Equation f(ax + by) = af(x) + bf (y)

It is a very natural thing to generalize the additive Cauchy equation (2.1) into the
functional equation f(ax +by) = af(x) +bf(y) and study the stability problems
for this equation.

In the paper [312], Th. M. Rassias and J. Tabor asked whether the functional
equation f(ax + by +c¢) = Af(x) + Bf(y) + C withabAB # 0 is stable in the
sense of Hyers, Ulam, and Rassias.

C. Badea [8] answered this question of Rassias and Tabor for the case when
¢c=C=0,a=A,and b = B.

Theorem 3.1 (Badea). Ler a and b be nonnegative real numbers with « = a+b>0.
Let H : [0,00)?> — [0, 00) be a function for which there exists a positive number
k < o such that H(as,at) < kH(s,t) for all s,t € [0,00). Given a real normed
space Ei and a real Banach space E,, assume that a function [ : E1 — Ej
satisfies the inequality

I fax +by) —af () =bf(I = H(IxI. Iyll) (3.1)

S.-M. Jung, Hyers—Ulam—Rassias Stability of Functional Equations in Nonlinear 87
Analysis, Springer Optimization and Its Applications 48,
DOI 10.1007/978-1-4419-9637-4_3, (© Springer Science+Business Media, LLC 2011



88 3 Generalized Additive Cauchy Equations
forall x,y € Ey. Then there exists a unique function A : E1 — E, such that
A(ax + by) = aA(x) + bA(y)
forany x and y in E,, and
1/ (x) = A < (@ = k)T H(IIxIl [1x1) (3.2)
forall x € E;.
Proof. Let x be a fixed point of E;. Putting y = x in the inequality (3.1) yields
I f@x) —af ()l < H(x], Ix])

which implies

1(1/) fex) = fCOIl = (1) H ([lx]l. [1x]]). (a)

We now use an induction argument to prove

— (ko)
Jo 7o) — 7 = L e, o) )

for any n € N. Assume that the inequality (b) holds true for a fixed n > 1. If we
substitute ax for x in (b) and divide the resulting inequality by «, then we obtain

||a_”_1f(oz"+1x) — (/) f(ax) “ < %H(auxus C\f“x“)
- 1—(k/a)?
a(a—_k)kH(llxll, 1)

This, together with (@), leads to the inequality

I 1= (ko) 1
o0 0) = f| = (L 5 )L .

It can be easily seen that

1—(k/a)"t1 1= (k/a)" 1
a—k N a(oc—k)k+a

which implies the validity of the inequality (b) for every n € N.
Let m and n be integers with m > n > 0. Then we have

la™ f@™x) — ™" fle"x)| = o™ |a= " fa™x) — f(a"x)|
=a "o f@"y) = FOD).
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where r = m —n and y = o x. Therefore, using this equality and the inequality
(b), we get

1—(k/a)"
o F(@™) o a0 = o L (e o).
However,
H (I ], o xl) = H (efla” " x1 el )
< KH (Jo~ o] ")
E .
< KU H (1. Ix]).
Hence,

1 —(k/a)"
o™ o) = o™ f(@" )| < (k/a)"%fl(uxu, I¢l)-

As k < a, the right-hand side of the inequality tends to zero if n tends to infinity.
Therefore, the sequence {o™" f(a” x)} is a Cauchy sequence. We may use the direct
method to define

A(x) = nll)n;o a " f(a"x)

for all x € E1. The inequality (3.2) follows immediately from (b).
We will show that A satisfies the equality A(ax + by) = aA(x) + bA(y) for all
x,y € E;. Let x and y be points of E;. Then (3.1) implies

| f(@"(ax + by)) —af@"x) = bf@"y)| < H(lle"x|. " yIl)
< k"H(|lx]l. I»1l)

and hence
a | f (" (@x + by)) —af(@"x) =bf(@"y)| < (/)" H(||x]|, [ ¥]])-
We get A(ax + by) = aA(x) + bA(y), since (k/a)" tends to zero as n tends to

infinity.
Suppose there exists another function 4’ : E; — E5 such that

1f () = A"l < (@ — k)" H (I, l1x1)
for a certain function H' with the corresponding number k’ < « and such that

A'(ax + by) = aA'(x) + bA'(y)
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forall x,y € E;. Since A(a"x) = a” A(x) and A'(a"x) = a” A’(x), we have

[AG) = A" = 14G) = fl + 1/ (x) = A ()]
< (@~ k)" H (Il Ixl) + (@ = K)7 H (Ix], x])

and thus
[A(x) = A (X)) = ™" A@@"x) —a " A'(@" x|
< (k/a)" (@ — k)" "H (|| x|. [lxIl)
+ (k' fa)" (e — k"7 H (x| [Ix]]).

Both terms of the right-hand side of the above formula tend to zero for n tending to
infinity. Thus, A" coincides with A. O

As Gajda [111] extended the result of Theorem 2.5, Badea [8] also modified the
result of the previous theorem by using a similar method. Hence, we omit the proof.

Theorem 3.2. Let a and b be nonnegative real numbers such thatae = a + b > 0.
Let H : [0,00)% — [0, 00) be a function for which there exists a positive number
k < 1/a such that H(s/a,t/a) < kH(s,t) for all s,t € [0,00). Given a real
normed space E1 and a real Banach space E», assume that a function f : E1 — E;
satisfies the inequality

I f@x +by) —af () =bf(mI < H(IxI. Iyll)

forall x,y € Ej. Then there exists a unique function A : E1 — E3 such that
A(ax + by) = aA(x) + bA(y)
forany x,y € Eq, and

I (x) = A < (k/(0—ak))H([lx]l, |x])
forall x € E;.

Theorems 3.1 and 3.2 generalize the results of Theorems 2.11 and 2.17, respec-
tively. In the case when the function H is given by

H(s.t) = 0(y(s) + ¥(1)),
Badea [8] proved the following corollary.

Corollary 3.3. Let a and b be nonnegative real numbers such thata = a + b > 0.
Let Y : [0,00) — [0,00) be a function for which there exists a positive number
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k < o such that Yr(as) < ky(s) forall s > 0. Given a real normed space E1 and a
real Banach space E,, assume that a function f : E1 — E; satisfies the inequality

I flax +by) —af(x) =bfWMI = (v dlx) + vyID)

for some 0 > 0 and forall x,y € Ey. Then there exists a unique function A : E1 —
E5 such that

A(ax + by) = aA(x) + bA(y)

forany x,y € Eq, and

1£C) = A = (20/ (e = K)) v (l1x]])

forall x € E;.

3.2 Additive Cauchy Equations of General Form

Throughout this section, let £ and E, be a complex normed space and a complex
Banach space, respectively, let m > 2 be a fixed integer, and let (a;;) be a matrix in
C™ ™ of which determinant, denoted by w, is nonzero. By w;;, i, j € {l,...,m},
we denote the cofactor of the matrix (a;;) corresponding to the entry a;;. For any
i €{l,...,m} we denote by w; the determinant of the matrix that remains after all
entries of the i-th column in (a;;) are replaced with 1. Letq; and b;,i € {1,...,m},
be complex numbers for which there exist some j, k € {1,...,m} witha; # 0 and
by # 0.

S.-M. Jung [162] investigated the stability problem for a generalized additive
Cauchy functional equation

m m m
f xO-l-Zanj :Zbif Zainj (3.3)
for all xy,...,x, € E;, where x is a fixed point of E. In the case of xo = 0 in

(3.3), the Hyers—Ulam—Rassias stability problem is treated in Theorem 3.6. Further,

this result will be applied to the study of a question on the stability for a special form

of generalized additive Cauchy equation suggested by Rassias and Tabor [312].
Let us define

m m
r= Zaia)ia)—l and B = Zbi (3.4)

i=1 i=1

and assume ||, |B| € {0, 1}. For a fixed xo € E; and an x € E; we define

so(x) = x, s1(x) =rx+x0, and sp4+1(x) = s,(s51(x))
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for any n € N. It is not difficult to show

Sm+n(X) = Sm(sn(x)) (3.5)

for any m,n € N. Further, suppose that a function ¢ : E{" — [0, 0o) satisfies

o0
D(x1,.nXm) = Z |B|_i_1<p(a)1w_1si(x1), . ,a)mw_lsi(xm)) <oo (3.06)

i=0
and

D(51(x).....80(x)) = 0(|B|") as n — o0 3.7
forall x, x{,...,x, € Eq.

Lemma 3.4. It holds true that

m
©=7 ajo;
j=1

foralli € {1,...,m}.

Proof. Consider the following system of inhomogeneous linear equations with m
unknowns z1,22,...,%, in C

a1z + apzz + -+ dimzm =1,
az1 + ax»z + -+ domim =1,

am1z21 + am222 + -+ + AGmmzm = 1.

Since w # 0, the solution of this system is uniquely determined by z; = w; ot

Jj €{l,...,m}. Hence, it holds true that

m
E aija)ja)_l =1,
j=1

foranyi € {1,...,m}, which ends the proof. O

We now investigate the stability problem for a generalized additive Cauchy equa-
tion, i.e., the stability problem for the functional inequality

I‘f Xo+ Yo apxj | =D bif| Do ayx; || Se@rxm)  (38)
j=1 j=1

i=1

forall x{,...,x, € Eq.
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S.-M. Jung [162] contributed to the following theorem:

Theorem 3.5. If a function f : Ei — E» satisfies the inequality (3.8) for all

X1,...,Xm € Eq, then there exists a unique function A : E1 — E, which satisfies
A(rx + x0) = BA(x) (3.9)
and
[ f(x) —AX)| < ®(x,...,x) (3.10)

forall x € E;.

Proof. Let x be an arbitrary point of E;. Using Lemma 3.4 and putting x; =
wio lx,i € {1,...,mj}, it follows from (3.8) that

||f(s1(x)) — Bf(x) ” < go(wlw_lx, e O} ) (a)
We will now prove

n—1

| £ (sn(x)) = B" )| = DB T p(wr07 i (). .. ome ™ si(x) ()

i=0

forall n € N. In view of (a) it is easy to see the validity of (b) in the case of n = 1.
Let us assume that (b) holds true for some integer n > 0. Replacing x in (b) with
s1(x) and using (3.5) we obtain

| f (sn1(x)) = B™ f(s1(x0) |
= ||/ (snr1(x)) = B"(f(51(x)) — Bf (x)) = B""! f ()|

n—1

< Z |BI" (w10 si11(X), .. oo i1 (x)).
i=0

Hence, it follows from () that
n .
| £ (sni1(0)) = B" L )] < DB p(wr07 si(x). .. ome” i (x))
i=0

which implies the validity of (b) forall n € N.
If we divide both sides in (b) by | B|" we get

n—1
1B f(s2(x) = F)| < DB (@107 si(x). ..., oo™ si(x)). (c)
i=0
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Next, we present that the sequence {B™" f(s,(x))} is a Cauchy sequence. In
view of (3.5), (c), and (3.6), for any positive integers p and g with p < ¢, the
following estimation is possible:

1B~ f(sq(x)) = B™7 f(sp(x))
= |BI7|BZ7) £ (sq-p(sp () = f (sp(0))]|

q—p—1

<|B|™? Z 1B 7 (010 spgi (x), ... 0@ spai ()
i=0

g—1
<Y BT M p(@07 si(x). . ome i (x)

i=p

— 0 as p — oo.

Since E» is a Banach space, we can define
A(x) = lim B f (51(x)) (d)

for all x € E;. On account of (3.6), (¢), and (d), the validity of (3.10) is clear.
Further, replacing x in (d) with s1(x) and in view of (3.5), the validity of (3.9) is
also obvious.

It only remains to prove the uniqueness of A. Assume that A’ : Ey — Ej is
another function that satisfies (3.9) and (3.10). From (3.9) and (3.5) it follows that

A(sp(x)) = B"A(x) and A'(s,(x)) = B"A'(x)
for all n € N. Hence, by (3.10) and (3.7), we get
[AGx) — A"
= |B|™"[[A(sn(x)) = A" (52 (X))
< [BIT"(I[A(sn (x)) = f(sn DI 4 [|.f (50 (x)) = A (50 ())]])
<2|B| " ®(s5(x),....5u(x))
—0 as n — oo,
which implies the uniqueness of A. O

On the other hand, if xo = 0 is assumed in the functional inequality (3.8), we
can prove the Hyers—Ulam—Rassias stability of the equation (3.8) (ref. [162]).

Theorem 3.6. Assume that xo = 0 in the functional inequality (3.8). If a function
[ E1 — E; satisfies the inequality (3.8) forall x1, ..., x, € E1, then there exists
a unique function A : E1 — E» which satisfies (3.10) and
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m m m
A Zajxj :ZbiA Zaijxj (3.11)
j=1 i=1 j=1
forall xq,...,xm € Ej.
Proof. Let us define A as in (d) in the proof of the last theorem. On account of

Theorem 3.5, it only remains to prove (3.11). Since s, (x) = r"x (xo = 0), by (3.8)
with xo = 0 and by (3.6), we obtain

m m m
A Zanj —ZbiA Zaijxj

j=1 i=1 j=1
m m m
— 1 —n n IV ) n o
—nll)n;o|B| flr Za,xl szf r Zal]xj
j=1 i=1 j=1
< lim [B|™@(r"x1,....1"xm)
n—oo
= |B|nli)ngo|B|_”_1<p(w1a)—1sn(a)l_la)xl),...,wma)_lsn(w,;lwxm))
:O’
which completes our proof. O
Since w # 0 is assumed, the set of vectors
{ar1.a12,....a1m). (a21,422, ... .G2m). . ... (Am1.Am2. ..., d;mm)}

establishes a basis for C™”. Therefore, we can uniquely determine the complex num-
bers di, d>, ..., dy such that

m
(ar,az,....am) = Zdi(ail,aiz,---,aim)-

i=1

Jung [162] introduced some properties of the general solution of the generalized
additive Cauchy equation (3.11).

Theorem 3.7. Assume that wgr # 0 for some k € {l,...,m}. If a function
[ E1 — E, satisfies the generalized additive Cauchy equation (3.11) for all
X1,...,Xm € E1 and, in addition, this satisfies f(0) = 0, then it holds true that
f(dirx) = by f(x) forall x € Ey.

Proof. Putting x; = a)kia)k_klxk, i €{l,...,m}, and using this well-known fact

m
Y aijon; = Sirw
Jj=1
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yield
m m m m m
-1
Zajxj = ZZdiainj = Zdi Zaijxj = dka)a)kkxk
j=1 j=li=1 i=1  j=1
and
m m
-1 -1
D aixj = Y aij ok X = Sik@ g X
J=1 Jj=1

Hence, the functional equation (3.11) can be transformed into
f (oo xi) = be f (0w xk),

since f(0) = 0. Putting x = ww,:klxk ends the proof. O

As already introduced in Section 3.1, Rassias and Tabor [312] raised a question
concerning the stability of a generalized additive Cauchy functional inequality of
the form

| farx + a2y +v) = b1 f(x) = b2 f(») =w| = O(Ix” + [¥|7).  (3.12)

where ajab1by; # 0,60 > 0, p,g € R, v and w are fixed points of Ey and E»,
respectively. Jung [162] partially answered this question as stated in the following
theorem.

Theorem 3.8. Assume that0 < |ay +az| < 1,0< p,q <1, and |by + by| > 1. If
a function f : E1 — E; satisfies the inequality (3.12) for all x, y € E1, then there
exists a unique function A : Ey — E, which satisfies

A((a1 4+ az)x + V) = (b1 + b2)A(x)

and
[ f(x) = AX)|| < My + M| x||? + M3||x]|

forall x € Eq, where M|, M», and M3 are appropriate constants.

Proof. The functional inequality (3.12) can be transformed into

If(@1x +azy +v) = b1 f(x) = b2 f(P)]| = p(x. y).

where ¢(x,y) = |w| + 9(||x||1J + [|y]|9) for all x,y € Ej. Since aj; = 1,
ajp = 0,a21 =0,a = 1,andw = w; = w; = 1, we have r = a; + a» and
B = by + by. Therefore, using the triangle inequality for the norm and using the
condition 0 < p,q < 1, we get
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n—1
lsn GO < lar + aa ™ lIx]* + Y lar + a2 |v]* (a)
Jj=0
fort € {p, q}, since
n—1
Sn(x) = (a1 + a2)"x + Z(al +az)’v.
Jj=0

It follows from (a) and the given hypotheses that

i .
> b1+ b7 s ()]

i=0
0 .
< x|y + b2l > “(la1 + a2l by + ba| ")
i=0
00 i—1
+ I Uby + bal ™Y D Iby + ba Y lar + as|”

i=0 j=0
<cilx|" + ealbvllf

fort € {p,q}, where c; and c, are given constants. Hence, we obtain

> 1by + ba| T (s (x). s: (1))

i=0

@(x,y)

> . b
= Y Ibi+ b7 (Il + Ollsi ()12 + 05 (3)]19) @
=0

IA

My + M| x| + Ms]|y |4,

where M, M, and M3 are appropriate constants. Therefore,
D(x,y) < cc.
From (a) and (b), it follows that

D (50 (x). 52 (x)) < My + Ma||sn(X)]|” + Ms]sn(x)]7
n—1
< My + M| lar + aol PP Ix1|17 + ) lar + az|” |v]|?
j=0

n—1

+ Ms| lar + az|*"[|x[| + Y lar + a2 | [[v]4
Jj=0
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Hence, we achieve
D (51 (x), 50 (x)) = 0(|by + b2|") as n — oo. (c)

In view of (b), (c¢), and Theorem 3.5, the assertions are true. O

3.3 Functional Equation f(x + y)* = (f(x) + f(»))?

The functional equation f(x 4 y)? = ( fx)+ f (y))2 may be regarded as a special
form of the functional equation

fx+y)?=afx)fy) +bf(x)*+cf(»)* (a.b.ce€C) (3.13)

of which solutions and the Hyers—Ulam stability problem were proved by S.-M. Jung
[157].

Throughout this section, let £ be a real normed space. We first describe the
solutions of the functional equation (3.13) briefly:

(i) The case of b # 1 or ¢ # 1.
The function f : E — C is a solution of the functional equation (3.13) with
b # 1 orc # 1if and only if there exists a complex number « such that
f(x) =aforall x € E, where @ = 0 for the case of a + b + ¢ # 1.

(ii) Thecaseofa = —landb =c = 1.
The function f : E — C is a solution of the functional equation

fx+y)? ==f) )+ f0)? + f(»)?

if and only if there exists a complex number « such that f(x) = « for all
xekE.

(iii) The case ofa € {—1,2}and b =c = 1.
The function f(x) = 0 (x € E) is the unique solution of the functional equa-
tion

fx+y)? =af@) )+ f)? + f()*

where a € {—1,2}.
(iv) Thecaseofa =2andb =c = 1.
In this case the functional equation (3.13) can be rewritten as

S+ 92 = (f() + f)* (3.14)

In the following theorem, solutions of the functional equation (3.14) which are
continuous at a point will be studied (see [157]).
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Theorem 3.9. Let f : R — C be a function which is continuous at 0. The function
[ is a solution of the functional equation (3.14) if and only if f is linear, i.e., there
exists a complex number ¢ such that f(x) = cx forall x € R.

Proof. If we set x = y = 01in (3.14), then we get f(0) = 0. By putting y = —x in
(3.14) and using f(0) = 0 we can show the oddness of f. Now, we will prove that

fnx) = nf(x) (a)

for all integers n and any x € R. By putting y = x in (3.14) we get

J@2x) =2f(x) or f(2x) ==2f(x). ()

Replacing y in (3.14) with 2x yields

PG = 9f(x)*  (f f(2x) =2f(x)), ©
f(x)? G fQ2x) ==2f(x)).

In view of (3.14) and (b), it follows

f@0)? = (f2x) + f(20) = 16/ (x)’. (d)
On the other hand, replacing y in (3.14) with 3x and using (c¢), we obtain
16f(x)*  (if f(3x) =3f(x)).

fUx)? = 04f(0)*  (f fBx) ==3f(x) or fBx) = f(x)), (e
0 (if f(3x) = —f(x).

Comparing (d) with (e) and taking (c¢) into consideration, we get f(3x) = 3f(x).
Hence, it follows from () and (c) that

Jf(2x) =2f(x).

Thus, (a) holds true for n = 2. Assume that (@) is true for all positive integers < n
(n > 2). Then, putting y = nx in (3.14) yields

f(m+Dx)=@m+Df(x) or f((n+Dx)=—-m+1Df(x). (f)
Replacing y in (3.14) with (n + 1)x yields

(n+2)2f(x)*  Gf f((n+ Dx) =+ 1) f(x)),

f(n+ 2))6)2 =
n? f(x)? Gf f((n + Dx) = —(n + 1) f(x)).
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On the other hand, by substituting 2x and nx for x and y in (3.14), respectively, and
by using induction hypothesis, it holds true that

F((n+2)%)° = (1 + 22 f(x)%. (h)
Comparing (g) with (k) and considering ( f') yield
f(n+Dx) =@+ 1Df(x)

which ends the proof of (a).
By substituting x/n (n # 0) for x in (a), we achieve

fx/n) = (1/n) f(x). (@)
Hence, by (a) and (i), we have
fgx) = qf(x)
for every rational number ¢. If we put x = 1 in the above equation, then we attain
@) = f()g. ()

The continuity of f at 0, together with (3.14), implies that f(x)? is continuous at
each x € R. From this fact and (), it follows that

Jr)=fMr or f(r)=—f()r (k)

for all irrational numbers r. Assume that f satisfies f(r) = — f(1)r for some
irrational number r. Then, by (k), it holds true that

flg+r)=f)(g+r) or flg+r)=—f(1)(g+Tr) )

for any rational number ¢ # 0. On the other hand, by (3.14), (), and the assump-
tion, we reach

flg+r)?=f()*q—r)

By comparing this equation with (/), we conclude that f(1) = 0. Hence, if f(r) =
— f(1)r holds true for some irrational number r, then it follows that

fx)=0

for all x € R. Assume now that f(r) = f(1)r for all irrational numbers . Then
this assumption, together with (), yields

f(x) = f()x

forall x € R.
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Conversely, every complex-valued function f defined on R of the form f(x)=cx
with a constant ¢ satisfies the functional equation (3.14). O

Remark. 1f f is a real-valued function, the functional equation (3.14) is equiva-
lent to

Ifx+ ) =1f(x)+ f(y)] forall x,y € E.

Since (R, | - |) is a strictly normed space, according to F. Skof [333], the function f
is a solution of the functional equation (3.14) if and only if f is an additive function.

Using ideas from Theorems 2.3 and 2.5, Jung [157] proved the Hyers—Ulam
stability of the functional equation (3.14).

Theorem 3.10. Suppose f : E — R is a function which satisfies

G+ = (f0) + S| = 8 (3.15)

for some § > 0 and for any x,y € E. Then there exists an additive function A :
E — R which satisfies

| f(0)? = A(x)?] = (1/3)8 (3.16)

forall x € E. Moreover, if A’ : E — R is another additive function which satisfies
(3.16), then
Ax)? = A/ (x)? (3.17)

forany x € E.

Proof. By using induction on n we first prove that

n—1
|/ (2"x)% = (2" f(x)*| =8 ) 2% ()

=0

forany n € N. For n = 1, it is trivial by (3.15). Assume that (a) holds true for
some n. Then, by substituting 2" x for x and y in (3.15) and by using (a), we show

[f @) = @ )] = £ (2 - (21 Q2"0)
+22[f(2"x)% - (2" f())|

n—1
<8§+2%) 2%

i=0
n
<8y 2%,
i=0

which ends the proof of (a).
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Dividing both sides in (a) by 22" yields
272" f(2"x)? = f(0)?] < (1/3)8 (b)

forall x € E and n € N. It follows from (b) that, forn > m > 0,

@7 f@"0)* = (27" f2m0)’|
— 2—2m}(2—(n—m)f(2n—m2mx))2 _ f(zmx)2|
<272m(1/3)8.

Hence, it holds true that
\(2_”]‘(2”)())2 - (Z_mf(me))2| — 0 as m — o0o. (c)

For each x € E we define
IF={neN| f(2"x)=0} and I; ={neN| f(2"x) <0}.

In view of (¢), we know that if / ;L or I is an infinite set, then the sequence
{27 f(2"x)}, o+ or {277 f(2"x) nery 1s a Cauchy sequence, respectively. Now,
let us define

lim 27" f(2"x) (if I,} is infinite),

nernd

lim 27" f(2"x) (otherwise).
nely

A(x) =

It is clear that if both 7 and I are infinite sets, then

A(x) = — lim 27" f(2"x). (d)

The definition of A and (b) imply the validity of (3.16).

Let x,y € E be given arbitrarily. It is not difficult to prove that there is at least
one infinite set among the sets I;Lﬂl;rﬂl;ry, Ijﬂljﬂlxjry, RN St aV lal S
We may choose such an infinite set and denote it by /. Letn € I be given. Replacing
x and y in (3.15) with 2"x and 2"y, respectively, and then dividing the resulting

inequality by 22", we obtain

27" @ (x +y)) = (27" @) + 27" f2"y))?| <27, (e)
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By letting n — oo through 7/ in (e) and taking (d) into consideration, we
immediately achieve

A + )2 = (Ax) + A()* or Alx + ) = (AX) —AW)* (/)

forall x, y € E. The second equality in ( /) can take place, for example, when both
I;’ and Iy_ are infinite sets and / = I;’ N Iy_ N 1;+y for some x, y € E, because

(e)and I = I} NI, NI} leadto

lim 27" f(2"(x + y)) = lim 27" f(2"(x +y)) = A(x + y).

nel "EI;':H

lim 27" f(2"x) = lim 27" f(2"x) = A(x),
el heit

and
lim 27" f(2"y) = lim 27" f(2"y) = —A(y).

n— oo n— oo
nel n€ly

A(x) = 0 (x € E)is not only the unique solution of the second functional equation
but also a solution of the first equation in ( /). Hence, it holds true that

A(x + ) = (AX) + A1) or [A(x + ) = |A(x) + A()]

for all x, y € E. According to the above Remark, A4 is an additive function.
Now, suppose A’ : E — R is another additive function which satisfies (3.16).
Since A and A’ are additive functions, it is clear that

A(mx) =nA(x) and A'(nx) = nA'(x)
foralln € N and any x € E. Hence, by (3.16), we get
|A(x)* — A'(x)*| = n"?|A(nx)* — A'(nx)?|
n2(|Amx)* = f(x)*| + | f(nx)* = A'(nx)?))
(2/3)n™2%68

— 0 as n — oo,

IA

A

which ends the proof of (3.17). O



Chapter 4
Hosszi’s Functional Equation

In 1967, M. Hosszu introduced the functional equation f(x + y —xy) = f(x) +
f(y) — f(xy) in a presentation at a meeting on functional equations held in
Zakopane, Poland. In honor of M. Hosszu, this equation is called Hosszii’s func-
tional equation. As one can easily see, Hosszii’s functional equation is a kind of
generalized form of the additive Cauchy functional equation. In Section 4.1, it will
be proved that Hosszi’s equation is stable in the sense of C. Borelli. We discuss
the Hyers—Ulam stability problem of Hosszi’s equation in Section 4.2. In Sec-
tion 4.3, Hosszu’s functional equation will be generalized, and the stability (in the
sense of Borelli) of the generalized equation will be proved. It is surprising that
Hosszi’s functional equation is not stable on the unit interval. It will be discussed in
Section 4.4. In the final section, we will survey the Hyers—Ulam stability of Hosszi’s
functional equation of Pexider type.

4.1 Stability in the Sense of Borelli

We have seen in Chapter 3 that the additive Cauchy functional equation can be
generalized in various forms. Hosszii’s functional equation

Sx+y—xy)=fx)+ f(y)— f(xy) “4.1)

is the most famous among generalized forms of the additive Cauchy equation.
Hence, this equation will be surveyed separately from Chapter 3. Every solution
of Hosszd’s functional equation is said to be a Hosszii function. A function f is
called affine if it can be represented by f(x) = A(x) + ¢, where A4 is an addi-
tive function and c is a constant. According to T. M. K. Davison [92], the function
f : K — G is a Hosszi function if and only if it is affine, where K is a field with
at least five elements and G is an abelian group.

Throughout this section, let f : R — R be a function, and let g and / denote the
odd and the even part of a corresponding function f', respectively.

We now start with the proof of Borelli’s theorem concerning the stability of
Hosszi’s functional equation (see [23]).

S.-M. Jung, Hyers—Ulam—Rassias Stability of Functional Equations in Nonlinear 105
Analysis, Springer Optimization and Its Applications 48,
DOI 10.1007/978-1-4419-9637-4_4, (© Springer Science+Business Media, LLC 2011
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Lemma 4.1. If the inequality
|h(x +y —xy) —h(x) —h(y) + h(xy)| <& (4.2)

holds true for some ¢ > 0 and for all x,y € R, then |h(x)| < 2e + |h(1)| for all
x e R

Proof. 1If we replace x and y in (4.2) with —x and —y, respectively, we get

|h(—x —y —xy) — h(x) — h(y) + h(xy)| <,
since 4 is even. Thus,

|h(x +y —xy) —h(=x —y —xy)|
< |h(x +y —xy) —h(x) = h(y) + h(xy)
+ | =h(=x —y —xy) +h(x) + h(y) — h(xy)|
<2e¢

and setting y = —1 yield |h(2x — 1) —h(1)| < 2¢. 2x — 1 spans the whole R, which
ends the proof. O

C. Borelli [23] also provided the following lemmas.

Lemma 4.2. Let a function f : R — R satisfy the inequality

|f(x4+y—xy)— f(x) = fO) + fxy)| <8 (4.3)

for some § >0 and for all x,y € R, and let the even part h of f satisfy the in-
equality (4.2) for some ¢ > 0 and for all x,y € R. Define u = § + ¢ and
y = max {2#, lg(2) — 2g(1)|}. Then the odd part g of f can be represented by
g(x) = p(x) + s(x) for any real number x, where p and s are odd functions, p
satisfies the equation p(2x) = 2p(x), and |s(x)| < y forall x € R.

Proof. It is obvious that
lg(x +y —xy) —g(x) —g(y) + glxy)| =

and
lg(x =y +xy) = g(x) — g(=y) + g(=xy)| = p.
The oddness of g implies that

lg(x —y +xy) —g(x) + g(y) — g(xy)| < 1.
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therefore
lg(x +y —xy) + g(x —y +xy) =28 (x)|
<|glx+y—xy)—g(x) —g(y) + g(xy)|

+ [gx —y +xy) — g(x) + g(») — g(xy)|
<2u.

Taking y = x/(1 — x) for x # 1 yields
lg(2x) + g(0) = 2¢(0)| = [g(2x) = 2g(x)| = 2p,

for x # 1, and so
lg(2x) —2g(x)| <y

for all x € R. Using induction on n we can verify that
n
27"g(2"x)—g(x)| =Y 27Fy <y (a)
k=1
forallx e Randn € N.Form > n > 0 we get

27Mg(2mx) —27"g(2"x)| = 27" |27 g (22 x) — g (2" )|
27"y

IA

— 0 as n — oo.

Hence, the sequence {27"g(2"x)} is a Cauchy sequence. Let us define
p(x) = lim 27"g(2"x)
n—o0
for all x € R. We can then conclude that
_ . —n n _ . —n—1 n+1 —_
p(2x) = nli)rIéOZ g(2"2x) = 2nll)n;o2 g(2"1x) = 2p(x),

p is odd and by (a)
lg(x) = p)| = |s(x)| =y
for all x € R. |

Lemma 4.3. Let a function f : R — R satisfy the inequality (4.3) for some § > 0
and for all x,y € R. If the even part h of f satisfies the inequality (4.2) for some
e > 0and forall x,y € R, then the function p : R — R defined in Lemma 4.2 is
additive.
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Proof. From the preceding lemma it follows that

|p(x +y —xy) — p(x) — p(y) + p(xy)|
<le(x+y—xy)—gx) —g(y) + gxy)|
+ | =s(x+y—xp) +50x) +5(y) = s(xy)|
< u+4y,

for all x, y € R, and hence

|p(—x —y —xy) = p(—=x) — p(=y) + p(xy)| < pu + 4y.

Since p is odd, from the last inequality we get

| = p(x+y+xy)+ p(x)+ p(y) + p(xy)| <+ 4y.

These inequalities and the 2-homogeneity of p (see Lemma 4.2) imply

|p(x+y+xy)— p(x +y —xy) — p2xy)|
=|p(x+y—xy) = plx+y+xy) +2p(xy)|
<|p(x+y—xy)—p(x) = p(y) + p(xy)|
+ | = pxr+y+xy) + p(x) + p(y) + p(xy)]
<2u + 8y.

In the last inequality we make the following change of variables:
u=-x—y+xy and v=-2xy. (@)

Since for all u € R and v > 0 there exists at least one pair (x, y) satisfying (a), we
have

[p(u+v)—pu)—pO)| <2u+ 8y

forallu € R and v > 0. According to Lemma 2.27, there exists an additive function
A : R — R such that

|p(u) — A(w)| <2u + 8y

for all u > 0. Indeed, we have A = p: Assume there exists w > 0 such that
A(w) # p(w). By the properties of A and p we have

[p(2"w) — AQ2"W)| = 2" | p(w) — A(W)| < 21 + 8y,

for all n € N, which leads to a contradiction. Thus, p is additive on [0, 00). Since it
is odd, p is additive on the whole R. O

‘We now introduce the main theorem of Borelli (see [23]).
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Theorem 4.4 (Borelli). Let a function f : R — R satisfy the inequality (4.3) for
some 8§ > 0 and for all x, y € R. There exists an additive function A : R — R such
that the difference f — A is bounded if and only if the even part h of [ satisfies the
inequality (4.2) for some ¢ > 0 and for all x, y € R.

Proof. Assume that h satisfies (4.2). By the previous lemmas we have

f(x) = g(x) + h(x) = p(x) + 5(x) + h(x),

where p is additive and |s(x) + h(x)| < y + 2¢ + |h(1)], i.e., f differs from a
solution of Hosszid’s equation by a bounded function.

Conversely, assume f(x) = A(x) + b(x), where A is additive and b is bounded.
We then have

h(x) = (1/2)(f(x) + f(=x)) = (1/2)(b(x) + b(—x)),
so h satisfies (4.2). O

Borelli raised a question as to whether one can also prove the Hyers—Ulam sta-
bility for Hosszii’s functional equation. Section 4.2 is wholly devoted to the answer
to this question of Borelli.

4.2 Hyers-Ulam Stability

L. Losonczi affirmatively answered the question of Borelli. More precisely, he
proved in his paper [238] that Hosszi’s functional equation (4.1) is stable in the
sense of Hyers and Ulam.

Theorem 4.5 (Losonczi). Let E be a Banach space and suppose that a function
f : R — E satisfies the functional inequality (4.3) for some § > 0 and for all
x,y € R. Then there exist a unique additive function A : R — E and a unique
constant b € E such that

[|f(x) — A(x) — b|| <208
forall x € R.
Proof. Let us define
(Hf)(x,y) = f(x +y—xp) = f(x) = f() + f(xp)

and

(GH(x.y) = flxy) = f(x) = f(¥)
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forall x,y € R. Then we have
(G)(xy.2) + (Gf)(x,y) = (Gf)(x,y2) = (Gf)(y.2) =0 (a)
forall x, y € R. Since
fx+y—xy)=Hf)(x,y) = (Gf)x.y),

it follows from (4.3) and (a) that

[f(xy +z=xy2)+ f(x +y—xy)— f(x +yz—xy2) = f(y +z2—y2)
= [[(Hf)(xy,2) + (Hf)(x,y) = (Hf)(x,y2) — (Hf)(y,2)l
< 4.

Substituting in the last expression

—3=y+z—-yz, ®)
u—3=xy+z—xyz (c)
and
v=3=x4+y—xy (d)
for x, y,z € R yield
[fw—=3)+ f(v=3)— flu+v—=3)— f(=3)]| <45 (e)

for (u,v) € D, where D is the set of all pairs (u,v) € R? for which the system
(h)—(d) has at least one real solution triple x, y, z.
It is clear from (b) that y # 1. Thus, from (b) and (d) we get

Substituting these into (c), we obtain after a simple calculation that
uy> —2u+2v—28)y +u=0. (f)

The image of the set {(x, yv,1—4/(01—=ypy) | xeR, y# 1} under the transfor-
mations (b)—(d) is the set of all pairs (u, v) for which equation (/) has at least one
real solution y # 1.

If u = 0,v € R, then (/) has at least one real solution y # 1, namely, y = 0 if
v # 4 and y = arbitrary real if v = 4.
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If u # 0, then y = 1 is a solution of (f) exactly if v = 4. Thus, (/) has at
least one real solution y # 1 if and only if v # 4 and the discriminant of (f) is
nonnegative, i.e., if 4(u + 2v — 8)2 —4u? > 0 or (v — 4)(u + v —4) > 0. We can
write these conditions in the form

u+v=>4 (for v>4),

u+v<4 (forv<4). &)
In summary, we obtained that
D = {(u v) € R? | v # 4 and (g) holds true}.
From (e) with F defined by F(u) = f(u—3) — f(-3) (u € R), we get
[F@u+v)— Fu)— Fv)| <48 (h)

for all (u,v) € D. Since the left-hand side of (%) is symmetric in « and v, (k) also
holds true on

D* ={(u.v) | (u,v) € D or (v,u) € D}.
It is easy to check that D* = R?\ A, where A is the triangle
A= {(u,v) | u,ve (0,4], u+ve (4,8]}.

According to Theorem 2.31, there exists a unique additive function 4 : R — E
such that

| F(u) — A(u)|| < 208.

Using the definition of F we get from the last inequality with x = u—3, A(x—3) =
A(x) — A(3),and b = A(3) + f(-3) that

[ f(x) — A(x) — b <208
forall x € R. 0

Later, Theorem 4.5 was generalized by P. Gadvruta [117] and further by
P. Volkmann [357]:

Theorem 4.6. Let E be a Banach space. Suppose a function f : R — E satisfies
the functional inequality (4.3) for some § > 0 and for all x,y € R. Then there exist
a unique additive function A : R — E and a unique constant b € E such that

[ f(x) — A(x) — bl < 46

forall x € R.
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4.3 Generalized Hosszi’s Functional Equation

In Chapter 3, we have seen various generalizations of the additive Cauchy functional
equation. The following functional equation

Sx+y+gxy)=f(x)+ f(y) +qf(xy)

can be regarded as a generalized form of Hosszi’s equation (4.1). A function
f :R— R will be called a solution of the generalized g-Hosszd’s equation if and
only if it satisfies

(Hg f)(x,y) = f(x +y+qxy)— f(x) = f(y) —qf(xy) =0

forall x,y € R.
According to a paper [213] of Pl. Kannappan and P. K. Sahoo, every solution
f R — R of the generalized ¢g-Hosszi’s equation is given by

f(x) = A(x) (for ¢ € Q\{-1,0}),
f(x)=AKx)+c¢ (for g =—1),

where A : R — R is an additive function and c is a real constant.

In this section, the stability problem of the generalized Hosszi’s equation will
be discussed (in the sense of Borelli) for the case of ¢ € Q\{—1/2,0,1/2}. We
denote by g and & the odd and even part of a corresponding function f : R — R,
respectively.

We will now start this section with the following three lemmas presented by
S.-M. Jung and Y.-H. Kye [191].

Lemma 4.7. If h satisfies the functional inequality |(Hgh)(x, y)| < eforallx,y €
R and for some ¢ > 0, then

lh(x)] < 2e+ |h(1/q)|
for each x € R.

Proof. Since h is the even part of f, by the hypothesis we have

[h(x + ¥ + qxy) = h(x) = h(y) = gh(xy)| < &,

Ih(=x — y +qxy) — h(x) — h(y) — gh(xy)| < & @

for all x, y € R. It follows from (a) that

|h(x 4+ y 4+ qxy) —h(—x — y + gxy)| < 2¢
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for all x, y € R. Replacing x and y with (1/2)(u — 1/g) and 1/¢, respectively, in
the last inequality, we obtain

|h(u) —h(1/q)| < 2e.

Since u can take every real number as its value, the assertion is true. O

Lemma 4.8. Let ¢ and § be given positive numbers. Assume that a function
f :R — R and its even part h satisfy the inequalities

|(Hg f)(x.y)| =8 and [(Hgh)(x.y)| <& (4.4)

forall x,y € R. Furthermore, suppose there exists a & > 0 such that the odd part
g satisfies

max {(1/n)|g(n/q) —ng(1/q)| | n € N} <&. (4.5)
It then holds true that

g(x) = g1(x) + g2(x),

where g1 and g, are odd functions such that g1(2qx) = 2qg1(x) for each x € R,
and g, is bounded.

The condition (4.5) is a kind of approximate homogeneity (additivity) of g which
is much weaker than an ordinary approximate homogeneity.

Proof. Tt follows from |(Hy f)(x, )| = |(Hgg)(x,y) + (Hyh)(x, y)| that

[(Hgg)(x, y)| =8 +¢ (a)
forall x,y € R. Let n = max{§ + ¢, £}. We now assert that

|g(nx) —ng(x)| < [n|n (b)
for any real x and every integer n # 0.
First, we assume that » is a natural number. The assertion (b) is true for n = 1.

By (a), we get

[(Hgg)(x,—y)| = |g(x —y —qxy) —g(x) + g(») + 9g(xy)| <n. ()

According to (a) and (c), we obtain

lg(x 4+ y +gxy) + g(x —y —qxy) —2g(x)| < 2n. (d)
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Substituting x /(1 + gx), x # —1/q, for y in (d) yields

lg(2x) — 2g(x)[ = 2n,
since g(0) = 0. Hence, by (4.5), |g(2x) — 2g(x)| < 2n forall x € R.

Assume that |g(nx) — ng(x)| < nnforn € {1,...,m} (m > 2) as induction
hypothesis. Then, replacing y in (d) with mx /(1 + gx), x # —1/q, yields

|g((m + 1)x) — g((m — 1)x) — 2g(x)|
= |g((m + Dx) — (m + Dg(x) — g((m — x) + (m — )g(x)|
=< 2n,

and hence

\g((m + 1)x) —(m+ 1)g(x)| <(m+ n.

Thus, it holds true that |g(nx) —ng(x)| < nnforallx € R and any n € N.
Now, it is obvious that the assertion (b) is also true for any negative integer
n, since g is an odd function. Let m be any nonzero integer. It then follows from

(b) that
lg(mx) —mg(x)| < |m|n (e)

for all x € R. Dividing by |n]| both sides of (e), we have

|(1/m)g(mx) = (m/m)g(x)| < (|ml/|n])n. f)

Replacing x with (m/n)x and dividing by |n| both sides of (b) yield

|(1/n)g(mx) — g((m/n)x)| <7 (g)

for all real x and nonzero integers m and n. By using ( f) and (g), we conclude that
for all x € R and nonzero integers m and n

|g((m/n)x) — (m/n)g(x)| < (Im|/In] + 1)n. (h)
Now, for any real x, let

Jim 29)7"g(29)"x)  (Gf |g| > 1/2),

g1(x) =
YU im eore(@a )t gl <172,
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By using (%), we show that if |¢g| > 1/2, then {(2¢)™"g((2¢)"x)} is a Cauchy
sequence for each real x:
|29) ™" g((29)"x) — 29) ™" g((29)"x)|

=12¢]™"|g(29)" " (29)"x) — (29)" " g((29)"x)|

< 12q17"(12]"™™ + 1)n

— 0 as m,n — oo.
Analogously, the sequence {(2¢)"g((2¢) "x)} is also a Cauchy sequence, when
|g| < 1/2.Thus, g1(x) exists for any x € R. In view of the definitions of g; and g»

we conclude that g1 (2gx) = 2¢gg1(x) for each real x, and g1, g are odd functions,
and g, is bounded, since it follows from (/) that

lg2(x)| = |g(x) —g1(x)| =7 (@)
forall x € R. 0O

Lemma 4.9. Let € and § be given positive numbers. Suppose a function f : R — R
and its even part h satisfy the inequalities in (4.4) for all x,y € R. Furthermore,
assume that there exists a € > 0 satisfying the condition (4.5). Then, the function g
defined in Lemma 4.8 is additive on R.

Proof. Set n = max{§ + ¢, &}. It follows from (a) and (i) in the proof of Lemma
4.8 that

[(Hgg1)(x, y)| = [(Hgg)(x,y) — (Hyg2)(x, y)|
< [(Hgg)(x, )| + [(Hgg2)(x, y)]
< (lg] + 4)n (@)

for all x, y € R. Therefore, we also have
|(Hgg1)(=x.—y)| < (Ig] + 4)n. (b)
By using (a) and (b), we obtain

|g1(x + ¥y + gxy) + g1(—x — y + qxy) — 2qg1(xy)|
=|gi(x +y +qxy) —gi(x + y — qxy) — g1(2qxy)|
<2(lq| + 4)n (©)

forall x, y € R, since g1 is odd and g; (2gx) = 2¢gg1(x).
For given u and v, consider a system of the following equations,

xX+y—gxy=u and 2¢gxy =v. (d)



116 4 Hosszi’s Functional Equation

If we assume y # 0, it follows from (d) that

_qQu+v) £ Va?Qu +v)2 —8qv
y= 4q .
Hence, there exists at least one pair (x, y) satisfying (d) either for all u € R and all

v < 0(wheng > 0)orforallu € R and all v > 0 (when ¢ < 0). Thus, by using (c)
and (d), we have

lg1(u+v)—g1(w) — g1(v)] < 2(lg| + 4)n (e)

either for all u,v < 0 (and for ¢ > 0) or for all #,v > 0 (and forg < 0.)
For the case when u,v < 0, ¢ > 1/2, and when 7 is an arbitrary natural number,
we get

21" |g1(u +v) = g1(w) — g1(V)| = 2(Iq] + 4)n

by substituting (2¢)"u and (2¢)"v for u and v in (e), respectively, and using Lemma
4.8. Similarly, if u,v < 0,0 < ¢ < 1/2, and if n is a natural number, we replace u
and v in (e) with (2¢)™"u and (2¢g)™"v, respectively. Then

12917 |g1(u +v) — g1(w) — g1 (| < 2(lg| + 4)n.

since Lemma 4.8 also implies g; ((Zq)_lx) = (2¢)"'g1(x). These together imply
that if ¢ > 0, then
gir(u+v) =g+ g1(v)

forall u,v < 0.
When g < 0, we analogously obtain the same equation for all u, v > 0. However,
the fact that g; is odd implies that g is additive on the whole R. O

Now, we introduce the main theorem of this section proved by Jung and Kye
[191]. This theorem says that the generalized Hosszi’s equation is stable in the
sense of Hyers, Ulam, and Borelli.

Theorem 4.10. Suppose g & {—1/2,0,1/2} is a fixed rational number. Let § > 0
be given and let f : R — R be a function satisfying the first inequality in (4.4) for
all x,y € R. Then there exists an additive function A : R — R such that f — A
is bounded if and only if there exist positive constants € and & such that the second
inequality in (4.4) and the condition (4.5) hold true for all x,y € R.

Proof. First, assume that |(H, f)(x,y)| < § and [(Hzh)(x,y)| < eforall x,y €
R. Moreover, suppose there exists a § > 0 such that g satisfies the condition (4.5).
From the above lemmas and (7) in the proof of Lemma 4.8, we obtain

f(x) = g(x) + h(x) = g1(x) + g2(x) + h(x),

where g; is additive and | f(x) — g1 (x)| = |g2(x) + h(x)| < n+2e+|h(1/q)| for
all x € R.
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Conversely, assume that f(x) = a(x) + b(x), where a is additive and b is
bounded. Then

h(x) = (1/2)(f(x) + f(=x)) = (1/2)(b(x) + b(=x)).

Hence, |(Hyh)(x, y)| is bounded. Moreover, we have

g(x) = (1/2)(f(x) = f(=x)) = a(x) + (1/2)(b(x) — b(—x))
and

(1/n)|g(n/q) —ng(1/q)|
= (1/@2n))|b(n/q) — b(—n/q) —nb(1/q) + nb(—1/q)|
< (1/@2m)|b(n/q) — b(—n/q)| + (1/2)|b(1/q) — b(=1/q)]|.

Since b is assumed to be bounded, we can choose a £ > 0 such that the condition
(4.5) is true. O

It is not clear whether the generalized Hosszi’s equation is also stable in the
sense of Hyers, Ulam, and Borelli for the case when |¢| = 1/2. Naturally, one can
raise a question as to whether the generalized Hosszii’s equation is stable in the
sense of Hyers and Ulam.

4.4 Hosszi’s Equation is not Stable on the Unit Interval

As we have seen in Theorem 2.30, the additive Cauchy equation is stable on vari-
ous bounded intervals. However, Hosszi’s functional equation is not stable on the
unit interval, where we denote by the unit interval any interval with ends 0 and 1.
J. Tabor was the first person to prove this surprising fact. We first introduce a lemma
necessary to prove the main theorem of J. Tabor (ref. [348]).

Lemma 4.11. Let ¢ > 0 be given. Suppose that a function F : [0, 0c0) — R satisfies
the inequalities

[F(x+y)—F()|<e¢ (4.6)

forall x,y > Owithx >y, and
|[F(x)| <& (4.7)
forany x € [0, 6]. Let us define a function f : (0,1) — R by

f(x) = F(g(x)).
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where

—Inx (for x € (0,1/2]),

g(x) = —In(1—x) (for x € [1/2,1)).

Then, the inequality
S+ 3 —xy) = f(x) = fO) + f(xy)] = 4e 4.8)

holds true for every x,y € (0, 1).
Proof. Let x,y € (0, 1). Claim that

gx +y—xy)=g(x) +g(y) for x=y=1/2. (@)
If1/2 <u<1,then0 < 1 —u < 1/2, and hence (1 — x)(1 — y) < 1/2. Since
l—-x—y+xy=(0-x)(1-y)<1/2,wehave x + y —xy > 1/2. Thus, we
have

gx+y—xy)=—In((1-x)(1—-y)) =gx) +g»)

forx >y >1/2.
Claim that

lg(xy) —g(y)] <3 for x>y and x > 1/2. @)

Suppose that y > 1/2.If xy < 1/2,then 1/2 <y < 1/+/2and 1/4 < xy < 1/2,
thus

lg(xy) — g < lgxy)| + g <Ind+ |In(1-1/+2)] <3.

If xy > 1/2, then

lg(xy) —g()| = |In(1 — xy) —In(1 - y)| = ln(l + yt—;) <3.
Assume now that y < 1/2. Then,
lg(xy) —g(y)| = [Inxy —Iny| < 3.
We claim that
lg(x+y—xy)—g(x)| <3 for x>y and y < 1/2. (c)

Let x* = 1 — x. Then, we have g(x) = g(x*). Making use of the equality
glx +y—xy) = g((x*y")") = g(x*y")

and interchanging the role of x and y, we obtain (c¢) from (b).
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Let us show that
|F(x)— F(y)| <2¢ (d)

for any x, y > 0 with |x — y| < 3. The inequality (d) follows from (4.7) in the case
when x, y € [0, 6]. In the other case, we may assume that x > y and x > 6. Then,
x —y <3 < y and due to (4.6) we have

|[F(x) = F()|=IF(y+(x—y)—F(y)| <e=<2e

We will prove that (4.8) holds true. Without loss of generality, we may assume
that x > y. Suppose that x > y > 1/2. Then, by (a), (b), (d), and (4.6), we get

|f(x+y—xy)— f(x) = f(3) + f(xp)]
=|F(g(x+y—xy) = F(g(x)) — F(g(») + F(g(xy))]
<|F(g(x+y—xy)— F(g(x) +g(»)|
+ |F(g(x) +2g(») — F(¢(x)| + |F(g(xy)) — F(g(»)|

and hence
|f(x 4y —xy) = f(x) = f(0) + f(xy)| < 4e (e)

for all x, y € (0,1) with x > y > 1/2. Suppose that x > 1/2 > y. It then follows
from (b), (c), and (d) that

|f(x 4y —xy) = f(x) = f) + f(xy)]
=|F(g(x+y—xy)— F(gx) — F(g(») + F(g(xy))]
< |F(gx +y—xy)— F(g(x)| + |F(g(xy)) — F(g(»)]|
< de.

Suppose that y < x < 1/2. Then, it holds true that y* > x* > 1/2, and it follows
from (e) that

|f(x 4y —xy)— f(x) = f() + f(xy)]
= |f(x*Y*) = f(X) = fOF) 4+ f(F+y" —xyY)]

< 4,

since x +y —xy = (x*y*)*, x = (x*)*, y = ()" xy = (" +y*F —xFyH)*
and f(x*) = f(x). O

We are now able to prove the main theorem of J. Tabor [348].

Theorem 4.12 (Tabor). Let U be the unit interval. For every § > 0, there exists a
function f : U — R such that the inequality

|f(x+y—xy)— f(x)— f() + fxy)]| <6
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holds true for all x,y € U, but the range set of | f(x) — H(x)| is not bounded on
U for each Hosszi function H : U — R.

Proof. Without loss of generality, we may assume that § = 1. Let us define a func-
tion F : [0, 00) — R by

F(x) = (1/8)In(1 + x).

Then, F satisfies (4.6) and (4.7) with ¢ = 1/4. Let

F(g(x)) (for x € (0,1)),

fo=1, (for x € U\(0, 1)),

where g is the function defined in Lemma 4.11.
We show that

|f(x+y—xy) = fx) = f(y) + flay)] <1

forany x,y € U.If x = 0 or y = 0, then the inequality is obvious. For x,y €
(0, 1) the relation holds true by Lemma 4.11. We remark that an additive function
A : R — R is either continuous or has a dense graph in R? (see Theorems 2.1 and
2.2). Since f is continuous on (0, 1) and

lim f(x) = lim f(x) = oo,

this implies that the range set of | f(x) — A(x) — ¢| is unbounded on (0, 1) for every
additive function A : R — R and every constant c. Therefore, the range set of
| f(x) — H(x)| is unbounded on (0, 1) for each solution H : U — R of Hosszi’s
functional equation. O

4.5 Hosszu’s Functional Equation of Pexider Type

In this section, we investigate the Hyers—Ulam stability of the functional equation

fx+y—axy) + g(xy) = h(x) +k(y). 4.9)

For o = 1, the functional equation (4.9) is a pexiderized version of Hosszu’s func-
tional equation (4.1).

In the following theorem, we prove the Hyers—Ulam stability of the functional
equation (4.9) when « # 0 (ref. [321]).

Theorem 4.13. Let E be a Banach space and let a be a nonzero real number. If
Sfunctions f, g, h, k : R — E satisfy the inequality

[ f(x+y—axy)+glxy)—h(x)—k(y)| <6 (4.10)
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forall x,y € R and for some § > 0, then there exists a unique additive function

A : R — E such that
I/ (x) — Aax) — a| < 245,
[ (x) — A(ex) —a — by < 256,
Ik (x) — A(ax) —a — ba| < 256,
lg(x) — A(@®x) —a — by — by || <278

forall x € R, wherea = f(1/a)— A(1), by = g(0)—k(0), and b, = g(0) —h(0).

Proof. If we put y = 0in (4.10), then
[f(x) = h(x) + bl <6,

where by = g(0) — k(0). If we put x = 0 in (4.10), then

/() —k(y) + b2|| <6,

where b, = g(0) — h(0). It follows from (4.10), (a), and (b) that

[ f(x+y —axy) +gxy) = f(x) = f(y) = b1 — b2
< f(x +y —axy) + g(xy) —h(x) =k
+ h(x) = f(x) = b1]l + [k(y) = f(¥) — b2l
<38

forall x,y € R.
Since o # 0, if we put y = 1/« in (c), then

lg(x/a) = f(x) = b1 —ba| =38
for all x € R. If we replace x in (d) with «x, then we have
llg(x) — flax) — by — baf| = 38

for all x € R. It then follows from (c) and (e) that

[f(x +y —axy) + flaxy) = f(x) = fFD

s I f(x+y —axy) + g(xy) = f(x) = f(y) = b1 = ba|

+ || f(axy) — g(xy) + b1 + bz
<66

(@)

(b)

()

(d)

(e)

)

forall x, y € R. If we replace x and y in (f) with x /o and y/«, respectively, then

we get

| £ (1) (x + y =x) + f((/)xy) = flx/a) = f(y/a)| = 68

forany x,y € R.

(&)
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Define a function ¥ : R — E by

V(x) = f(x/a). (h)

In view of (g) and (%), we obtain

[V(x+y—xy)+¥(xy) —¢(x) =y <68

forall x,y e R.
According to Theorem 4.6, there exists a unique additive function 4 : R — F
such that

¥ (x) — A(x) —al| < 248 (i)

for all x € R, where a = (1) — A(1). It thus follows from (%) and (i) that
[ f(x) — A(ax) —al| <246 ()

for each x € R, wherea = f(1/a) — A(1).
Now, by (a) and (), we get

[A(x) — A(ax) —a —b1]| < ||h(x) = f(x) = b1 + [ f(x) — A(ax) —a]|
< 258

for any x € R. Similarly, by (b) and (), we obtain

[k(x) = Alax) —a = ba|| < [|k(x) = f(x) = baf + [ f(x) — A(ax) —a|
<254

forall x € R.
Finally, it follows from (e) and () that

llg(x) — A(a®x) —a — by — by|
< llg(x) = flax) —by — ba|| + || f(ax) — A(e”x) —al|
<278

for any x € R. O



Chapter 5
Homogeneous Functional Equation

The functional equation f(yx) = y* f(x) (where k is a fixed real constant) is called
the homogeneous functional equation of degree k. In the case when k = 1 in the
above equation, the equation is simply called the homogeneous functional equation.
In Section 5.1, the Hyers—Ulam—Rassias stability of the homogeneous functional
equation of degree k between real Banach algebras will be proved in the case when k
is a positive integer. It will especially be proved that every “approximately’” homoge-
neous function of degree k is a real homogeneous function of degree k. Section 5.2
deals with the superstability property of the homogeneous equation on a restricted
domain and an asymptotic behavior of the homogeneous functions. The stability
problem of the equation between vector spaces will be discussed in Section 5.3. In
the last section, we will deal with the Hyers—Ulam—Rassias stability of the homoge-
neous functional equation of Pexider type.

5.1 Homogeneous Equation Between Banach Algebras

By K we denote either R or C. An algebra over K is a vector space E over K in
which a multiplication is defined such that

(Al) x(yz) = (xy)z forall x,y,z€ E,
(A2) x(y +z) =xy +xz and (x + y)z = xz7+ yz forany x,y,z € E,
(A3) a(xy) = (ax)y = x(ay) forall x,y € E and for all a € K.

If an algebra E over K is a Banach space with a norm || - || that satisfies the
multiplicative inequality

(A4) |lxy| < llx[lllyll for every x.y € E,

then E is called a real (or complex) Banach algebra. If xy = yx forall x,y € E,
then the Banach algebra E is called commutative.

Throughout this section, let £ be a real commutative Banach algebra with the
following additional properties:

(A4) |lxyll = IxlIy|l for every x,y € E,
S.-M. Jung, Hyers—Ulam—Rassias Stability of Functional Equations in Nonlinear 123

Analysis, Springer Optimization and Its Applications 48,
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(A5) E contains an identity e # 0 such that ex = xe = x for each x € E,
(A6) (E,-) is a group.

It then follows from (A4’) and (A45) that |le|]| = 1. We will write x2, x3, ...
instead of x - x, (x - x) - x, .... By x~! we will denote the multiplicative inverse
of x. Analogously, we write x ™2, x73, .. _instead of x1-x7!, (x71.x71)x 7, L

It is then obvious that

™ = flxI™"

forany n € N.
Let k be a fixed positive integer. The equation

fyx) =y f(x)

is said to be the homogeneous functional equation of degree k. Every solution of
the homogeneous functional equation of degree k is called a homogeneous function
of degree k. In the case of k = 1 in the above equation, the corresponding equa-
tion is simply called the homogeneous functional equation and each solution of the
homogeneous functional equation is called a homogeneous function.

It is well-known that every homogeneous function f : [0, 00) — R of degree k
is of the form f(x) = cx¥, where ¢ is a real constant (see [59]).

Let ¢ : EZ — [0, 00) be a function such that

o0
D.(x) = ) [V ¥/ x,2) < 00 (5.1)
Jj=0
or
~ i . .
®.(x) = Y [zllP¥ (Ut Vx.2) < o0 (5.2)
j=0

for some z € E with ||z|| > 1 and for all x € E. Moreover, we assume that

. (w'x) = 0(||w||"k) as n —> oo (for @ (x) < 00), 5.3)
O, (w"x) = o(|w|"*) as n - o0 (for @,(x) < 00) ’
forsomew € E and forall x € E.
S.-M. Jung [161] proved the following theorem concerning the Hyers—Ulam—
Rassias stability of the homogeneous functional equation of degree k.

Theorem 5.1. Let E be a real commutative Banach algebra with properties (A4'),
(A5), and (A6). If a function [ : E — E satisfies f(0) =0,

£ x) = yE £ < o(x,9) (5.4)
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and

0@ ) =o(l /@) s n—oo (or e <00k o

e "x,y) =o(| /X)) as n — o0 (for ®.(x) < o0) '
forall x,y € E\{0}, then there exists a unique homogeneous function H : E — E
of degree k such that

@, (x) (for D,(x) < 00),
L e < 30 G 8 < G0
forall x € E.
Proof. We implement induction on 7 to prove
n—1
[y fOmx) = f)] = Y Iy 1T,y x, y) ()

Jj=0

for any n € N. In view of (5.4), the inequality (a) is true for n = 1. If we assume
the validity of (a) for some n > 0, then it follows from (5.4) and (a) that

”y—(n-l—l)kf(yn-i-lx) _ f(x) ”
< Iy Im@FOR | f oy =y L") |+ [y O — ()]

n—1
<yl %00 y) + Y Iy lTY T ey x. y)
j=0
n
=Y lyl7 Y ey  x. ).

j=0

which ends the proof of (a).
First, we consider the case when ®,(x) < oo for some z € E with ||z|| > 1 and
forall x € E.Letn > m > 0. It then follows from (a) and (5.1) that

|27 f (%) — 27k £ ")

= [l [ p @) — f @)

n—m—1
<Mz Y Nzl Y e 2 x, 2)
j=0
n—1
—(7 k i
=Y [zl"U ¥ x. 2)
j=m

— 0 as m — oo.
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Therefore, {z "% f(z"x)} is a Cauchy sequence. Since E is a Banach space, we may
define

H(x) = lim 27" f("x)

for all x € E. The validity of the first inequality in (5.6) easily follows from the
definition of H, (5.1), and (a).
Suppose x, y € E\{0} are given. It then follows from (a) that

[y* frz"x) = f&@x)| < Iyl FeE"x, y).

By using the last inequality and (5.5), we have

| f@)y™* fx) —e| < Iy I7* I F @0l e x. y)

— 0 as n — oo.

Hence,
lim [0y () = (b)

By the definition of H and (b), we can show that
H(yx) = lim "% f(Z" yx)
n—>00
_ ko1 —nk n . n.\—1.—k n
= y* lim 7™ f(Z"x) lim f("x)" y " f("yx)
n—o0o n—00
= Y H(x)

for all x, y € E\{0}. In addition, it is not difficult to show that H(0) = 0. Hence,
we conclude that H(yx) = y*H(x) forall x,y € E.

Let H' : E — E be another homogeneous function of degree k satisfying (5.6).
By using (5.6) and (5.3), we get

IH(x) — H'(x)| = [w| ™| HWw"x) — H' (" x)]|
2llw| " @, (w"x)

IA

— 0 as n — oo.

Hence, we conclude that H(x) = H'(x) forall x € E.

Now, we consider the case of ®.(x) < oo for some z € E with ||z|] > 1 and for
all x € E. Replacing x in (a) with y™"x and multiplying the resulting inequality
by [y, we get

n—1
LA =y f™ 0l < Y IvIF*e(y~YHVx. y) (c)

Jj=0
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for any n € N. As in the first part, when n > m > 0, it follows from (c) and (5.2)
that

n—1
127 f@x) =" Sl = 3 e P o)
j=m
— 0 as m — oo.

We may now define
H(x) = lim 2** f(z"x)
n—o0

for all x € E. Hence, the second inequality in (5.6) is obvious in view of (¢).
As in the first part, it follows from (@) and (5.5) that

lim f"0)7 YT Sy ) = e (d)
n—o00
for x, y € E\{0}. By using the definition of H and (d), we get
H(yx) = lim 2" f(7" yx)
n—>0o0

= y* lim Z’F f(z7"x) lim f(z7"x)"' y7* f(yz"x)
n—o00 n—>00

=y H(x)

for any x, y € E\{0}. Since f(0) = 0, it also holds true that H(yx) = y* H(x)
for x = 0 or y = 0. The uniqueness of H can be easily proved. O

Jung [161] proved the following corollary.

Corollary 5.2. Let p(x,y) = §+0]x||*||y]|° (§ > 0,0 > 0,0 <a <k, b >0)be
given in the functional inequality (5.4). If a function f : E — E satisfies f(0) = 0,
the inequality (5.4), and the first condition in (5.5) for all x, y € E\{0}, then there
exists a unique homogeneous function H : E — E of degree k such that

£ ) = HE)| < 8(Il% = 1) + 05z (I2l1F = l12119) " [ )1

forany x,z € E forwhich ||z|| is sufficiently large. In particular, if § > 0 and 0 = 0
in the definition of ¢, then f itself is a homogeneous function of degree k.

In Corollary 5.2, it was shown that the homogeneous equation of degree k is
superstable. More precisely, if E is a real commutative Banach algebra with addi-
tional properties (44'), (A5), and (A6), if k is a positive integer, and if a function
f + E — E satisfies f(0) = 0, the inequality

£ Orx) =y f0)l <8,
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and the first condition in (5.5) for some § > 0 and for all x, y,z € E\{0} for which
the value of ||z|| is sufficiently large, then f is a homogeneous function of degree k.
The superstability phenomenon of homogeneous functions will be summarized in
the following theorem.

Theorem 5.3. Let E be a real commutative Banach algebra with properties (A4'),
(A5), and (A6) and let k be a positive integer. If a function f : E — E satisfies
f(0) = 0 and the inequality

1/ () = y* f0)ll < 8 (5.7)
for some § > 0 and for all x,y € E\{0}, and if f satisfies the condition
| f(*x)|| = 00 as n — o0

for all x,z € E\{0} for which the value of |z| is sufficiently large, then f is
homogeneous of degree k.

The following corollary was provided in [161].

Corollary 5.4. Assume that p(x,y) = 0||x||*||y]|®> (6 >0, a > k, b > 0) is given
in the functional inequality (5.4). If a function  : E — E satisfies f(0) = 0, the
inequality (5.4), and the second condition in (5.5) for all x, y € E\{0}, then there
exists a unique homogeneous function H : E — E of degree k such that

—1
1 £(x) = H) < 01zl (21 — l1z1%) " lx 1@
for all x,z € E with ||z|| sufficiently large.

If p(x,y) = 9||x||kg(||y||) for some function g : [0,00) — [0, c0), then our
method to prove the stability for the homogeneous equation of degree k cannot be
applied. By modifying an example in [310] of Rassias and Semrl, Jung introduced
a function f : R — R which satisfies the inequality (5.4) and both conditions in
(5.5) with some ¢ and for which | £(x)|/|x|* (x # 0) is unbounded (see [161]):

Example. Let k be a given positive integer. Let us define f(x) = x* log|x| for
x # 0and f(0) = 0. Then f satisfies the inequality (5.4) and both conditions in
(5.5) with p(x, ) = |x[¥|y[¥|log|y|| (v # 0) and p(x, 0) = 0. On the other hand,
@ satisfies neither (5.1) nor (5.2). In this case we can expect no analogy to the results
of Corollaries 5.2 and 5.4. In fact, it holds true that

Jim [ f(x) = H(x)l/]x[* = oo

for every homogeneous function H : R — R of degree k.
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5.2 Superstability on a Restricted Domain

Throughout this section, assume that E is a real commutative Banach algebra with
additional properties (44"), (A5), and (A6), and suppose k is a fixed positive integer.
Moreover, let § and £ be given positive numbers.

In this section, we will apply Theorem 5.1 to the proof of the superstability of
the homogeneous equation of degree k on a restricted domain.

Lemma 5.5. Assume that a function f : E — E satisfies f(0) = 0 and the
inequality (5.7) for all x,y € E\{0}. If f(x) # O for any x € E\{0}, then f

satisfies the condition
| /@ X)) — o0 as n — oo

for all x,z € E\{0} with ||z|| sufficiently large.
Proof. Let x,y € E\{0} be given. By using induction on 7, we prove that

1FG"0) =™ FEOI = 8L+ Iy I+ e+ 1)@ 7PF) (a)

for all n € N. When n = 1, the inequality («) is an immediate consequence of
(5.7). If we assume the validity of (a) for some n > 0, then it follows from (@) and
(5.7) that

| £ (" ) =y TR f ()|
< || £ O™ ) =y LX) |+ Iy 1™ rx) = Y £l
<S(L+ I+ + "),

which completes the proof of (a). It now follows from (a) that

[y ") = £ < 817 + Iy IO e 1yl
]

S hF-1 ®)

for any x, y € E\{0} with ||y| > 1.
Assume now that f(x) # 0 for all x € E\{0}. If we choose a z € E such that

8
Iz > 1 and [E (DAC]!

(if necessary, we replace z by mz for sufficiently large m € N), then it follows from
(b) that
7K f(Z'x) A0 as n — oo,

k|| = ||z] "% — 0asn — oo, we have

i.e., since ||z
I /(" x)| = 0o as n — oo,

which ends the proof. O
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Now, let us define

S ={(x.y) € E*| |lx|| <§ and |y| <&}

for some & > 0.
Jung [166] proved the superstability of the homogeneous functional equation of
degree k on a restricted domain.

Theorem 5.6. If a function f : E — E satisfies f(0) = 0 and the inequality (5.7)
forall (x,y) € E2\S, and if f(x) # 0 forall x € E\{0}, then f is homogeneous
of degree k.

Proof. Assume that ||x|| <& and 0 < ||y| <&. Since y # 0, we can choose some
real number 1 with n > £ and ||y || > £. Then, itis true that (™ x, ny), (n"'x, ne) €
E?\ S. It follows from the hypothesis that

£ () = y* £l
= | £x) = ) £ (77 x) + )F £ (7 x) = ¥ f )
< | fx) =@ (7 x)| + I IF ] £ = me)* f(n )|
<5(1 + &%),

since yx = (ny)(n~'x), x = (ne)(n~'x), and ||ne| > &. Therefore, f satisfies the
inequality

1/ () = y* Fll < 8(1 + §°) (a)
for all x, y € E\{0}. It follows from (a), Theorem 5.3, and Lemma 5.5 that f is
homogeneous of degree k. O

Jung [166] also proved the following:

Theorem 5.7. If a function f : E — E satisfies f(0) = 0 and the inequality (5.7)
forall x,y € E\{0} with ||y|| = &, and if f(x) # 0 forall x € E\{0}, then f is

homogeneous of degree k.

Proof. Forany x,y € E\{0} with 0 < [|y| < &, there exists some real number 1
with 7 > £ and ||ny|| > £. By the same way as in the proof of Theorem 5.6, we see
that

£ (x) = Y5 F ) < 8(1+ ). (a)
Therefore, f satisfies the inequality (a) for all x, y € E\{0}. In view of Theorem
5.3 and Lemma 5.5, we conclude that f is homogeneous of degree k. O

F. Skof investigated an interesting asymptotic property of the additive functions
(see Theorem 2.34). In fact, she proved that a function f : E; — E; is additive if
and only if | f(x + y) — f(x) — f(»)|| = Oas |x|| + ||y]| = oo, where E; is a
normed space and E; is a Banach space.
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Now, we can prove the following corollary concerning an asymptotic property of
homogeneous functions (ref. [166]):

Corollary 5.8. Let f : E — E be a function satisfying f(0) =0 in which f(x) #0
for all x € E\{0}. Then f is a homogeneous function of degree k if and only if

Lf(rx) = y* f)ll =0 as x|l + [yl = oo.

Proof. Let § > 0 be a given number. By the hypothesis, there exists a constant
& > 0 such that the inequality (5.7) holds true for ||x|| > & or ||y|| > &. According
to Theorem 5.6, f is homogeneous of degree k. The reverse assertion is trivial. O

5.3 Homogeneous Equation Between Vector Spaces

In general, the “multiplication” between elements of a vector space is not defined.
Therefore, the previous definition of homogeneous functions has to be modified
accordingly.

Let us define the scalar homogeneity of functions between vector spaces. Sup-
pose that k # 0 is a fixed real number. A function f : E; — E, between vector
spaces is called homogeneous of degree k if it satisfies f(cx) = c* f(x) for any
x € E; and any scalar ¢ such that c¥ is also a scalar. For the case of k = 1, the
corresponding function is simply said to be homogeneous.

J. Tabor [347] proved the following superstability result of the equation for ho-
mogeneous functions.

Theorem 5.9. Let E, be a real vector space, let E, be a real topological vector
space, and let V' be a bounded subset of E,. Suppose a function G : R x E; — R
satisfies the inequality

|G(c.x)| < [e|?|G(1, x)] (5.8)
for some p # 1 andforall c € R and x € Ey. If a function f : E1 — E; satisfies
flex) —cf(x) € G(c,x)V (5.9)

forany c € R and x € Eq, then f is a homogeneous function.

Proof. Assume that p < 1. Let {c,} be a sequence of nonzero real numbers such
that |¢,| — oo as n — oo. It follows from (5.9) that

(1/cn) fenx) € f(x) + (G(Cnvx)/cn)V (a)
forall » € N and for any x € E;. However, the inequality (5.8) yields

G (e, x)/en| < leal”HG(, 0|
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forall » € N and for any x € E;. Hence, we obtain
lim G(cy,x)/cn =0
n—>0o0

for all x € E1, and further by (a)

Tim (1/62) f(enx) = f(x) ®)
forall x € E;. Thus,
flex) = lim (1/ca) f(encx) (©)

forall c € R and for all x € E;.
We claim that

flex) = Tim (1/ea) f(encx) = ¢ (x) (@)

for ¢ € R and x € E;. It is obvious that (d) holds true for ¢ = 0. Now, let ¢ # 0.
Then

Jm el = o
therefore, by (b) and (c¢)
flex) = lim (1/cy) f(cnex) = c lim (1/(cnc)) fencx) = cf(x),

i.e., f is homogeneous.

In the case p > 1 we consider a sequence {c, } of nonzero real numbers such that
¢y — 0as n — oo. Then the remaining part of the proof runs analogously as in the
previous case. O

Using the last result, Tabor [347] proved the following:
Corollary 5.10. Let E; and E, be real normed spaces, and let p # 1 and 6 > 0
be given. If a function f : E1 — E, satisfies the inequality

I/ (cx) —cf ()] < Ollex|)”

forallc € Rand x € Ey, then f is homogeneous.

Proof. Put G(c,x) = O|cx||? and V = {x e Ei | |x| < 1} for any ¢ € R and
x € E;. Applying Theorem 5.9 to this case, we end the proof. O

S. Czerwik [88] studied the stability problems for the homogeneous functions of
degree k between vector spaces. In what follows, we use the notation

Ue={ceR|cF eR}

for any real number k # 0.
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Theorem 5.11 (Czerwik). Let E and E; be a real vector space and a real Banach
space, respectively. Suppose ¢ : Rx E1 — [0, 00) is a function for which there exists
an a € Ui \{0} such that

o0
> lal ™ p(a.a"x) < oo (5.10)
n=1
for each x € Eq, and
liminf |a| %@ (c,a"x) = 0 (5.11)
n—>00

for any (c,x) € Uy x Ey, where k # 0 is a fixed real number. If a function f :
E\ — E; satisfies the inequality

I f(ex) —c* f(x)] < (e, x) (5.12)

for all (c,x) € Ug x Ey, then there exists a unique function H : E1 — E; such
that H(cx) = ¢k H(x) for each (c, x) € Uy x E1 and which satisfies

1) = Hol < Y lal ™" ¢ (a.a" ") (5.13)
n=1

forany x € E;.

Proof. First, we claim that

n—1
I1f@"x) —a™ fo)l <> lal*p(a.a" " x) (a)

Jj=0

foralln € N and (a, x) € Uy x E1. By putting ¢ = a in (5.12), we immediately
see the validity of (@) for n = 1. Assume that the inequality (a) is true for some
n > 0. Replacing x in (@) with ax yields

n—1

||f(a”+1x) —a”kf(ax)” < Z |a|jkg0(a,a”_jx).

Jj=0

Replacing ¢ in (5.12) with @ and multiplying the resulting inequality by |a|", we
obtain
|a"* flax) = a®DEf )| < |al™p(a. x).

Combining the last two inequalities yields

7@+ ~a 9 0] = 3 o plaaI),

Jj=0
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which completes the proof of ().
Put

hn(x) = a™"* f(a"x)
foralln € N and any x € E;. From (a) we get
n . .
Ihn(x) = fON < Y la| 7 g(a.a’ " x) (b)
j=1

forn € N and x € E;. If we replace x in () with a”x and n by n —m (n > m),
then we have

lhn (x) = hm ()| = la| ™ f(a"x) = a" =% f(a™x) |
— |a|—nk ” f(an—mamx) _ a(n—m)kf(amx) ”

n—m—1
<la|™* > Jal*e(a.a" " x)
Jj=0
n
— Z |a|_ik(p(a,ai_1x)
i=m+1

and it follows from (5.10) that {/, (x)} is a Cauchy sequence for each x € E;. Since
E; is complete, we can define

H(x) = lim hn(x) = lim a ™ f(a"x)

forany x € Ej.
By (5.12) and (5.11), we get

IH(cx) =" H) = lim [a™"*(f(a"ex) —c* f(a"0)) |
|—nk

IA

: n
Jim |a[™" (e, a"x)

=0.

Thus, H is a homogeneous function of degree k when ¢ € Uy. Also, from (b) we
get (5.13).

Suppose that H' : E1 — E; is another homogeneous function of degree k when
¢ € Uy satisfying (5.13). Then, by (5.13) and (5.10), we have

IH(x) — H'(x)|
= |a|™¥ | H(a™x) — H'(a"x)|
< la|™™ (|| H(@™x) — f@™x)|l + || f(@™x) — H'(a"x)|))
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%)
< |a|—mk22 |a|—nk(p(a,an+m—lx)

n=1

o0
<2 Z |a|_ik¢(a,ai_1x)
i=m+1
— 0as m — oo,

which implies H = H'. O
On account of Theorem 5.11, Czerwik could also prove the following corollary
(see [88]).

Corollary 5.12. Let E1 and E» be a real vector space and a real Banach space,
respectively. Suppose k # 0 is a given real constant. If a function f : E1 — E»
satisfies the inequality

I f(cx) —c* f(x)]| <8+ 0c|f

for some §, 0 > 0 and for all (¢, x) € U x E1, then there exists a unique function
H : Ey — E, such that H(cx) = ¢X H(x) for each (c,x) € U x E{ and which

satisfies
/() —H)[| <6
forany x € E;.

Proof. Assume that k > 0. By Theorem 5.11, for each integer m > 2, there exists a
homogeneous function of degree k

Hp(x) = Tim m ™" f(m"x)

such that
- § + Omk
”f(x) - Hm(x)” = E m_”k(é’ + ka) = i (a)

mk —1

n=1

forall x € E1. By (a) we have

| Hon (x) = He ()| = 27"% [ H (2"x) — He(2" )|
- 2_nk(5 +0mk 5+ ezk)

- mk — 1 tk—1

— 0 as n — oo,

and hence H,, = Hy for all integers £ and m larger than 1. We put H(x) = H»(x)
forall x € Eq. By (a) we have

k
/) — Hyl < 220
mr —1
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forall x € Eq and letting m — oo, we find that || f(x) — H(x)|| < 6.
In the case when k < 0, the proof runs analogously. O

Czerwik [88] has remarked that the function f(x) = sinx (x € R) is nota
homogeneous function of degree k, but it satisfies

|sin(cx) — ¥ sinx| <1+ |c|f

foreach (c, x) € UxxR. From this example we see that not all cases under Corollary
5.12 are superstable (see [88]).

Corollary 5.13. Assume that the assumptions in Corollary 5.12 are satisfied. If ei-
ther 8 or 0 is zero, then f(cx) = c f(x) for all (c,x) € (Ug\{0}) x E.

Proof. Suppose that § = 0. Then,
| £(ex) = F f@)l < O]l
forall (¢, x) € Uy x Ep. Putting x = (1/¢)y with ¢ € Ui\ {0}, we get

| £ = £((1/e)y)] < Olel*. (a)

Assume that k& > 0. It then follows from the last inequality that
f(y) = lim X £ ((1/c)y)
for any y € E;. Therefore, for (a, x) € (Ux\{0}) x E;, we have
flax) = lim ¢* f((1/c)ax) = lim a*(c/a)* f ((a/c)x) = a* f(x).
c—>0 c—>0
For k < 0, it follows from (a) that
lim c* £ ((1/c)y) = (7).
lc]—>o0

and, as before, we find that the corollary is true for § = 0 and k < 0.
Now, suppose that § = 0. Then, we have

[ flex) = f] = 8lel™
for any (¢, x) € (Ur\{0}) x E;. Hence, we get

lim ¢ f(cx) (for k > 0),

_ |e|—>o00
S = lin}) 7 flex) (for k < 0).

As before, the assertion is valid in these cases as well. O
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5.4 Homogeneous Equation of Pexider Type

In this section, the Hyers—Ulam—Rassias stability of the homogeneous equation of
Pexider type

Jlax) = ¢ (a)g(x)
will be investigated. In 2005, S. Czerwik [91] introduced the following lemma.
Lemma 5.14. Let E; and E, be a real vector space and a real normed space,

respectively. Assume that f : E1—E;, g : E1—> E>, ¥ : R—>R, and ¢ : R X
E{ — [0, 00) are given functions with (1) = 1. If f satisfies the inequality

[ f(ax) = y(@)g(x) | < p(e, x) (5.14)

foralla € R and x € Ey, then it holds true forall € R, x € E, andn € N that

If@"x) = (@) f) ] < D 1Y (@) T @1 (er,a" ) (5.15)

i=1
and .
lg(@"x) = Y(@)"g()| < Y [¥ (@) dale. o™ x), (5.16)
i=1
where @1 (o, x) = p(a, x) + |[¥(@)|e(1, x) and O, (o, x) = p(a, x) + ¢(1, ax).
Proof. Tt follows from (5.14) that

[f(ax) =y (@) f(O) < [If(ex) =P (@)g()| + [[Y()g(x) — ¥ (@) f(x)]
< ¢(a, x) + [Y(@)]e(l, x)
= O¢(a, x)

for any ¢ € R and x € Ej. Hence, (5.15) is true for n = 1. Assume that (5.15)
holds true for some n > 0. It then follows from (5.15) that

1f (" x) — ()" f(x)||
< [f@F'x) = y(@) f@ x)| + |[¥ (@) f@x) =y @) f(x)

Pile ™) + V@IS0 =y @" [
< @i (@, 0"x) + Z ¥ (@) @1(er, 0" ")

i=1
n+1
— Z |1//(oz)|i_ld>1(ot,a"+1_ix),

i=1

which proves the inequality (5.15) for all n € N. Similarly, we can prove the
inequality (5.16). O
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Using Lemma 5.14, Czerwik proved the following theorem concerning the
Hyers—Ulam—Rassias stability of the homogeneous functional equation of Pexider
type (see [91, Theorem 1]).

Theorem 5.15. Let E; and E, be a real vector space and a real Banach space,
respectively. Assume that f : Ey — E; g : Ey — E ¥ : R — R, and
¢ : R x E1 — [0, 00) are given functions with ¥ (1) = 1. Moreover, assume that
there exists a B € R such that ¥ (B) # 0 and the series

S 1B @1 (BB x) < o0 (5.17)
n=1

forall x € Ey and
lim_ [y ()" @1 (e p" 71 x) = 0 (5.18)

foralla € R and x € Ey. If f satisfies the inequality (5.14) for all « € R and
x € Ej, then there exists a unique \-homogeneous function H : E; — E, such
that

IHx) = QI <Y 1w ()" @1 (B. 8" ' x) (5.19)
n=1
and
1H(x) — g < Y 1w ()" @2(B. "' x) (5.20)
n=1

for all x € Ey. (See Lemma 5.14 for the definitions of ®1 and ®;.)

Proof. Foreach x € E1 andn € N, define

Hy(x) = y(B)" f(B"x). (a)
It then follows from (5.15) that
1o (x) = f(0)I| < ; (B @ (B, 87 x),
which implies that
1 Hy (x) — f0)] < ilxﬁ(ﬁ)l"'©1(ﬁ, p1x) (b)

forany x € E; andn € N.
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Now, we will verify that { H,(x)} is a Cauchy sequence for each x € E;. The
inequality (5.15) yields

A

| Hy () = Hn ()| < [w (B | £(B"x) — v (B)"™ f(B™ )
Y )T oi(B.px)

i=m+1

IA

forall x € Ey and m,n € N with n > m. In view of (5.17), we see that { H, (x)} is
a Cauchy sequence for any x € E;. Therefore, we can define a function H : £y —
E2 by
H(x) = lim H,(x).
n—o0

It follows from (5.14) and (5.18) that
1H (ex) =Y ()H)[| = Tim [y (B)7"|[f (@B"x) — () f(B" Y|

= Jim [V B 1. Bx)
=0

foralle € R and x € E1, which implies that H is ¥-homogeneous. Due to () and
the definition of H, the inequality (5.19) is true.
By a similar way as for the { H,(x)}, if we define

H,,(x) = y(B)"g(B"x)
for every x € Eq, then {H, (x)} is a Cauchy sequence. Hence, we may define
H'(x) = lim H,(x).
n—o0
Then, by (5.16), we get
n . .
1H,, (x) = g < Y (¥ (B)| ™~ ©2(B. B x) (©)
i=1
for all x € E. Furthermore, by (5.14), we have
| Hy (x) — H, ()| = [¥(B) "l f(B"x) — g(B"x)

= WA e(l. f"x)
=1/ BT P (1, f"x).

In view of (5.18), it follows that H(x) = H'(x) for all x € E; and hence, the
inequality (5.20) follows from (c).
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Finally, it remains to prove the uniqueness of the yr-homogeneous function H.
Assume that Hy : E; — E, is another {-homogeneous function which satisfies
the inequalities (5.19) and (5.20). Without loss of generality, we suppose that there
exists an xg € Ej with Hyo(xo) # 0. Then, by using the ¥-homogeneity of Hy, we
have

Hy(aBxo) = ¥ (af)Ho(xo) = (o) (B)Ho(xo)
for all @, B € R, and thus
V(@pf) = v()v(B) (d)

forany o, B € R.
Consequently, it follows from (5.17), (5.19), and (d) that

I1H (x) — Ho(x) ||
= [y (B™)I" I H(B™x) — Ho(B"x)|
<@ (IHB™x) = fFB" )] + 1 f(B"x) — Ho(B" X))

<2 ) @I ei(B." x)

n=m+1

—0 as m — o©

for all x € E, which proves the uniqueness of H. O

From the proof of Theorem 5.15, we may guess that if H does not identically
equal the zero function, then the function v has to be multiplicative.

Corollary 5.16. Let Ey and E, be a real vector space and a real Banach space,
respectively. Assume that functions [ : E1 — Ey and g : E1 — E, satisfy the
inequality

If(ex) —la"g()]| < & + |af"e

forall x € E1 and o € R, wherev > 0, § > 0, and € > 0 are constants. Then, there
exists a unique function H : Ey — E, such that

H(ax) = |a|"H(x),
[H(x) = f(0)ll < 8+ 26,
[H(x) —g()] <

forall x € E;.

Corollary 5.17. Let Ey and E, be a real vector space and a real Banach space,
respectively. Assume that functions [ : E1 — Eyand g : E1 — E, satisfy the
inequality

[f(ex) = la|"g(x)]| < 8 + [a]’e
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forall x € Ey and o € R, wherev > 0, § > 0, and € > 0 are constants.
(@) If§ =0, then f is v-homogeneous and

[f(x) —g()ll <&

forany x € Eq;
(i) If ¢ = 0, then g is v-homogeneous and

1/ (x) =gl =6

forany x € E;.

A function f : E; — E; is called a quadratic function if and only if

Sx+y)+ flx—y)=2f(x)+2f()

forall x,y € E;.

Corollary 5.18. Let Ey and E, be a real vector space and a real Banach space,
respectively. Assume that functions f,g,h : E1 — E, are given and a constant
8 > 0is given. Then, [ = g + h, where g is a quadratic 2-homogeneous function
and ||h(x)|| <6 forall x € Eq, if and only if

If (e +y)+ f(x—y) =2f(x) =2/ (y)] = 66 (5.21)

and

| flax) —e® f(x)| <6+ s (5.22)
forallx,y € E1and a € R.

Proof. Assume that f = g + h, where g is a quadratic 2-homogeneous function
and ||h(x)|| <6 forall x € E;. Obviously, we have

[f(x+y)+ flx—y)=2f(x)=2fW)
= |h(x +y) + h(x —y) = 2h(x) — 2h(y) |
<66

and
|| flax) —a? f(x) || = ||h(ax) —a?h(x) || <8+ a8

forall x,y € E; and @ € R.
We now assume that the inequalities (5.21) and (5.22) are true. According to
Corollary 5.16, there exists a 2-homogeneous function g : £y — E; such that

1/ (x) =gl =6
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foreach x € E.If we defineh = f — g, then f = g + h and ||h(x)]|| < § for all
x € E;.By (5.21), we get

lg(e(x +y)) + g(alx — y)) — 2g(ax) — 2g(ay)
+ h(a(x + y)) + h(e(x — ) — 2h(ax) — 2h(ay)| < 66,

and hence

lg(x + )+ g(x —y) —2g(x) —2g(y)
+ (1/®) (h(e(x + y)) + h(e(x — y)) = 2h(ax) — 2h(ay))| < 68/0>

for any o # 0. Finally, if we let « — oo, then
lg(x +y) +g(x—y)—2g(x) =2 =0

forall x, y € E;, which implies that g is a quadratic function. O



Chapter 6
Linear Functional Equations

A function is called a linear function if it is homogeneous as well as additive.
The homogeneity of a function, however, is a consequence of additivity if the func-
tion is assumed to be continuous. There are a number of (systems of) functional
equations which include all the linear functions as their solutions. In this chap-
ter, only a few (systems of) functional equations among them will be introduced.
In Section 6.1, the superstability property of the “intuitive” system (6.1) of func-
tional equations f(x 4+ y) = f(x) + f(y) and f(cx) = cf(x) which stands for
the linear functions is introduced. The stability problem for the functional equation
f(x 4+ cy) = f(x) + cf(») is proved in the second section and the result is ap-
plied to the proof of the Hyers—Ulam stability of the “intuitive” system (6.1). In the
final section, stability problems of other systems, which describe linear functions,
are discussed.

6.1 A System for Linear Functions

It is natural for one to expect that the additive Cauchy equation, together with the
homogeneous equation, may determine all linear functions. Thus, the following sys-
tem of the functional equations

fx+y)= fx)+ f(). (6.1)
flex) = ef () '

may be introduced as a system of equations for linear functions. This section is de-
voted to the study of superstability problems of the system (6.1) of linear functions.
J. Tabor [347] proved a theorem concerning the superstability of the system (6.1).

Theorem 6.1 (Tabor). Let Eq be a real vector space, E» a locally convex topo-
logical vector space, V a bounded subset of E,, and let F : E% — R and
G : Rx E1 — R be such functions that there exists a sequence {c, } of real numbers
satisfying

lim F(cpx,cny)/cn =0 (6.2)
n—oo
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and
lim G(cp,x)/cy, =0 (6.3)
n—>0o0
forall x,y € Ey. If a function f : E1 — E, satisfies
fr+9) = f(0) = f(2) € F(x, )V, 6
f(cx) —cf(x) € G(c,x)V '

forallc € Rand x,y € Ey, then f is additive. Moreover, if for each x € Ej the
function G (-, x) is bounded on a set of positive inner Lebesgue measure or on a set
of the second category with the Baire property, then f is a linear function.

Proof. Tt follows from the second relation in (6.4) that

Sfenx)/cn € f(x) + (G(Cnvx)/cn)V

forn € N and x € E;. Since V is bounded, by (6.3) we obtain
lim f(cax)/cn = f(x) (a)
n—o0
for each x € E;. From the first relation in (6.4) we get

f(cn(x + y))/cn — flenx)/cn — f(cny)/cn € (F(CnX,Cny)/Cn)V

foralln € N and x, y € E;, where by (6.2) and (a) we obtain

S+ —f)—-f(y)=0

forall x, y € E, which means that f is additive.
For the proof of the second part we arbitrarily fix anx € Ey anda u € EJ (the
dual space of E,). We put

(@) = p(f(ex))

for all real numbers ¢. Obviously, f* is additive. From the second relation in (6.4)
it follows that

() € plef(x) + Gle.x)V) ()

for any ¢ € R. By the assumption, G (-, x) is bounded on a set A of positive inner
Lebesgue measure or of the second category with the Baire property. Without loss
of generality, we may assume that A is bounded. Since p is a continuous linear
function, it maps a bounded set into a bounded set. Thus, by (b), f* is bounded on
A, and hence linear (cf. Theorem 2.1, [1,228]). Now, for an arbitrarily fixed ¢ € R,
we get

1(flex)) = f*(e) = cf*(1) = cpu(f(x)) = pn(cf(x)).
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Since this equality holds true for each u € EJ, we have

flex) =cf(x)
for any ¢ € R and x € E;, which ends the proof. O

Tabor [347] noted that the boundedness of the function G(-, x) on a respective
set is an essential assumption of Theorem 6.1: Consider an additive discontinuous
function f : R — R and put

F(x,y)=0 (for x,y € R),
G(c,x) = f(cx) —cf(x) (for ¢,x € R),
V ={1}.

Clearly, both relations in (6.4) hold true. We also have G(c, x) = 0 for ¢ € QQ and
x € R. Therefore, for an arbitrary sequence {c, } of nonzero rational numbers, (6.2)
and (6.3) are valid. However, f is not linear.

Using the last theorem, Tabor [347] obtained a more familiar result:

Corollary 6.2. Let Ey and E, be normed spaces, let p # 1 be given, and let a
function H : [0,00)% — [0, 00) be homogeneous of degree p and a function K :
[0,00)2 — [0, 00) be homogeneous of degree p with respect to the first variable. If
a function f : E1 — E, satisfies

£G4 ) = £ = fO)] < H (Ix]l Iy1). ©5)
I£ex) = ef )l = K (lel. 1+1)

forallc e Randall x,y € Ey, then f is linear.

Proof. Put

F(x,y) = H(lxIl.Iyl)  (for x,y € E),
G(c.x) = K(lel. [lx])) (for c € R, x € Ey),
V={xeE||x|| <1}

Then, in view of (6.5), both conditions in (6.4) hold true. We now claim that there

exists a sequence {c,} satisfying (6.2) and (6.3). In the case of p < 1 we take
¢p = 2". Then we obtain

lim 27" F(2"x,2"y) = lim 2"@"VH (x|, [y]) =0
n—>o0 n—>00

and
lim 27G(2",x) = lim 2" DK(1,|x[) =0
n—o00 n—o00

forall x,y € E;.
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In the case p > 1 we take ¢, = 27". Then,

lim 2"F(27"x,27"y) = lim 2"""P H (||x]. |y]]) = 0

n—->oo
and
lim 2"G(2™", x) = lim 2"0=P K (1, |x]) =0
n—oo

n—>oo

forall x, y € E1. We have
G(c.x) = [c|PK (1, |x])

forc € R and x € E;. This equality shows that the function G(:, x) is bounded
on every bounded interval, isolated from zero. Hence, we can apply Theorem 6.1,
which ends the proof. O

Taking in Corollary 6.2

H(|lx|l. Iyll) = 6(IxlI” + lylI?)  (for x.y € Ey).
K(cl, Ix]) = 6llex]? (for c € R, x € Ey),

Tabor [347] obtained the following corollary.

Corollary 6.3. Let E and E, be normed spaces, and let p # 1 and 6 > 0 be
given. If a function [ : E1 — E; satisfies

% £G4+ y) = fG) = fFDI = 017 + 1y [17).
[f(ex) —cf(o)l < Oflex]|?

forallc € Randforall x,y € Ey, then f is linear.

6.2 Functional Equation f(x + cy) = f(x) + cf(y)

In the previous section, it was shown that the “intuitive” linear functional equations
(6.1) is superstable. J. Schwaiger [325] introduced the functional equation

flx+ey) = fx)+cf(y)

which is equivalent to the system (6.1) if the related domain and range are assumed
to be vector spaces and proved the stability of the given equation.

Theorem 6.4 (Schwaiger). Let E; and E, be a real vector space and a real
Banach space, respectively, and let ¢ : R — [0,00) be a function. If a function
f : E1 — E; satisfies the inequality
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[f(x +cy) = f(x) —cf D = () (6.6)

forall x,y € Ep and for any ¢ € R, then there exists a unique linear function
L : Ey — E, such that

/() = L) = o(1)
forallx € Ej.

Proof. For ¢ = 1 we see that the conditions in Theorem 2.3 (see also the comment
just below the theorem) are satisfied with § = ¢ (1), where L(x) = lim 27" f(2"x)
n—o0

is the unique additive function such that

/() = L)l = o(1)

for all x € E;. It remains to show the homogeneity of L. Putting x = 0 and
replacing y in (6.6) with 2"y yield

1/ (2% cy) —cfQ"y) = fO) < ¢(c).

Dividing this inequality by 2" and letting n — oo, we find that

L(cy) = cL(y)
forally € E; andc € R. O

Using the above theorem we can prove the Hyers—Ulam stability of the system
(6.1) which cannot be deduced from Theorem 6.1.

Corollary 6.5. Let E1 and E, be a real vector space and a real Banach space,
respectively, and let 61, 82 > 0 be given. If a function [ : E1 — E, satisfies the
inequalities

1/ e +y) = f(x) = fFWII < 61,
If(cx) —cf() = 82

for all x,y € Ei and for any ¢ € R, then there exists a unique linear function
L : Ey — E, such that

/() = L) < 81 + 82
forany x € Ej.

Proof. From the hypothesis we get

[f(x+cy)— f(x)—cfD
<N fx+cy) = f(x) = flen + 11fey) —cfDI
<81 +6
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forall x, y € Ej and for any ¢ € R. In view of Theorem 6.4 with ¢(c) = 61 + 82
(c € R), there exists a unique linear function L : E; — E; such that

[f(x) = L)l <81 + 62

for any x € E. O

6.3 Stability for Other Equations

We start this section with an old theorem which is often called the Eidelheit’s sepa-
ration theorem (see [93] for the proof of this theorem). It plays an important role in
the proof of Theorem 6.7.

Theorem 6.6 (Eidelheit). Suppose E is a topological vector space. Let K| and
K> be convex subsets of E such that Ky has an interior point and K, contains no
interior point of K. Then there exists a i € E* such that

p(x) = p(y)
forall x € Ky and forall y € K».

It was shown in Theorem 2.6 that the statement of Theorem 2.5 is no more valid
for the case when p = 1 is assumed in the functional inequality (2.5). Such coun-
terexamples have stimulated many authors to attempt to surpass such awkwardness
of the inequality (2.5) for the case p = 1. B. E. Johnson was one of those mathemati-
cians who worked for this purpose. Johnson [147] provided the following theorem.

Theorem 6.7 (Johnson). Let E be a real Banach space. If a continuous functional
f : E — R satisfies the functional inequalities

| f(c1x1 + -+ caxn) —c1 f(x1) =+ — cu f(xn)]
=< 9(”51351 |+ + ”Cnxn”)

for some 0 > 0 and foralln € N, all ¢y, ...,cn, € R, and all x1,...,x, € E, then
there exists a linear functional L : E — R such that

|f(x) = L(x)| = 36]x]

forall x € E.

Proof. For the special case of n = 1, the above inequality may be expressed as

|fex) —cf(x)] < Olex]| (@)



6.3 Stability for Other Equations 149

forall c € Randforall x € E, and putting ¢ = 0in (a) yields f(0) = 0. Since f is
assumed to be continuous, there exists an 7 > 0 such that | f(x)| = | f(x)— f(0)|<1
when || x|| < n. Given any x" # 0in E, putc = (2/n)|x’|| and x = (1/¢)x’. Thus,
we get

|fGD = 1fex)] < lef)] + Ollex] < @/mlIx"] + 0]

forall x’ € E\{0}.
Put

F={(x.)eExR||x| <1, y= /()

and let T’ be the closed convex hull of T. Given (x, y) € I/, let {(x", y™)} be a
sequence of convex combinations of elements of I' converging to (x, ). Thus, we
have

x(m) _ Zci(m)xi(m) and y(m) _ Zci(m)yi(m) _ Zci(m)f(xi(m))’
i i i

where
(™20, Ye™ =1 and X" =1
i

By hypothesis, we obtain

i i

)f(x('")) _ y(m)) _
<6 | x|
=0 Z e 5™ |

<.

f (Z cf’”)xf'")> =2 ()

Taking the limit as m — oo, we have
|f(x) =yl =6 and |x| =1 (b)

for (x,y) e T.
Now, put

It ={(x,y) € ExR||x| <1 and 3z <y with (x,2) in T"'}.
Let I'” be the translate I — (0, 26) of I'’. Since I is a subset of Bx[—-2/n—6,2/n+

0] and T" is also a subset of B x [-2/n — 6,2/n + 0], where B is the closed unit
ball in E, we see that I'" contains B x (2/n + 6, co) and hence is a convex body.
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Since the closed interval [-2/n—6,2/n + 6] is compact, it is easily shown that '™
is closed and hence that it is the closure of its interior. If (x, y) € ', then there
exists a z with z < y and (x,z) € I, so by (b), we have z > f(x) — 6, and thus
y > f(x)— 0. Hence, if (x, y) belongs to the interior of I'", then y > f(x)— 0. If
(x,y) € I'”, then (x, y + 20) isin I/, so by (b), we get y + 20 < f(x) + 0, i.e.,
y < f(x) — 6. Therefore,

rhHenr” =g.

Thus, by Eidelheit’s separation theorem (see above), there exist a nonzero linear
functional G on the Banach space £ x R and a number k with G(w) > k for
w € (I't)° and hence for win I't, and G(w) < k forw € I'”. Thereisan L € E*
(where E* is the dual space of E) and u € R such that G(x, y) = uy — L(x) for
x€Eandy e R.If y > f(x)and ||x|| <1, then (x,y) € I'F,s0 uy — L(x) =
G(x,y) > k. By letting y — oo, we see that & > 0. Since (x, f(x)) € I'" and
(x, f(x) —20) € T” for ||x|| < 1, we have pf(x) — L(x) > k while u(f(x) —
20) — L(x) < k for ||x|| < 1.If u were 0, then we would have L(x) = —k for
x| < 1 and hence we would obtain kK = 0, L = 0, and G = 0 which would
lead to a contradiction. Thus, we conclude that x> 0. Dividing by p©, we may
assume that & = 1. Then, we get k < f(x) — L(x) < k + 20 when x| < 1. As
f(0) =0 = L(0), this shows that 0 > k > —26, and hence

[f(x) — L(x)| =26 (c)

when ||x|| < 1.
For any x” # 0in E, put x = x’/||x’|, then |x|| = 1 holds true. Then, by (@)
and (c), we have

|fO) = LD = £ (I llx) = 11|+ 1x1HLf () = L))
< Ollx"ll +26]1X'|

forall x’ € E. O

P. Semrl simplified the functional inequalities appearing in the last theorem and
proved the stability result. First, we introduce a lemma provided by Semrl [326].

Lemma 6.8. Given normed spaces E1 and E», let f : E1 — E, be a continuous
function satisfying the functional inequality

1fCer + -4 xn) = f(x1) == f) | < O(Ixall + - + lIxal) (6.7
for some 0 > 0 and foralln € N, x1,...,x, € E1. Then

20|tx]|  (for t = 0),

40|tx||  (for t <0) ©8)

If(x) —tf ()] =

forallt € R and all x € E;.
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Proof. Putting each x; = (1/m)x in (6.7) yields
| £ (Ga/m)x) —nf ((1/m)x)| < O1l(n/m)x].

where n and m are any positive integers. It follows that

| £ (@) m)x) — (n/m) £ ()|
< [ £ (m/m)x) =nf ((1/m)x)| + (n/m)|mf((1/m)x) = f(x)]
< 0ll(n/m)x|l + (n/m)8| x|

and hence
|/ ((/m)x) = (n/m) f ()| < 26](n/m)x]| (a)
foralln,m € N and all x € E1. By (6.7), we get f(0) = 0.
Now, put x; = —(n/m)x, x; = (n/m)x, and x3 = --- = x, = 0in (6.7) to
obtain

| £ (= @/m)x) + f((n/m)x)| < 20| (n/m)x|.

while, by (a), we have

| = f((r/m)x) + (n/m) f(0)]| < 26| (n/m)x].
Combining the last two inequalities yields

|/ (= @m/m)x) = (=n/m) f(x)|| < 40](n/m)x].
Thus, we have shown that

20|jtx||  (for t > 0),

7Gx = 7N =0 4g10x) (for ¢ < 0)

for all t € Q and for any x € E;. Since f is continuous, (6.8) is satisfied for all
teRandx € E;. O

If E, is a real Banach space and if a continuous function f : E; — R satisfies
the system (6.7), then

[ f(crxt + -+ cnxn) —c1f(x1) =+ = cn f(xn) |l
<\ flerx1 + -+ cnxn) — flc1x1) — -+ = flcnxn) |
+ 1 fcrx)) —cr fxD) + -+ [ f(cnxn) = cnf ()l
< O(lcrxll + -+ llcnxall) + 460l cixi|l + -+ + 46| coxall
=50(llcixill + -+ =+ llcnxall)
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foralln € N,allcy,...,c, € R,andforall xq,...,x, € E,. Theorem 6.7, together
with this inequality, implies that there exists a linear functional L : E; — R such
that | f(x) — L(x)| < 150| x| for any x € E;.

In the special case where £; = E, = R, Semrl [326] proved the following
theorem.

Theorem 6.9 (Semrl). If a continuous function f : R — R satisfies the inequality
(6.7) for all n € N and all x1,...,x, € R, then there exists a linear function
L : R — R such that

[f(x) — L(x)| < 0x]| (6.9)

forall x € R.

Proof. Applying Lemma 6.8 to the present case, we have

20ts| (for t > 0),

|f@s) —1f(s)] = % 40|ts|  (for t < 0)

for all 5,7 € R. Thus, for any two nonzero real numbers s and ¢, we find that

|f@©)/t = f@s)/sl = (1/1e))| £ (2/9)s) = (t/5) f(5)]
- 20 (for ts > 0),
- { 46  (for ts <0).

Let us define
a=sup{f(t)/t|t#0} and b=inf{f(r)/t |1 #0}.
First, consider the case that
a=sup{f(t)/t |t >0} and b=inf{f(t)/t |1 >0}.
By the last inequality, we have a — b < 26, and by putting

a+b
2

L(x) = X,

we obtain the inequality (6.9) for all x € R. The same argument can also be applied
ifa = sup{f(t)/t |t < O} and b = inf{f(t)/t |t < O}.
It remains to consider the case that

a =sup{f(t)/t | ¢ >O} and b =inf{f(t)/t | t <0}.

(We omit the proof of the case

a=sup{f(t)/t |t <0} and b=inf{f(t)/1 |t >0}
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because it goes through in the same way.) As mentioned before, we have to show
that a — b < 26. Replacing f(¢) with f(¢) — (1/2)(a + b)t we may assume that
a = —b. Now, we must prove that a < 6.

Assume on the contrary that a > 6. Since f is continuous, there exist real num-
bers r1, 7 (0 < r; < rp) such that

f(@t) > 0t (@)

for all t € [ry,r2). We claim that there exists ¢; > 0 such that for every t > ¢
we can find a positive integer m and a real number u € [ry, r,) satisfying t = mu.
Putn = 14 [r1/(r2 — r1)], where the square brackets denote the integer part of
r1/(r2—r1). Then ¢; = nry has the above property. For, if t > nry, putm = [t/r].
Thenm > nand mr; <t < (m+ D)ry,sot € [mry, (m + 1)ry). Also, since
m > n, we have m > ry/(r, — r1) which implies that (m + 1)r; < mry, so that
t € [mry,mry), i.e., there exists a u € [ry,rp) with t = mu. Similarly, there exist
negative numbers p1, pa, ¢ with p; < p, such thatt € (p1, p»] implies

f@) > -0t (b)

while for each ¢ < ¢, there exist a positive integer k and a real number w € (p1, p2]
with t = kw.

Now, choose ¢ > max {cy. |c2|}. Then, we may take t = mu = —kw with
u € [r1,r2) and w € (p1, p2]. Since f(w) > —0w, f(w) > 0. By (a) and (b),
we get

|f0) =mf(u) —kfw)| = |mfu)+kf(w)
=mf(u) +kf(w)
> O(mu— kw)
= 0 (m|u| + k|wl),

since u € [r1,r2) and w € (p1, p2]. On the other hand, by (6.7), we obtain

|f0) =mf(u) —kfw) = |fOmu+kw) —mf(u)—kfw)]
< O(mlul + klwl),

since mu = —kw and m, k are positive integers. This contradiction ends the proof
of the theorem. O



Chapter 7
Jensen’s Functional Equation

There are a number of variations of the additive Cauchy functional equation, for
example, generalized additive Cauchy equations appearing in Chapter 3, Hosszi’s
equation, homogeneous equation, linear functional equation, etc. However, Jensen’s
functional equation is the simplest and the most important one among them.
The Hyers—Ulam—Rassias stability problems of Jensen’s equation are proved in
Section 7.1, and the Hyers—Ulam stability problems of that equation on restricted
domains will be discussed in Section 7.2. Moreover, the stability result on a re-
stricted domain will be applied to the study of an asymptotic property of additive
functions. In Section 7.3, another approach to prove the stability will be introduced.
This approach is called the fixed point method. The superstability and Ger type sta-
bility of the Loba&evskii functional equation will be surveyed in the last section.

7.1 Hyers-Ulam-Rassias Stability

The simplest and most elegant variation of the additive Cauchy equation is Jensen’s
functional equation which may be expressed in the form

X +Yy
2

2 (555) = f0) + £,
Every solution of Jensen’s functional equation is called a Jensen function. It is
well-known that a function f between real vector spaces with f(0) =0 is a Jensen
function if and only if it is an additive function (see [258,278]). We may refer to the
paper [129] of H. Haruki and Th. M. Rassias for the entire solutions of a generalized
Jensen’s functional equation.

Using the ideas from Theorems 2.3 and 2.5, S.-M. Jung [163] proved the Hyers—
Ulam—Rassias stability of Jensen’s functional equation.

Theorem 7.1 (Jung). Let E1 and E» be a real normed space and a real Banach
space, respectively. Assume that §, 0 > 0 are fixed, and let p > 0 be given with
p # 1. Suppose a function [ : E1 — E; satisfies the functional inequality

S.-M. Jung, Hyers—Ulam—Rassias Stability of Functional Equations in Nonlinear 155
Analysis, Springer Optimization and Its Applications 48,
DOI 10.1007/978-1-4419-9637-4_7, (© Springer Science+Business Media, LLC 2011
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r(5

2

)= 1@ = s =8+ 001”7+ 1307) @

forall x,y € E. Furthermore, assume f(0) = 0and § = 0 in (7.1) for the case of
p > 1. Then there exists a unique additive function A : E1 — E» such that

B 5+ 1O+ (27 = 1) 6lxl? (for p <1).
[/ (x) =AM < 2r-1(201 — 1) g x|7 Gor p> 1) (7.2)
forall x € E.
Proof. If we put y = 0in (7.1), then we have
12/(x/2) = f) =8+ LSO + Ol x]1” (a)

for all x € E;. By induction on 1, we prove
n n
1277 £ %) = SO < (8 + LA O)) D 27% +0llx|? Y2702k (p)
k=1 k=1

for the case 0 < p < 1. By substituting 2x for x in (a) and dividing the resulting
inequality by 2, we see the validity of (b) forn = 1. Assume now that the inequality
(b) holds true for some n € N. If we replace x in (@) with 2" T!x and divide by 2
the resulting inequality, then it follows from (b) that

||2—(n+1)f(2n+1x) _ f(x) ”
<2727 f (2" x) = fRM)| + 1127 F2x) = f()l

n+l n+1
<@+IrON) Y 27 +ofxr Y 2700k,
k=1 k=1

This ends the proof of the inequality (b).
Let us define

A(x) = lim 27" f(2"x) (c)
n—oo
for all x € E;. The function A4 is well defined because E; is a Banach space and

the sequence {27" f(2"x)} IS a Cauchy sequence for all x € E;: Forn > m we use
(b) to obtain

127" 72" x) = 27" f 2" )|
=272 Frm L 2my) — f(27x) |

p
017

mp

<275+ 17O +

— 0 as m — oo.
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Let x, y € E; be arbitrary. It then follows from (c) and (7.1) that

[AGx +y) — A(x) = AWl

n+1
— lim 2—("+1) ‘zf(w) — f(2"+1x) — f(2"+1y)H
n—->oo 2
< lim 2—("“)(8 + 62002 (|| x||P + IIyII”))
n—->oo
=0.

Hence, A is an additive function, and the inequality (») and the definition (c) imply
the validity of the first inequality in (7.2).

Now, let A’ : E{— E, be another additive function which satisfies the first
inequality in (7.2). It then follows

[AG) = A ()] = 27"[[AQ2"x) — A'2" )|
= 27(I1IAQ"x) = fQ" )| + [ (2" x) — A'(2"0)])

26
27|17

<278+ 20Ol + 55—

for all x € E; and for any n € N. Since the right-hand side of the last inequality
tends to zero as n — 0o, we conclude that A(x) = A’(x) for all x € E;, which
proves the uniqueness of A.

For the case when p > 1 and § = 0 in the functional inequality (7.1) we can
analogously prove the inequality

n—1
12" F27"x) — f(x)| < 0|x]|” Z 7= (p—Dk

k=0

instead of (b). The remainder of the proof for this case continues in an analo-
gous way. O

As mentioned in [163], the proof of the Hyers—Ulam—Rassias stability of Jensen’s
functional equation for the case of p = 0 can be achieved similarly as in that of
Theorem 7.1.

Corollary 7.2. Let E1 and E» be a real normed space and a real Banach space,
respectively. Assume § > 0 is fixed. Suppose a function f : E1 — E, satisfies the
inequality (7.1) with 0 = 0 for all x,y € E;. Then there exists a unique additive
function A : E1 — E» satisfying the first inequality in (7.2) with 6 = 0.

Let p € [0, 1) be given. By substituting x 4+ y for x and putting y = 0in (7.1)
we get

2 (F22) = rer+ 0| =8+ 171+ 6(1x]1 + 1v17).
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This inequality, together with (7.1), yields

If(x+ )= f(x)= fOD)II <28+ | O +20([lx[I” + |y]I”)

forall x,y € E;. According to Theorems 2.3 and 2.5, there exists a unique additive
function A4 : E; — E, such that

llx]1?

| f(x) = AX)|| =25 + | £(O)]| + T—or 1
for any x € E, which is by no means attractive in comparison with the first in-
equality in (7.2).

We also remark that the ideas from the proof of Theorem 7.1 cannot be applied
to the proof of the stability of (7.1) for the case p < 0. An essential process in the
proof of Theorem 7.1 was to put y = 0 in the inequality (7.1) which is impossible
in the case p < 0. The Hyers—Ulam—Rassias stability problem for the case of p < 0
still remains as an open problem.

As discussed at the end of Theorem 2.6, Th. M. Rassias and P. Semrl have con-
structed a continuous real-valued function in their paper [310] to prove that the
functional inequality

£ G+ ») = £ = O < 0(lxll + l1vl)

is not stable in the sense of Hyers, Ulam, and Rassias. By using this result, S.-M.
Jung [163] proved that the function constructed by Rassias and Semrl serves as a
counterexample to Theorem 7.1 for the case p = 1 as follows:

Theorem 7.3. The continuous real-valued function defined by

| xlog,(x +1) (for x > 0),
f(x)_%xlogz|x—l| (for x <0)
satisfies the inequality
2 (F22) = 70 = 70| = 201 + 1), (13)

forall x,y € R, and the image set of | f(x) — A(x)|/|x| for x # 0 is unbounded
for each additive function A : R — R.

Proof. The given function f is continuous, odd, and convex on (0, c0). Let x and
¥ be positive numbers. Since f is convex on (0, 00), it follows from the fact

S0+ = S0 = O] = f0c+ ) -2/ (FF) @
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that

242 2
£ +9) = £ = f0)] = (4 )logy 5L <l ] (b)

for all x,y > 0. Since f is an odd function, (b) holds true for x,y < 0 as well.
Since (b) holds true for x = 0, y = 0, or x + y = 0, it only remains to consider
the case when x > 0 and y < 0. Without loss of generality, assume |x| > |y|. By
oddness and convexity of f and by (a), we get

lfx+y) =) =D = 1/(x) = fx +y) = f(=)
= f(x) =2/(x/2)

since x + y and —y are positive numbers. Thus, the inequality (b) holds true for all
x,y €R.

By substituting x /2 and y /2 for x and y in (), respectively, and multiplying by
2 both sides, we have

x+y

27 (F5%) —2 /2 =2/ (/2| = Il + 1y ©
for any x, y € R. Putting x = y and dividing by 2 both sides in (¢) yield
|f(x) =2/ (x/2)] = |x] (d)

for x € R. By using (¢) we obtain

x+y

2r(552) —2r0/m 210/

X +Yy

\Zf (%
<+ bl

)—f(X)—f(y)+f(X)—2f(X/2)+f(y)—2f(y/2)

for x, y € R. The validity of (7.3) follows immediately from (d) and the last in-
equality. It is well-known that if an additive function 4 : R — R is continuous at
a point, then A(x) = cx where c is a real number (see Theorem 2.1). It is trivial
that | f(x) — cx|/|x| = oo as x — oo for any real number ¢, and that the image
set of | f(x) — A(x)|/|x| for x # 0 is also unbounded for every additive function
A : R — R which is not continuous because the graph of the function A is every-
where dense in R? (see Theorem 2.2). |
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It should be remarked that K.-W. Jun, D.-S. Shin, and B.-D. Kim proved the
Hyers—Ulam—Rassias stability of Jensen’s functional equation of Pexider type (see
[155, Corollary 2.4]).

7.2 Stability on a Restricted Domain

In the following lemma, Z. Kominek [224] proved the stability of Jensen’s func-
tional equation on a restricted domain. This lemma is a version for Jensen’s equation
of Lemma 2.29.

Lemma 7.4. Let E be a real Banach space and let N be a given positive integer:
Givenc > 0, let f : (—c,c)N — E be a function satisfying

X+y
2

127 (555) - re - s =

for some § > 0 and for all x,y € (—c,c)™ with (1/2)(x + y) € (—c,c)N. Then
there exists a Jensen function J : RN — E such that

[f(x) =J(X)|l = (25N —4)§

forany x € (—c,c)V.

Proof. If we define a function f; : (—c,c)¥ — E by fi(x) = f(x) — f(0), then
f1 satisfies the inequality

X+Yy
2

24 (52) - A - no| =6 @
forall x,y € (—c,c)V with (1/2)(x + y) € (—c,c)V. Put
Ay = (=27, 27 1) M\ (<27, 27N

for each n € N. We define a function g : (—c,c)VY — E by

g(x) — 2—n+1f1 (2n—1x)

forall x € A, and any n € N.
Since f1(0) = 0, putting y = 0 in (a) yields

12f1(x/2) — fi(x)] < 6.
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Replacing x with x/2 in the last inequality and multiplying the resulting inequality
by 2 yield

[22 /1(27%x) = 2f1(x/2)| < 2.

Similarly, we obtain
szfl (2—kx) _2k_1f1 (2_k+1)€) ” < 2k—18 (b)

for all x € (—c,c)V and any k € N. Hence, using the triangle inequality and
summing the inequalities in (b) correspondingto k € {1,...,n — 1}, we have

12" A7) = A = (2" =1)8.

Replacing x with 2"~ !x and dividing the resulting inequality by 2"~ yield

If1(x) =g =8 (c)

for all x € A,. Moreover, we have g(x) = 2g(x/2) for any x € (—c,c)". This
fact, together with (a) and (c), implies that

lg(x +y) —g(x) =gl

= |2e(*52) g0 — 5|

<2s(*32) - A(F5)] + 1A - g0l

1AM =gl + |24 (F3E) - A - A0)]
<56

forall x, y € (—c,c)N such that (1/2)(x + y) € (—c,c)N.
Due to Lemma 2.29, there exists an additive function A4 : RY — E such that

lg(x) — AX)|| = SN —1)56 (d)

for x € (—c,c)V. Define a function J : RY — E by J(x) = A(x) + f(0). Then,
J is a Jensen function. By (c¢) and (d), we have

[ £(x) =Tl = [ /1(x) — Ax) ||
< [ fi(x) =g + [lg(x) — AX)]
< (25N — 4)8

for each x € (—c,c)V. O

Using the last lemma, Kominek [224] proved a more generalized result on the
Hyers—Ulam stability of Jensen’s equation on a restricted domain.
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Theorem 7.5 (Kominek). Let E be a real Banach space and let N be a given
positive integer. Let D1 be a bounded subset of RN . Assume that there exists an x
in the interior of D1 such that the set D = D —Xx satisfies the following conditions:

(i) (1/2)D C D,
(ii) (—c,c)N c D for some ¢ > 0,
(iii) D C (=2"c,2"c)N for some nonnegative integer n.

If a function f : D1 — E satisfies the functional inequality

X+y
2

12/ (555) - s - =6

for some § > 0 and for all x,y € Dy with (1/2)(x + y) € D1, then there exists a
Jensen function J : RN — E such that

If(x) = Il < (2"(25N —3) — 1)$

for each x € D;.

Proof. If we define a function fo : D — E by fo(x) = f(x + xo) forall x € D,
then fj satisfies the inequality

X+Yy
2

12(557) ~ foe) = o] = 5

forall x,y € D with (1/2)(x + y) € D.
Similarly, as in the proof of Lemma 7.4, we define the functions f; and g,
namely,

J1(x) = fo(x) — fo(0)

for x € D and
g(x) — 2—k+1f1 (2k—1x)

for x € Ay (k € N), where
Ap = (=27F e, 27k N (—2ke, 27k o),

We note that
I f1(x) =2" A Q27"X)|| < (2" —1)8 (@)
foreach x € D, and

I/1(x) —g0)]| <8 ()

forall x € (—c,c)V.Let A : RV — E be an additive function such that

lg(x) — AX)[| = 5N —1)56 (c)
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for x € (—c,c)" (see (d) in the proof of Lemma 7.4). Taking any x € D, by (a),
(b), and (c), we obtain

I/1(x) = A < 1 /1(x) =2" AR 0| + 2% /1(27"x) — A2 x|
= 1A =2" Q") + 2" 127"x) — g7 X) |
+2"g(27"x) —AQ"X)||
< (2"(25N —3) —1)s.
Now, we put
J(x) = A(x — xo) + f0(0)

for x € R . Then, J is a Jensen function. By the last inequality, we get
/() = J)l = [ fo(x — x0) — A(x — x0) — fo(0) ||
= [ fi(x —x0) — A(x — x0) |l
< (2"(25N =3)—1)8
foreach x € D;. O

Let D be an open and convex subset of RY. A function f : D — R is said to
be J-convex (convex in the sense of Jensen) if the inequality

xX+Yy
2

2/ (555) = f@) + £0)
holds true for all x, y € D. If the inequality sign “<” is replaced with “>" in the
above inequality, f is said to be a J-concave function.

We say that a subset T of RY belongs to the class A if and only if every J-
convex function defined on a convex open domain D O T bounded above on T is
continuous on D.

The following theorem was presented by Kominek [224].

Theorem 7.6. Let D be an open convex subset of RN and let T C D be a fixed set
belonging to the class A. If f : D — R is a J-convex functionand g : D — R is
a J-concave function and, moreover,

f(x) = g(x)

for all x € T, then there exist an additive function A : RN — R, a convex function
F : D — R, and a concave function G : D — R such that

f(x) = A(x) + F(x),
g(x) = A(x) + G(x)

forevery x € D.
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Proof. Put
p(x) = f(x) —g(x)

for all x € D. We note that ¢ is a J-convex function bounded above on 7'. Thus, ¢
is continuous on D. Let D; be an open convex and bounded subset of D for which
there exists a constant M > 0 such that

lp(x)| < M (a)

for any x € D;. From the definition of ¢, J-concavity of g, J-convexity of f, and
(a) it follows that

0= 2¢(*2E) — 500 - g0

=2f(x+y

2
<4M

— 10— £ = (20(FE) = 00) — 0 (1)
) (20(

for all x, y € D;. In particular,

xX+Yy
‘2g(T) —g(x) - g(y)‘ <4M
forall x,y € D;.

On account of Theorem 7.5 there exist a Jensen function J : R¥ — R and a
nonnegative integer n such that

g(0) = J()] < (2"(25N —3) — 1)4M ()

foreach x € D;.
Now, we define functions A, F', and G by

A(x) = J(x) = J(0) (x € RN),
G(x) = g(x) — A(x) (x € D),
F(x) =¢(x) + G(x) (x € D).

Then, A is an additive function. On account of (b), the function G is J-concave
bounded below on D, and hence it is concave on D. The function F is convex
since it is continuous and J-convex. Moreover, it is easily indicated that f(x) =
A(x) + F(x) and g(x) = A(x) + G(x) forany x € D. O

S.-M. Jung [163] proved the stability of Jensen’s functional equation on a re-
stricted and unbounded domain, and applied the result to the study of an asymptotic
behavior of additive functions.

Theorem 7.7 (Jung). Let E| and E, be a real normed space and a real Banach
space, respectively. Assume that d > 0 and § > 0 are given. If a function f :
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E — E; satisfies the functional inequality

27 (F32) - 0 - 100 =8 (7.4)

forall x,y € Ey with ||x|| + ||¥|l = d, then there exists a unique additive function
A Ey — E5 such that

I/ (x) = Al = 56 + [ fO)] (7.5)
forall x € E.

Proof. Suppose ||x|| + ||y|| < d.If x = y = 0, we can choose a z € E such that
|zl = d. Otherwise, let z = (1 + d/||x||)x for ||x|| = ||ly|lorz = (1 +d/|yll)y
for | x|| < ||y||. It is then obvious that

lx =zl +lly +zll = d,

122 + llx —z] = d.

Iyl +112z]l = d. (a)
Iy +zll + llzll = d.

Il + llzll = .

From (7.4), (a), and the relation

21 (52) - 10 - )
=2/ (3E) - fa-0 - f0 +2)
(2 (F55) - s - fix—9) w27 (P2 +2Z) )~ 1)
~(r(EE) - 10 +9- 1@) + 27 (5F) - 0 - f@),
we get
2 (F22) = 700 - 10| = 8 (b)

In view of (7.4) and (b), the function f satisfies the inequality (b) forall x,y € Ej.
Therefore, it follows from (b) and Theorem 7.1 that there exists a unique additive
function A : E1 — E; satisfying the inequality (7.5) for all x € E;. O

Using the result of Theorem 7.7, Jung [163] proved an asymptotic behavior of
additive functions.

Corollary 7.8. Suppose a function [ : E1 — Ej satisfies the condition f(0) =0,
where E; and E, are a real normed space and a real Banach space, respectively.
The function f is additive if and only if
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x+y

127 (F52) - F@ = f0)| =0 as Ixl + Iyl » o0 (76)

Proof. On account of (7.6), there exists a sequence {4, } monotonically decreasing
to 0 such that

2 (532) - reo - 10| = 80 @

for all x,y € Ey with |x|| + ||y|| = n. It then follows from (a) and Theorem 7.7
that there exists a unique additive function A, : E; — E; such that

[ f(x) = An(x)|| < 56, (b)
forall x € Eq. Let£,m € N satisfy m > £. Obviously, it follows from (b) that
[ f(x) = Am(x)|| < 58m < 58

for all x € E; since {§,} is a monotonically decreasing sequence. The uniqueness
of A, implies A,, = Ag. Hence, by letting n — oo in (b), we conclude that f is
additive. The reverse assertion is trivial. O

7.3 Fixed Point Method

Using the fixed point method (Theorem 2.43), L. Cddariu and V. Radu [55] proved
the Hyers—Ulam—Rassias stability of the Jensen’s functional equation.

Theorem 7.9 (Cadariu and Radu). Let E and E, be a (real or complex) vector
space and a Banach space, respectively. Assume that a function f : E1 — E;
satisfies f(0) = 0 and the inequality

Hzf(x”) —f(X)—f(y)H < g(x.y) (1.7)

forall x,y € Ey, where ¢ : E% — [0, 00) is a given function. Moreover, assume
that there exists a positive constant L < 1 such that

¢(x.0) < Lqip(x/qi.0) (7.8)
forany x € Eq, where go = 2 and q1 = 1/2. If ¢ satisfies

lim ¢;"¢(q/'x.q}'y) =0 (7.9)

n—oo

forall x,y € Ej, then there exists a unique additive function A : E1 — E» such

that )
1—i

L
/) = AW = T 9(x.0) (7.10)

forany x € E;.
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Proof. Let us define
X={g:E1— E;|g(0)=0}
and introduce the generalized metric d on X:
d(g,h) = inf{C € [0,00] | lg(x) — h(x)|| < Cep(x,0) forall x € El}.

Then, (X, d) is complete (ref. [181, Theorem 2.1]).
We now define an operator A : X — X by

(Ag)(x) = (1/4i)g(qix).

Forany g,h € X, d(g,h) < C implies that

lg(x) — ()] = Co(x.0)

or
1(1/g)g(qix) — (1/qi)h(gix)|| < (1/4:)Ce(gix.0)

for all x € E;. It follows from (7.8) that

|(1/gi)g(qix) — (1/gi)h(gix)| < LCo(x,0)

for any x € FEj. That is, if d(g,h) < C, then d(Ag,Ah) < LC. Therefore,
we conclude that d(Ag, Ah) < Ld(g,h) for all g,h € X. Indeed, A is strictly
contractive on X with the Lipschitz constant L.

Assume that i = 0. If we set x = 2¢ and y = 0 in (7.7), then it follows from
(7.8) that

/() = (1/2) fQ20)| < (1/2)9(21,0) < Le(z,0)
foreacht € Ej,ie.,d(f,Af) <L =L' < 0.
Fori = 1, we put y = 0in (7.7) to obtain

12/ (x/2) = f) = ¢(x.0)
forall x € E;. Thus, d(f,Af) <1=L° < oo.
In both cases we can apply Theorem 2.43 and conclude that there exists a func-

tion A : E; — E, with A(0) = 0 such that

AQ2x) = 24(x) (a)
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for any x € E; and A is the unique function satisfying () in the set
X*={geX|d(fg) <o},
i.e., there exists a constant C > 0 such that
[A(x) — f()Il = Co(x.,0) (b)

forall x € E;.
Moreover, according to Theorem 2.43 (i), d(A" f, A) — 0 as n — oo, which
implies that
A(x) = lim_g;" f(g; x) (€)

for each x € E1. Due to Theorem 2.43 (iii), we have

L a(fAf) or d(fid) <2
AN e i A) =

d(f.A) =

which implies the validity of (7.10).
If we replace x and y in (7.7) with 2¢" x and 247 y, respectively, then we get

la7™ £ (a7 (x + y)) = (1/2)q;7™ f(2q7 x) — (1/2)q;7" f (24" y) |
< (1/2)q;"¢(2q}'x,2q}" y)

forall x,y € E;. In view of (7.9), if we let n — oo in the last inequality, then we
obtain

Alx +y) = Ax) + A(y)

forany x,y € E;. 0O

7.4 Lobacevskii’s Functional Equation

In this section, the superstability of Lobaevskii’s functional equation

(22 = s (7.11)

will be investigated. P. Gavruta contributed to the following theorem (ref. [114]).

Theorem 7.10. Let G be a 2-divisible abelian group. If a function f : G — C
satisfies the inequality

(532 = oo

> <$ (7.12)
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forall x,y € G and for some § > 0, then either
S| < (1/D(LFO)] + (LFO)] + 48)'/?)

forall x € G, or f is a solution of Lobacevskii’s functional equation (7.11).

Proof. Suppose there exists an xo € G with

|/ xo)l > (1/2)(| FO)] + (| F(O)]* + 48)'/?). (@)

If we replace x and y in (7.12) with 2x and 0, respectively, then we have

| f(0)? = f(0) f2x)| <& ()

for all x € G. If we had f(0) = 0, then it would follow from (b) that | f(x)| <
V8 for any x € G. However, by (a), we get | f(xo)| > +/8, which leads to a
contradiction. Hence, we conclude that f(0) # 0.

In view of (b), we obtain

| FOILf@X)] = [f(x)? + (£(0) f(2x) — f(x)?)]|
> [fF = f0) f2x) — f(x)?]

> | f(0))? =8
for each x € G. Thus, we have
| f(x)]> 3§
) AL 7
Fenl = e ©

forall x € G. We now set
a=1/2)(IFO)+ (1 £(©0)* + 45)"/?) and B = |f(x0)| — . (d)
It then follows from (a) and (d) that
|f(x0)| =a+ B and B> 0.

Now, we will prove that

|f(2"x0)| = +2"P (e)
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for all n € N. Putting x = x¢ in (¢) yields

(a+,3)2—8_ 2a,3+,32>

@l = o = ol -

a+2p
since

o> =|f(O0)|a+8, a>|f(©0), and B> 0.

That is, the inequality (e) is true for n = 1. Assume that (e) is true for some integer
n > 0.If we put x = 2"x¢ in (c), then

et (a+2n/3)2_5 _ 2n+1aﬁ+22n/32 et
A R VR

which ends the proof of (e).
We set x, = 2"x¢ for any n € N. Then, by (7.12), we get

s - s (5 <5

forall x € G and n € N. Hence, it follows from (e) that

Fe = Jim foa ()

for all x € G. Hence, we obtain

FOf) = lim (f(xn)‘lf(xzx")f(y zx"))z,

P

(f)

On the other hand, it follows from (7.12) that

'f(xn)‘l(f<x+x")f(y+x")—f<x+y+2x")2)

- - ) < 8/1f Gl

forall x,y € G andn € N.If we let n — o0 in the last inequality, then ( /) implies
that

() = rwso)

forany x,y € G. 0O
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We introduce a theorem concerning the Ger type stability of Loba&evskii’s func-
tional equation (7.11) presented by S.-M. Jung [170].

Lemma 7.11. Let (G,4) be a cancellative abelian group which is uniquely
2-divisible, and let ¢ € (0, 1/8). If a function f : G — R satisfies the congruence

X+Yy
2

2f(F52) = f) = f() € (e.0) + 2 (7.13)

forall x,y € G, then there exists a function p : G — R such that

pix+y)—px)—p(y)eZ
forany x,y € G, and

| f(x) = p(x) = f(O)] < 2¢
forallx € G.

Proof. 1f we put y = 01in (7.13), then we have

2f(x/2) = f(x) = f(0) € (=e.6) + Z (@)

for every x € G. Let us define a function g : G — R by g(x) = f(x) — f(0).
It then follows from (7.13) and (a) that

gx+y)—gx)—g)
= 2g(¥) —gx)—g(y) +glx+y)— 2g(%)
€ (—2¢,28)+ 7

forany x,y € G.
According to Corollary 2.48 (or [170, Theorem 3]), there exists a function p :
G — R such that

p(x+y)—px)—p(y) € Z
forany x,y € G, and
lg(x) = p(x)| = 2¢
for all x € G, which ends the proof of our theorem. O

Let 8o &~ 0.344446... be one of the real solutions of the equation

xvV5—4x =1—x.
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More precisely, we define 8y by

1/3
1+1 5410 /
33 4

cos9+4n + 's'n9+4n —i—coszn_@ + 'sinzn_e

. i si i ,
3 3 3 3

where 0 &~ 91.812153...° satisfying sin 6 = (9/10),/37/30.

Theorem 7.12. Let E be a real normed space and let § € [0, §o) be a constant. If a
function f : E — C\{0} satisfies the inequality

<$ (7.14)

) o -

forall x,y € E, then there exists a unique exponential function F : E — C\{0}
such that

max{] () O Fxr) ™ ~ 1

— (5—4 1/2
= 750649

O FE) fo) =1}
(7.15)

forall x € E.
Proof. Tt follows from (7.14) that

ER e
mexp(z (2argf<T) —arg f(x) — argf(y))) —1|<é

for all x, y € E. Therefore, we obtain

=< | (D)oo <1+ @
and
2argf<_x _; y) —arg f(x) —arg f(y) € [_ sin~! §, sin~! 5] Y onZ

forany x,y € E.

We define a function g : E — R by g(x) = (1/2n)arg f(x). Since § < 1/+/2
means (1/27)sin"'§ < 1/8, we can apply Lemma 7.11 to this case. Thus, there
exists a function p : E — R such that

p(x+y)—plx)—p(y) €2nZ (b)
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and
|arg f(x) — p(x) —arg f(0)| <2sin™"§ ()

forany x,y € E.
If we define a function 2 : E — R by h(x) = In| f(x)|, it then follows from (a)
that

Pd@;y)—mm—h@)s—ma_&

for x,y € E. According to Theorem 7.1, there exists a unique additive function
a : E — R such that

|h(x) —a(x) =h(0)] = —In(1 —8) (d)

foreach x € E.
We now define a function F : E — C\ {0} by

F(x) = exp (a(x) +ip(x)). (e)

From the additivity of a, (b), and (e), we can easily show that F is an exponential
function.
We observe

[f) fO) T F)™ —1
= | exp (h(x) — a(x) = h(0)) exp (i (arg f(x) — p(x) —arg £(0))) — 1].

In view of (c) and (d), the complex number f(x) (0)~! F(x)~! belongs to the set
A= {)L eCl1-8<|A|<(1—=8)""'and —2sin"'§ <argd < 2sin"! 8}.
From this fact, it is not difficult to see
@O F™ 1] = (5 —a5)"”

for every x € E. The inequality for | f(0) F(x) f(x)~! — 1] in (7.15) may be proved
in a similar way.
The hypothesis for § means that there is a constant 0 < 8 < 1 with

T§§(5—48)1/2<ﬂ<1. (f)
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Let F' : E — C\{0} be another exponential function satisfying the inequality
(7.15) instead of F'. Since

F(2"x) = F(x)*" and F'(2"x) = F'(x)*

forall x € E and for any n € N, it follows from (7.15) and ( /') that

F(x) [ F@"x)\*"
73 = (Few)

_ (fm)F(z"x))“( £(2"x) )“
U femw) f(0)F'(2nx)
—1 as n — oo,

implying the uniqueness of F'. O

The stability problem of Lobacevskii’s functional equation on restricted domains
and an asymptotic property of the exponential functions were investigated in [170].



Chapter 8
Quadratic Functional Equations

So far, we have discussed the stability problems of functional equations in
connection with additive or linear functions. In this chapter, the Hyers—Ulam—
Rassias stability of quadratic functional equations will be proved. Most mathemati-
cians may be interested in the study of the quadratic functional equation since the
quadratic functions are applied to almost every field of mathematics. In Section 8.1,
the Hyers—Ulam—Rassias stability of the quadratic equation is surveyed. The stabil-
ity problems for that equation on a restricted domain are discussed in Section 8.2,
and the Hyers—Ulam—Rassias stability of the quadratic functional equation will be
proved by using the fixed point method in Section 8.3. In Section 8.4, the Hyers—
Ulam stability of an interesting quadratic functional equation different from the
“original” quadratic functional equation is proved. Finally, the stability problem of
the quadratic equation of Pexider type is discussed in Section 8.5.

8.1 Hyers-Ulam-Rassias Stability

The quadratic function f(x) = c¢x? (x € R), where c is a real constant, clearly
satisfies the equation

fx+y)+ flx=y)=2f(x)+2f(y). (8.1)

Hence, the equation (8.1) is called the quadratic functional equation.

There are a number of functional equations considered as quadratic and one of
them will be introduced in Section 8.4. A quadratic function implies a solution of
the quadratic functional equation (8.1).

A function f : E; — E, between real vector spaces is a quadratic function if
and only if there exists a symmetric biadditive function B : E? — E, such that
f(x) = B(x,x). (A function B : E12 — E, is called biadditive if and only if B is
additive in each variable.) If f is a quadratic function, then the biadditive function
B is sometimes called the polar of f and given by

B(x,y) = (1/H(f(x +y) = f(x = »)).

S.-M. Jung, Hyers—Ulam—Rassias Stability of Functional Equations in Nonlinear 175
Analysis, Springer Optimization and Its Applications 48,
DOI 10.1007/978-1-4419-9637-4_8, (© Springer Science+Business Media, LLC 2011
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F. Skof [331] was the first person to prove the Hyers—Ulam stability of the
quadratic functional equation (8.1) for functions f : 1 — E, where E; and E,
are a normed space and a Banach space, respectively. P. W. Cholewa [70] demon-
strated that Skof’s theorem is also valid if E is replaced with an abelian group G.

Theorem 8.1 (Skof). Let G be an abelian group and let E be a Banach space. If a
function f : G — E satisfies the inequality

[f(x+y)+ fx=y)=2f(x) =2f(M)] =6

for some § > 0 and for all x,y € G, then there exists a unique quadratic function
0 : G — E such that

[f(x) = Q) = (1/2)8
forany x € G.

I. Feny6 [102] improved Theorem 8.1 by replacing the bound (1/2)§ with the
best possible one, (1/3) (8 + ||f(0)||) The proof of Theorem 8.1 is a special case
of that of Theorem 8.3 by S. Czerwik [87], and hence, it will be omitted. Before
starting the theorem of Czerwik, we need a lemma provided by the same author.

Lemma 8.2. Let E1 and E, be normed spaces. Assume that there exist §, 0 > 0
and p € R such that a function f : E1 — E» satisfies the inequality

If G+ p) + fOr=p) =2f() =2fWI =8+ 0(IIxI” + [IyI”)  (8.2)

forall x,y € E1\{0}. Then for x € E;1\{0} andn € N

[f(2"x) = 4" fO)l
<1/3HA" 1) +o)+2-4"9|x|P(1+a+---+a"") (83)

and

[f(x) =4 f27" )l
<1/3)A =)+ o) + 2" PO|x||P(L+b +---+ "), (84)

wherea = 2P72, b =227 and c = || f(0)].
Proof. Putting x = y # 0in (8.2) yields

I/ 2x) = 4f Il < 1S O + 8 + 20]1x]|”

which proves (8.3) for n = 1. Assume now that (8.3) holds true for each k < n and
x € E1\{0}. Then, for n + 1, we have
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||f(2n+1x) 4 F () ”
S 1/@2-2"%) —4f Q") + 411/ (2"x%) — 4" f ()
<&+ c+2012"x||” + (4/3)(6 + c)(4" — 1)
+2-4"0|xIP(1+a+---+a""")
=(1/3)@"* = 1)@ +c) +2-4"0|x|”(1 +a +--- +a"),
which proves the validity of the inequality (8.3).
Similarly, taking x = y = ¢/2, we can verify the inequality (8.4) forn = 1.

Applying the induction principle we get the result for all » € N, which ends the
proof. O

S. Czerwik [87] has proved the Hyers—Ulam—Rassias stability of the quadratic
functional equation (8.1).

Theorem 8.3 (Czerwik). Let E1 and E, be a normed space and a Banach space,
respectively. If a function f . E1 — E, satisfies the inequality (8.2) for some
8,0 >0, p <2andforall x,y € E1\{0}, then there exists a unique quadratic
function Q : E1 — E; such that

1£(G) = Q) = (1/3)(8 + ¢) +2(4 —27)716]|x||? (8.5)

forany x € E1\{0}, where c = | f(0)].

Proof. Let us define
On(x) =47" f(2"x) (a)

for x € £y and n € N. Then {Q,(x)} is a Cauchy sequence for every x € Ej.
Really, for x = 0 itis trivial. Let x € E;\{0}. For n > m we obtain by (8.3)

19n(x) = Qm(X)]| = 47" f Q"7 - 2"x) — 47" f(2"x)|
S 4—n3—1(4n—m _ 1)(8 + C)
+ 2472 (1 ha e a" )

and hence
[0n(x) = Qm(x)| < 371478 +¢) + 2"~ D711 —a) '0||x |7, (b)

The assumption p < 2 implies that {Q,(x)} is a Cauchy sequence. Since E; is
complete, we can define

0(x) = lim 0, (x)

for any x € E.
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We will check that Q is a quadratic function. It is clear for x = y = 0, since
Q(0) =0.For y = 0 and x # 0 we have

O0(x+0)+ 0(x —0)—-20(x) —20(0) = 0.

Let us now consider the case x, y € Eq\{0}. Then,

100 (x + 3) + On(x = ) =20u(x) =202 ()
=47 Q"+ ) + (2= ) =270 =2/ @)
=47 B+ 001217 + 12" y117))
=478+ 27720 (Ix])” + Iy 1)

By letting n — oo we get the equality

O(x+y) + Q(x —y) =20(x) =20(y) = 0.

If we put x = y in the last equality, then we get Q(2x) = 4Q(x) foreach x € Ej.
Moreover, putting y = —x yields Q(—x) = Q(x) for x € E;. Therefore, if x = 0
and y # 0, then

0(y) + Q(=y) —20(0) —20(y) =0,

i.e., Q is a quadratic function.

The inequality (8.5) immediately follows from the inequality (8.3).

To prove the uniqueness, assume that there exist two quadratic functions ¢; :
E{ — E, (i €{1,2}) such that

/() = qi (Ol = ¢i + billx||1?

forany x € E;\{0} and i € {1, 2}, where ¢;, b; (i € {1,2}) are given nonnegative
constants. Then,

qi(2"x) = 4"g; (x)
forany x € Ej,n € N,andi € {1,2}. Now, we have
lg1(x) = g2l = 47" (g1 (2"x) = fQ" )l + | f(2"x) — g2(2" %))
<47+ ) + 2770y + o) x|
If we letn — oo, we get ¢1(x) = ga(x) forall x € Ej. O
Czerwik [87] also proved the following theorem.

Theorem 8.4 (Czerwik). Let E1 and E, be a normed space and a Banach space,
respectively. If a function f : E1 — E, satisfies the inequality

1fCGe+p) + fx =) =2f() =2/l = 6(Ix[1” + 11y]17) (8.6)
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for some 8 > 0, p > 2 and for all x,y € E, then there exists a unique quadratic
function Q : E1 — E; such that

1f () = Q)| <227 —4)710|x|” (8.7)

forall x € E;.

Proof. Define the sequence
On(x) =4"f(27"x) (a)
forall x € £y and all n € N. Since f(0) = 0, applying (8.4) yields
104() = Qm(x)|| < 277272 (1 —b) 16| x|1? (b)

for any x € E; and n > m. Hence, the assumption p > 2 implies that { Q,(x)} is a
Cauchy sequence for every x € E. Define

0(x) = lim 0, (x)

for each x € E;. Then, in a similar way as in the proof of Theorem 8.3, we may
verify that Q is a quadratic function. Using (8.4) again, we obtain (8.7).
It is not difficult to prove that

O(rx) = r*Q(x) (c)

for all x € E; and for all r € Q. Assume now that there exist two quadratic
functions ¢; : E1 — E» (i € {1,2}) such that

£ () —qi () < dillx]|?
forall x € Eq, where d;, i € {1,2}, are nonnegative constants. By (c¢) we get
lg1(x) —q2(0)[ = 4"[lg1(27"x) — g2(27"x) |
< 4"(di + )27 x|P
=2"C7P(d, + dy) | x|)?,
from which we conclude that g1 = ¢». O

The following corollary is derived from the book [137] written by D. H. Hyers,
G. Isac, and Th. M. Rassias.

Corollary 8.5. If in Theorems 8.3 and 8.4 the function f is continuous on E1, then
the quadratic function Q is also continuous at each point x € E1\{0}. When p > 0,
this restriction is unnecessary.
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Proof. Suppose that f is continuous at each point x € E; and that xo € E;\{0}.
Put s = |x¢]|/2 and define an open ball by

B(xo.s) = {x € E1 | [lx — xol| <s}.

For x € B(xy,s) we have s < ||x|| < 3s. By letting n — oo in inequalities (b)’s in
the proofs of Theorems 8.3 and 8.4, we get

[0(x) = Om()|l
(1/3)47(5 + ¢) + 2m@=2D=1 (1 —a)719|x||?  (for p < 2),
= | 217P2m =P (1 — h) 19| x||? (for p > 2).

For x € B(xp,s) we have s? > ||x||? > (35)? when p < 0, while the inequalities
are reversed when p > 0. Consequently, Q,, converges uniformly to Q on B(xy, s)
as m — o0. Since each function Q,, is continuous on B(xy, s), it follows that the
limit Q is also continuous on B(xg, s). Thus, the quadratic function Q is continuous
at any point xo # 0 in E;. Obviously, the restriction xo # 0 is not needed when
p > 0. O

It should be noted that Czerwik [87] proved the following corollary under the
weaker assumption that f(¢x) is Borel measurable in ¢ for each fixed x € E;.

Corollary 8.6. Let E1 and E» be a normed space and a Banach space, respectively.
If a function [ : E1 — E; satisfies either the inequality (8.2) for x, y # 0 or the
inequality (8.6) for x,y € E1, according to p < 2 or p > 2, and if moreover
[f(tx) is continuous in t for each fixed x € E;, then the unique quadratic function

Q : E1 — E; defined by

lim 47" f(2"x) (for p <?2),

Q) = annZ 4 fQ7"x)  (for p>2)

satisfies Q(tx) = t2Q(x) forallt € R and x € E;.

Proof. It is obvious that Q(rx) = r2Q(x) holds true for all x € E; and for all
r € Q (ref. (c¢) in the proof of Theorem 8.4). To prove that Q is homogeneous of
degree 2 for all real numbers as well, it suffices to prove that Q(¢x) is continuous
in ¢ for each fixed x € E;. By hypothesis, f(zx) is continuous in ¢ for each fixed
x in Eq. Apply Corollary 8.5 to the case where £; = R to show that if x # 0
and 7o # 0, then Q(x) is continuous at 1 = fy. Thus, Q(fox) = 12 Q(x) for all
x # 0and tp # 0. But this equality is also valid for x = 0 or zyp = 0. Therefore, we
conclude that Q(¢x) = t?>Q(x) holds true for all # € R and x € E;. O

Czerwik [87] presented an example concerning the special case p = 2. (This
case was excluded in Theorems 8.3 and 8.4.) This is a modification of the example
contained in [112] (or see [137]).
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Theorem 8.7. Let us define a function f : R — R by
o0

) =) " 47" ),
n=0

where the function ¢ : R — R is given by

o(x) = %a . (for |x| = 1),

ax= (for |x| <1)
with a positive number a. The function f satisfies the inequality

[fO )+ f(x = 3) =2/ () =2f ()| = 32a(x* + )
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(8.8)

forall x,y € R. Moreover, there exists no quadratic function Q : R — R such that

the image set of | f(x) — Q(x)|/x? (x # 0) is bounded.

Proof For x = y = 0 or for x,y € R such that x> + y? > 1/4, it is clear that
the inequality (8.8) holds true because f is bounded by (4/3)a. Consider the case

0 < x2 + y2 < 1/4. Then there exists a k € N such that
471 < x2 4 )2 <47k
where 4~1x2 < 1/4 and 4¥~1y2 < 1/4 and consequently
2k=lx 2k=1y 2k=1(x 4 y), 2K (x — y) € (=1, 1).
Therefore, foreachn € {0, 1, ...,k — 1}, we have
2"x, 2"y, 2"(x + y), 2" (x —y) € (-1, 1)

and
P(2"(x + ) + ¢ (2" (x — y)) —20(2"x) —2¢(2"y) =0

forn € {0,1,...,k — 1}. Using (a) we obtain
|f(x+p) + flx—y)=2f(x) =2/ ()]

o0
<Y ATMp(2"(x + ) + 92" (x — ) = 20(2"x) — 20(2" )|
n=0
o0
<> 476 = 2-4"%a < 32a(x* +y?).
n=k

i.e., the inequality (8.8) holds true.

(a)
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Assume that there exist a quadratic function Q : R — R and a constant b > 0
such that

|f(x) = ()| < bx?

for all x € R. Since Q is locally bounded, it is of the form Q(x) = cx? (x € R),
where c¢ is a constant (see [230]). Therefore, we have

S0 < (b + [e])x? ()

forall x € R. Let k € N satisfy ka > b + |c|. If x € (0,2'7%), then 2"x € (0, 1)
forn < k — 1 and we have

00 k—1
f) =479 ) = Y ad™(2"x)? = kax? > (b + [c])x2,
n=0 n=0
which in comparison with () is a contradiction. O

The results of Theorems 8.3 and 8.4 are immediate consequences of the following
stability result, which was presented by C. Borelli and G. L. Forti [24] for a wide
class of functional equations which contains the quadratic functional equation as a
particular case:

Let G be an abelian group, E a Banach space, and let f : G — E be a function
with f(0) = 0 and satisfy the inequality

[f(x+y)+ flx—y)=2f(x) =2/ < o(x,y)

forall x,y € G. Assume that one of the series
o0 o0
Y 272k, 2 y) and Y227 Vg(27x, 277 x)
i=1 i=1
converges for each x € G and denote by ®(x) its sum. If
2_2i<p(2i_1x,2i_1y) —0 or 22(i_1)<p(2_ix,2_iy) -0,
as i — oo, then there exists a unique quadratic function Q : G — E such that

1/ () = Q)] = ®(x)

forany x € G.
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8.2 Stability on a Restricted Domain

Before initially proving the stability of the quadratic functional equation for func-
tions defined on a restricted domain, we discuss the stability problem for biadditive
functions on a restricted domain.

F. Skof and S. Terracini [336] proved the following stability theorem for sym-
metric biadditive functions based on results from F. Skof [330].

Theorem 8.8. Let E be a Banach space and let ¢, § > 0 be given. If a symmetric
function f :[0,c)?> — E satisfies the inequality

[f(x1+x2.y) = f(x1,9) = flx2. p)[ =6

for all x1,x2,y € [0,c) with x1 + X < c, then there exists a symmetric and
biadditive function B : [0, c)?> — E such that

If(x.y) = B(x.y)| < 96
forall x,y €[0,c).

Proof. By hypothesis, for each fixed y € [0,c), the function f,(x) = f(x,y)
satisfies the inequality

Iy (1 +x2) = fy(x1) = fy(x2)| <8

for all xq1,x, € [0,c) with x; + x» < c. Following the proof of Lemma 2.28, we
define the function f}* : [0, 00) — E for fixed y by

Iy () = fy(w) +nfy(c/2)

forx =pu+ (¢/2)n,n €e Nand 0 < u < ¢/2. Thus, we have

Ify () = fy ol =8 (@)

for any x € [0, ¢). This function is extended to R by putting f}*(x) = —f;*(—x)
when x < 0. It follows that /' (0 <y < c) satisfies

/5 (x1 4 x2) = f57(x1) = fy7 (x2) || < 28

for all x1, x, € R (cf. (b) in the proof of Lemma 2.28), and hence, by Theorem 2.3,
there exists a unique additive function

Aj(x) = lim 27" f*(2"x),
n—o0
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forall x € R and y € [0, ¢), such that
£y (x) — AT ()] <28 (b)
forany x € R and y € [0, ¢).
Now, let us define A(x, y) = Aj(x) for x, y € [0,¢). A(x, y) is additive in the
first variable.

Fix x, y,z € [0,¢) with y +z < ¢. Put 2"x = u, 4+ (¢/2)kn, where k,, € N and
0 <y, <c/2,sothatk, = (2/c)(2"x — Wn). Then,

A,y +2) = Alx.y) = Ax.2)
= lim 277 (£ (2"x) = £1(2"x) = £ (2")

lim 27 (fyea(tn) = fy (1n) = fi(ttn))

+ lim 27"k (fya(c/2) = fy(c/2) = fle/2)

= 2(x/0)(fy+:(c/2) = fy(c/2) = filc/2)).

Hence,
[A(x,y +2) — A(x, y) — A(x,2)|| <26

forall x,y,z €[0,c) withy +z < c.
Next, we extend A to a function A" : [0,¢) xR — E. Withx € [0,¢) and y > 0,
lety =+ (¢/2)n, wheren € N and 0 < u < ¢/2, and define A’ by

A'(x,y) = A(x, u) + nA(x,c/2)

and put
A/()C, y) = —A/(X, _y)

for y < 0. In view of (b) and (@) in the proof of Lemma 2.28 and the first part of
the proof of Lemma 2.27, we obtain

[A" e,y +2) — A'(x.y) — A'(x,2)| < 46

forall y,z € R and
[AGx.y) = A'(x. y)|| <28 ()

forall x,y € [0, c). Also, for each y € R, A’ is additive in the first variable, i.e.,
A'(xy +x2,y) = A'(x1,9) + A (x2,9) (d)

for x1, x2 € [0, ¢) with x1 + x» < c, since A has this property.
For each fixed x € [0, ¢), it follows from Theorem 2.3 that the function

B(x,y) = lim 27" A'(x,2"y) (e)
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is additive in y and satisfies

IA"(x, y) = B(x, p)|| <48 (f)

forall x € [0,c¢) and y € R. By (d) and (e) we have
B(x1 + x2,y) = B(x1,y) + B(x2.y)

for x1, x2 € [0, ¢) with x; + x2 < ¢. By (a), (b), (¢), and (f'), we obtain

If(x.y) = B(x, y)| <96 (&)

forx,y € [0,c).
Since f is symmetric, it follows from (g) that

|B(x,y) — B(y,x)| <186

for any x,y € [0,c). If y = 0, we have B(x,0) = 0 = B(0, x) for x € [0, c). For
agiven y € (0, c), put

by(x) = B(y,x) — B(x.y)

for any x € [0, ¢). Now, b,,(x) is bounded and additive, more precisely,
by(x1 4 x2) = by(x1) + by (x2)

for x1,x2 € [0,c¢) with x; + x2 < ¢, so it is the restriction to [0, ¢) of a function
of x of the form b, (x) = a(y)x. Since by, (y) = 0 forall y € (0,¢), a(y) = 0.
Hence, B is symmetric on [0, ¢)2. O

Using the result of the last theorem, Skof and Terracini [336] have proved the
following theorem.

Theorem 8.9. Let E be a Banach space and let ¢, § > 0 be given. If a function
f 110,¢) = E satisfies the inequality

[f(x+y)+ fx=y)=2f(x) =2f(V)] =6 (8.9)

forallx >y > 0Owithx+Yy < c, then there exists a quadratic function Q : R — E
such that

I/ (x) = Q)| = (79/2)8 (8.10)
forany x € [0, ¢).

Proof. Putting x = y (= 0) in (8.9) yields

1/2x) + f(0) —4f(x)| =& and | f(O)] =5/2,
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and hence
[ /(2x) —4f ()] < (3/2)8 (a)
for x € [0, ¢/2). Define

f(x) (for x €[0,¢)),

8= 1(2x) (for x € (=, 0))

and put u(x,y) = |lg(x +y) + g(x —y) —2g(x) —2g(y)|. It follows from (8.9)
that

u(x,y) <48 for x >y >0 with x +y <ec. (b)
For y > x > O with y 4+ x < ¢ we have
plx.y) = pu(y.x) = f(x+y) + f(=x+y) = 2f(x) =2/
Hence, from (8.9) again, we get
u(x,y) <48 for y>x>0 with y +x <c. (c)
Ifx <0,y >0,and y — x <c, then u(x, y) = u(—x, y), since g is even. For this
case it holds true that either —x > y > Owith —x + y < cory > —x > 0 with
y — x < c. Hence, from (b) or (¢) we obtain
u(x,y) <48 for x <0, y>0,and y —x <c. (d)
Finally, assume that y < 0, |x + y| < ¢, and |[x — y| < c. It then holds true that
eitherx > —y > Owithx —y <cor—y >x >0withx —y <corx <0,
—y > 0,and —y — x < c. Therefore, it follows from (), (¢), or (d) that
w(x,y) <8 for y <0, |x +y|<c,and |x —y| <c (e)
since u(x, —y) = u(x,y). According to (b), (¢), (d), and (e), we conclude that
lg(x +y) + g(x —y) —2g(x) —2g(y)| =8 f)
for all (x, y) € D(c), where we set
D(c) ={(x,y) eR? | |x+ y| <c, |x—y| <c}.

Let us define the auxiliary function 2 : D(c¢) — E by

h(x,y) = (1/4)(g(x + y) — g(x — y)).
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Clearly, h(x, y) = h(y,x) forall (x, y) € D(c). When y € [0,c/2), h satisfies the
inequality
[ACx1 + x2,y) = h(x1,y) —h(x2, p)| <6

for any x1,x2 € [0,c/2) with x; 4+ x2 < ¢/2 (see below), and by the interchange
of x and y, we also have, when x € [0,¢/2),

[h(x,y +2) —h(x,y) —h(x,2)|| <
forall y,z € [0,¢/2) with y + z < ¢/2. From the definition of % it follows that
4(h(X1 +x2,y) — h(x1,y) — h(xz, y))
= (g(x1 4+ x2+y) + glx1 —x2 — y) —2g(x1) — 2g(x2 + »))
—(g(x1—y —x2) + glx1 — y + x2) —2g(x1 — y) — 2g(x2))

—(g(x1 +y) + glx1 — y) —2g(x1) —2g(»))
+ (g(x2 +y) + glx2 — y) —2g(x2) — 2g(»))

forany (x1,x2 +y), (x1 — ¥, x2), (x1,¥), (x2,y) € D(c). Hence, by (f),
2 (x1 + x2,y) —h(x1.y) = h(x2, y)|| < 6.

Thus, £ satisfies the hypothesis of Theorem 8.8 with ¢/2 in place of ¢. Hence, there
exists a symmetric and biadditive function B : [0, c/2)?> — E such that

I12(x, y) = B(x, y)|| = 98 (&)

for (x,y) € [0,¢/2)%. When x € [0, ¢/2), we have
£ () =h(x. x)|| = (1/H[4f(x) = f(2x) + fO)l
= (1/DN4f(x) = f2x) = FOI + A/DN SO

and it follows from (8.9) that

I/ (x) = h(x, )| < 8/2 (h)
for x € [0,¢/2).

The function B(x, x) is quadratic for x > y > 0 with x+y < ¢/2. According to

a theorem by F. Skof [331], it may be extended to a quadratic function Q : R — E
such that Q(x) = B(x, x) for all x € [0, c/2). Thus, from (g) and (%), we get

1/ (x) = Q) = [ f(x) = Blx,x)]
< /() = h(x, )| + [lA(x, x) = B(x, x)||
= (19/2)8
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for x € [0,¢/2).Now, let x € [c¢/2, ¢). Taking account of (a) and the last inequality
yields

1/ ) = QI = 1/ (x) =47 (x/2)]| + [[41(x/2) = 4Q(x/2)| = (79/2)8,

which ends the proof. O

With the help of Theorem 8.9, Skof and Terracini [336] proved the following
theorem.

Theorem 8.10 (Skof and Terracini). Let E be a Banach space and let ¢, § > 0 be
given. If a function f : (—c,c) — E satisfies the inequality (8.9) for all x,y € R
with |x +y| < ¢ and |x —y| < ¢, then there exists a quadratic function Q : R — E
such that

I/ (x) — Q)| = (81/2)8
forany x € (—c,c).
Proof. Obviously we have
21/ =S = 1fx+p) + flx =) =2/0) =2/l
=S =y) = fx+y)+2/(x) +2f(=y)l

and hence, it follows from the hypothesis that

If ) =f=nl <8 (@)

for any y € (—c, ¢) because for each y € (—c, ¢) there exists an x € (—c, ¢) such
that |[x + y| < ¢ and |x — y| < c. Let us denote by fy the restriction of f to [0, ¢).
According to Theorem 8.9, there exists a quadratic function Q : R — E such that

[ fo(x) = Q)| = (79/2)8 (b)
for x € [0, ¢). For x € (—c,0), the inequalities (a) and (b) imply
/() =) = L/ (x) = f(=) + [ f(=x) = Q(=x)l
=8+ [l fo(=x) — Q(=x)||
= (81/2)4,
which ends the proof. O

The last theorem was generalized by extending the domains of the relevant func-
tions f to bounded subsets of R”. Indeed, S.-M. Jung and B. Kim proved the
following result in the paper [187]:
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Let E be a Banach space and let ¢, § > 0 be given constants. If a function
f i [=c.c]” — E satisfies the inequality (8.9) for all x,y € [—c,c]" with x +
Y, X —y € [—c,c]", then there exists a quadratic function Q : R" — E such that

| £(x) — Q)| < (2912n% + 1872n + 334)§

forany x € [—c,c]".
In 1998, Jung investigated the Hyers—Ulam stability of the quadratic functional
equation (8.1) on the unbounded restricted domains (see [167, Theorem 2]).

Theorem 8.11 (Jung). Let Eq and E, be a real normed space and a real Banach
space, respectively, and let d > 0 and § > 0 be given. Assume that a function
f 1 E1 — E; satisfies the inequality (8.9) for all x,y € E1 with | x| + ||y|| > d.
Then there exists a unique quadratic function Q : E1 — E; such that

I/ (x) = QW) = (7/2)8 (8.11)
forallx € Ej.
Proof. Assume ||x|| + ||y] < d.If x = y = 0, then we choose a z € E; with
|zl = d. Otherwise, let z = (1 + d/||x||)x for ||x|| > ||y|| orz = (1 + d/||y||)y

for ||x|| < ||¥]. Clearly, we see

lx =zl +lly+zll =d. llx+zll+ly+zl =d,

(@)
Iy +zll+ Mzl =d, lxl +1lly +2z =d, x|+ |zl = 4d.
From (8.9), (a), and the relation
Sx+y)+ f(x—y)=2f(x)—2f(y)
=fx+»+fx—y—29-2f(x—2)=2f(y +2)
+fx+y+20)+ fx—y)=2f(x+2—2f(y +2)
=2f(y+20)=2f(y) +4f(y + 2 +4f(2)
—fx+y+20)— fx—y =220 +2f(x)+2f(y +22)
+2f(x+20+2f(x—2)—4f(x) —4f(2),
we get
[f(x+y)+ flx—y)=2f(x) =2/ < 73. (b)

Obviously, the inequality (b) holds true for all x,y € E;. According to (b) and
Theorem 8.1, there exists a unique quadratic function Q : E; — E; which satisfies
the inequality (8.11) for all x € Ej. O

For more detailed information on the stability of the quadratic equation (8.1), we
can refer to a paper [298] of Th. M. Rassias.
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8.3 Fixed Point Method

In this section, we fix a real number 8 with 0 < 8 < 1. Suppose E is a vector space
over K. A function || - ||g : £ — [0, 00) is called a B-norm if and only if it satisfies

(N1) ||x|lg = 0 ifand only if x = 0;
(N2) ||Ax|lg = |)L|ﬂ||x||,3 forall A e K andall x € E;
(N3) Ix +ylg < lixllg + llylig forallx,y € E.

By using the idea of L. Cadariu and V. Radu [55, 57], S.-M. Jung, T.-S. Kim,
and K.-S. Lee [190] proved the Hyers—Ulam—Rassias stability of the quadratic func-
tional equation in a more general setting. (Before the paper [190], Cddariu and Radu
[56] applied the fixed point method to the proof of the stability of quadratic func-
tional equations.) In the following theorem, we will introduce some results obtained
by Jung, Kim, and Lee.

Theorem 8.12. Let E1 and E;, be vector spaces over K. In particular, let E; be a
complete B-normed space, where 0 < 8 < 1. Suppose ¢ : E12 — [0, 00) is a given
function and there exists a constant L, 0 < L < 1, such that

@(2x,2x) < 48 Lo(x, x) (8.12)

for all x € Ey. Furthermore, let f : E1 — E5 be a function with f(0) = 0 which
satisfies

If e+ )+ f(x—p)=2f(x) =2/ (Mg = ¢(x.y) (8.13)

forall x,y € Ey. If ¢ satisfies
lim 472" x,2"y) =0 (8.14)
n—>0o0

forany x,y € E\, then there exists a unique quadratic function Q : Ey — Ep such
that

I 1
1FG) = QMg = gy 9. %) (8.15)
forall x € E;.

Proof. 1f we define
X ={g:E; — E>|g(0) =0}

and introduce a generalized metric on X as follows:
d(g,h) =inf{C € [0,00] | [[g(x) — h(x)|lg < Co(x,x) forall x € E},

then (X, d) is complete (ref. [181, Theorem 2.1]).
We define an operator A : X — X by

(Ag)(x) = (1/4)g(2x)
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for all x € Ej. First, we assert that A is strictly contractive on X. Given g, h € X,
let C € [0, 0o] be an arbitrary constant with d(g, h) < C, i.e.,

lg(x) =h(x)lp = Colx,x)

for all x € E;. If we replace x in the last inequality with 2x and make use of (8.12),
then we have

[(Ag)(x) = (AR)(x)lg = LCp(x, x)

for every x € Eq,i.e., d(Ag, Ah) < LC. Hence, we conclude that d(Ag, Ah) <
Ld(g,h) forany g,h € X.

Next, we assert that d(Af, f) < oo. If we substitute x for y in (8.13) and we
divide both sides by 48 , then (8.12) establishes

IAf)x) = f)llg <47 Po(x.x)
forany x € Ey,i.e.,
d(Af f) <47F < . (a)

Now, it follows from Theorem 2.43 (i) that there exists a function Q : E; — E;
with Q(0) = 0, which is a fixed point of A, such that A" f — Q,i.e.,

Q(x) = lim 47" f(2"x) (b)

forall x € E;.
Since the integer ng of Theorem 2.43is 0 and f € X* (see Theorem 2.43 for the
definition of X*), by Theorem 2.43 (iii) and (a), we obtain

1
1-L

1

dmfftsﬁT;Z, ©)

d(f.0) =

i.e., the inequality (8.15) is true for all x € E;.

Now, substitute 2" x and 2"y for x and y in (8.13), respectively. If we divide both
sides of the resulting inequality by 4”8 and let  go to infinity, it follows from (8.14)
and (b) that Q is a quadratic function.

Assume that the inequality (8.15) is also satisfied with another quadratic function
Q' : E1 — E, besides Q. (As Q' is a quadratic function, Q” satisfies that Q'(x) =
(1/4)Q’(2x) = (AQ')(x) forall x € E;. Thatis, Q' is a fixed point of A.) In view
of (8.15) and the definition of d, we know that

1 1
d(f,0) < ——— < o0,
(FQ) = grop <o
ie, Q' € X* = {y e X |dAfiy) < oo} (In view of (a), the integer ng of
Theorem 2.43 is 0.) Thus, Theorem 2.43 (i) implies that Q = Q’. This proves the
uniqueness of Q. O
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We will now generalize the above theorem by removing the hypothesis f(0) = 0
and get the following theorem.

Theorem 8.13. Let E1 and E, be a vector space over K and a complete B-normed
space over K, respectively, where 0 < B < 1. Suppose a function ¢ : E% — [0, 00)
satisfies the condition (8.14) for all x,y € E; and there exists a constant L, 4™ <
L < 1, for which the inequality (8.12) holds true for any x € E;. If a function
f : E1 — E; satisfies the inequality (8.13) for all x,y € E1, then there exists a
unique quadratic function Q : Ey — E; such that

1
1F () = f0) = 0M)llp = 75 (inf {@(z,0) | z € Ex} + ¢(x,x))

1-L
forall x € E;.
Proof. Putting y = 01in (8.13) yields

127 (Ol =< ¢(x,0)

for any x € E;. We define a function g : E1 — E; by g(x) = f(x) — f(0). If we
set

Y(x,y) = @o + @(x,y)

for each x, y € Ey, where o = inf {¢(x,0) | x € E1}, it then follows from (8.13)
that

lg(x +y) +gx —y) —2g(x) —=2g(V)llg < ¥(x.y)

forall x,y € E;.
Considering (8.12) and L > 4=k , we see that

W(2x,2x) = o + @(2x,2x) < @o + 4P Lo(x,x) <48 Ly (x,x)
for any x € E;. Moreover, we make use of (8.14) to verify that

lim 47"y (2"x,2"y) = lim 47 (go + 9(2"x,2"y)) = 0
n—>0o0 n—o0
forevery x,y € Ej.
According to Theorem 8.12, there exists a unique quadratic function Q : E; —
E, satisfying the inequality (8.15) with g instead of f. O

By a similar way as in the proof of Theorem 8.12, we also apply Theorem 2.43
and prove the following theorem.

Theorem 8.14. Let E1 and E, be a vector space over K and a complete B-normed
space over K, respectively. Assume that ¢ : E 12 — [0, 00) is a given function and
there exists a constant L, 0 < L < 1, such that

@(x,x) <47 Lp(2x,2x) (8.16)
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for all x € Ei. Furthermore, assume that [ : E1 — E; is a given function with
f(0) = 0 and satisfies the inequality (8.13) for all x, y € E. If ¢ satisfies

Tim 4"p(27"x,27"y) = 0

for every x,y € E1, then there exists a unique quadratic function Q : E1 — E»
such that

If(x) = Q)lig = p(x,x) (8.17)

1 L
481 - L
forany x € E;.

Proof. We use the definitions for X and d, the generalized metric on X, as in the
proof of Theorem 8.12. Then, (X, d) is complete. We define an operator A : X —

X by

(Ag)(x) = 4g(x/2)

for all x € E;. We apply the same argument as in the proof of Theorem 8.12 and
prove that A is a strictly contractive operator. Moreover, we prove that

d(Af f)<47PL (@)

instead of (a) in the proof of Theorem 8.12.
According to Theorem 2.43 (i), there exists a function Q : E; — E, with
0 (0) = 0, which is a fixed point of A, such that

0(x) = lim 4" f(27"x)

foreach x € Ey.
Since the integer n¢g of Theorem 2.43is 0 and f € X* (see Theorem 2.43 for the
definition of X*), using Theorem 2.43 (iii) and (a) yields

1 1 L

d(f. Q=7 dAM D= g1

which implies the validity of the inequality (8.17).

In the last part of the proof of Theorem 8.12, if we replace 2" x, 2"y, and 4np
with 27" x, 27"y, and 4=nB respectively, then we can prove that Q is a unique
quadratic function satisfying inequality (8.17) for all x € E;. O

Theorem 8.14 cannot be generalized to the case without the condition f(0) = 0.
For example, if ¢ is continuous at (0, 0), then the condition (8.16) implies that

o(x,x) > (4B/L)n(p(2_"x,2_"x)

for any n € N. By letting n — oo, we conclude that ¢(0,0) = 0. If we put
x =y = 0in (8.13), then we get f(0) = 0.
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Let E; and E, be real vector spaces. If an additive function o : E; — E;
satisfies o(cr(x)) = x for all x € Eq, then o is called an involution of E;. For a
given involution o : E1 — E1, the functional equation

fx+n+ fx+0(y) =21(x)+2f()

is called the quadratic functional equation with involution.

In 2008, S.-M. Jung and Z.-H. Lee proved the Hyers—Ulam—Rassias stability of
the quadratic functional equation with involution by applying the fixed point method
while B. Belaid, E. Elhoucien, and Th. M. Rassias proved it by using the direct
method (see [18, 192]).

8.4 Quadratic Functional Equation of Other Type

A quadratic functional equation different from the “original” quadratic functional
equation (8.1) is introduced:

Ja+y+)+ O+ /M + @) =Fx+y+fr+2+ flz+x) (8.18)

This equation is sometimes called the functional equation of Deeba. In 1995, Pl
Kannappan [211] investigated the general solution of the functional equation of
Deeba:

The general solution f : R — R of the functional equation (8.18) is given by
f(x) = B(x,x) + A(x), where B : R? — R is a symmetric biadditive function
and A : R — R is an additive function.

Throughout this section, assume that £; and E, are a real normed space and a
real Banach space, respectively.

We now prove the Hyers—Ulam stability of the functional equation (8.18) under
suitable condition by using a direct method. We first introduce a lemma presented
in [167]:

Lemma 8.15. If a function [ : E1 — E; satisfies the inequality
[f(x+y+2+ )+ D)+ fR)—fx+y)—f(r+2)—fz+x)|| =5 (8.19)

for some § > 0 and forall x,y,z € Ey, then

2" +1 2

"—1
H JO) = g J@'0) + Sy /(227%)

n
<38 Z 2k (8.20)
k=1

forall x € E1 andn € N.
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Proof. If we replace x, y, and z in (8.19) with 0, we get || f(0)]| < §. Putting
x =y = —zin (8.19) yields

13/ (x) + f(=x) = fQRx)| = 38. (@)
By substituting —x for x in (a), we obtain
13 (=x) + f(x) = f(=2x)] = 38. ()

We use induction on n to prove our lemma. By (a) and (b), we have

£ (x) — (3/8) f(2x) + (1/8) f(—2x)|
= @B/3Bf(x) + f(=x) = f2x)||
+ (1/8)[| = 3f(=x) = f(x) + f(=2x)|
= (3/2)é,

which proves the validity of the inequality (8.20) for n = 1. Assume now that the
inequality (8.20) holds true for some n € N. By using (@), (b), and the relation

yHy S P
J@) = g S (@) + Wf(—2 )
n 2"
= 100 = S SO + T f(-2)
2n ! +1 n n n+1
+ (3f(2"x) + f(=2"x) — f(2""'x))
on+l

Y (B2 + @)~ f(~21).

we can easily verify the inequality (8.20) for n + 1 which ends the proof. O

In the following theorem, S.-M. Jung [167] proved the Hyers—Ulam stability of
the functional equation of Deeba under the approximately even condition.

Theorem 8.16 (Jung). Assume that a function f : E1 — E, satisfies the system
of inequalities

If(x+y+2+ )+ )+ f2)
S+ -+ - flz+ )l =8, (8.21)
1/ ) = f(=0)ll <6

for some §, 0 > 0 and for all x,y,z € E\. Then there exists a unique quadratic
function Q : E1 — E, which satisfies (8.18) and the inequality

1/ (x) — Q@) = 38 (8.22)

forall x € E;.
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Proof. Tt follows from (8.20) and the second condition in (8.21) that

£ — 272 )| < 38 22‘ + 2 (@

By (a) we have
1272 f(2"x) = 272" f 2" %)
— 2—2m ||2—2(n—m) f(zn—m . zmx) _ f(2mx) ”

1
—2m —
<2 (35 Sok g 22(n m>+19) (b)

for n > m. Since the right-hand side of the inequality (b) tends to 0 as m tends to
oo, the sequence {272" f(2"x)} is a Cauchy sequence.
Therefore, we may apply a direct method to the definition of Q. Define

Q(x) = lim 272" f(2"x)
n—>0o0
for all x € E. From the first condition in (8.21), it follows that

Ox+y+2)+ O0Kx)+ Q)+ 0@)
—0x+y)—-0(y+2—-0@E+x)| <272

for all x,y,z € E; and for all n € N. Therefore, by letting n — oo in the last
inequality, it is clear that Q is a solution of (8.18). Analogously, by the second
condition in (8.21), we can show that Q is even. By putting z = —y in (8.18) and
by taking account of Q(0) = 0, we see that Q is quadratic as an even solution of
(8.18). According to (a), the inequality (8.22) holds true.

Now, let Q’ : E1 — E5 be another quadratic function which satisfies (8.18) and
(8.22). Obviously, we have

0(2"x) =4"Q(x) and Q'(2"x) = 4"Q'(x)
forall x € E£1 and n € N. Hence, it follows from (8.22) that

[0(x) = Q') = 47"]0(2"x) — Q" (2"x)|l
=47(10@2"x) — f2" )| + 1 £(2"x) — Q' (2" 0)]I)
< 65/4"

forall x € E; and n € N. By letting n — o0 in the preceding inequality, we
immediately see the uniqueness of Q. O
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From the direct combination of the inequalities in (8.21), it follows that the
function f : £y — E; in Theorem 8.16 satisfies the inequality

If e+ y)+ fx=p) =2f(x) =2f (W =8+ 0 + [ f(O)]| =25 +6.

According to Theorem 8.1, there is a unique quadratic function Q : E; — E; such
that

I/ (x) = Q)| =8+ (1/2)6.

We see that the last inequality contains a 6 term which appeared as the upper bound
for the second inequality in (8.21). The advantage of the inequality (8.22) compared
to the last inequality is that the right-hand side of (8.22) contains no 6 term.
Similarly as in the proof of Theorem 8.16, the Hyers—Ulam stability for equation
(8.18) under the approximately odd condition is proved (see [167, Theorem 7]).

Theorem 8.17 (Jung). Assume that a function f : E1 — E; satisfies the system of
inequalities

If(x+y+2+ f)+ f0)+ f2)
—fx+y)—fO+2) - flz+ )] =4, (8.23)
1/ ) + f(=0)ll <6

for some §, 0 > 0 and for all x,y,z € Ei. Then there exists a unique additive
function A . E1 — E» satisfying the inequality

/() — AQ)|| < 38 (8.24)

forall x € E;.

Proof. From (8.20) and the second condition in (8.23), we get

~ 2" —1
/G =27 f @) <38 3 27 + S5 6. (a)
k=1

The sequence {27" f(2"x)} is a Cauchy sequence because, for n > m,

127" F@"0) =277 F 27|
=27 ||2‘(”"")f(2”"" 12"x) = (")

2 -m_1
“m _
=2 (38 Z 2 22(n m)+1 0)
— 0 as m — o0.

Now, define
A(x) = lim 27" f(2"x)
n—>o0



198 8 Quadratic Functional Equations

for all x € E. Similarly as in the proof of Theorem 8.16, due to (8.23), we see that
the function A satisfies (8.18) and is odd. Putting z = —y in (8.18), considering the
oddness of A and lettingu = x + y, v = x — y yield

2A4((u +v)/2) = A(u) + A(v).

According to [278], since A(0) = 0, the function A is additive. The validity of the
inequality (8.24) follows directly from («) and the definition of A.

Now, let A’ : E; — E, be another additive function which satisfies (8.24). It
then follows from (8.24) that

[A(x) = A'(x)]| = 27| A(2"x) — A'2"x) ||
<27l AQ"x) — £ X)) + || £(2"x) — A'(2"x)]))
< 65/2"

forall x € E| and n € N. This implies the uniqueness of A. O

The approximately even condition in (8.21) guarantees the “quadratic” property
of O, whereas the approximately odd condition in (8.23) guarantees the “additive”
behavior of A.

G.-H. Kim [215] proved the Hyers—Ulam—Rassias stability of the quadratic
functional equation (8.18), and I1.-S. Chang and H.-M. Kim [61] generalized the
preceding theorems of Jung.

8.5 Quadratic Functional Equation of Pexider Type

In this section, we will prove the Hyers—Ulam—Rassias stability of the quadratic
functional equation of Pexider type:

A+ y)+ f2x —y) = f3(x) + fa(y) (8.25)

This equation of Pexider type is useful to characterize the quasi-inner product
spaces. B. R. Ebanks, Pl. Kannappan, and P. K. Sahoo [96] proved the following
theorem concerning the general solution of equation (8.25) (see also [172]).

The general solution f1, f», f3, fa : R — R of the functional equation (8.25) is

given by

J1(x) = B(x,x) + A1(x) + A2(x) + (a = D),

S2(x) = B(x,x) + A1(x) — A2(x) — (a + D),

f3(x) =2B(x,x) +241(x) — (2b + ¢),

Ja(x) = 2B(x,x) + 242(x) + ¢,
where B : R? —> Risa symmetric biadditive function, Ay, Az : R — R are
additive functions, and a, b, ¢ are real constants.
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Throughout this section, assume that £; and E; are a real normed space and a
real Banach space, respectively. Let ¢ : E 12 — [0, o0) be a given function with the
properties:

(i) ¢y, x) = ¢(x,¥);

(i) ¢(x.—y) = o(x.y);
(iii) it holds true that

o0
ZZZif/’(z_ix,Z_iy) < oo forallx,y € Ej.
i=0

We now define

@e(x,y) = 2¢(x,y) + 49(x,0) + 3p(x + y,0) + 3p(x — y,0)
+60((x + ¥)/2,(x + ¥)/2) + 2¢0((x — y) /2, (x — ¥)/2)
+20¢(0, 0),

®o(x,y) = 2¢(x,y) + 2¢(x, x) + 2¢(y, y) + 2¢(2x,0) + 2¢(2y,0)
+2¢(x + ,0) + 2¢(x — y,0) + 14¢(0,0),

00
@(x, y) — 222(i+1)(ﬂe (2—i—1x’ 2—i—1y)’
i=0
e . . .
(x.y) =Y 2,27 P (x + y).27 2 (x — y)).
i=0
and
e . . .
CD//(X,y) — Zzl+l(po(2—l—2(2x + y),z—l—Zy)
i=0

for all x, y € E;. These definitions will be used in the following theorem. We see
that ¢, satisfies the conditions (i), (ii), and (iii) instead of ¢.

S.-M. Jung proved the Hyers—Ulam—Rassias stability of the quadratic functional
equation of Pexider type which includes the following theorem as a special case (see
[173, Theorem 5]).

Theorem 8.18 (Jung). If given functions fi, f2, f3, fa : E1 — E» satisfy the
inequality

[fi(x + )+ falx —y) — f3(x) = fa(W)|| < @(x,y) (8.26)

forall x,y € Ei, then there exist a quadratic function Q : E1 — E, and additive
Sfunctions Ay, Ay 1 E1 — E; such that

[ f1(x) — Q(x) — A1(x) — A2(x) — f1(0)]]
< (1/8)®(x,x) + (1/4) P (x,x) + (1/4)D"(x, x)
+3¢(x/2,x/2) + (5/2)¢(x,0) + (11/2)¢(0, 0),
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[ f2(x) = Q(x) — A1(x) + A2(x) — f2(0)]
< (1/8)®(x,x) + (1/4)P'(x,x) + (1/4)®"(x, x)
+9(x/2,x/2) + (5/2)¢(x.0) + (7/2)¢(0,0),
I f3(x) —=20(x) —241(x) — f3(0)]|
< (1/4)®(x,x) + (1/2)@ (x, x) + 2¢(x,0) + 2¢(0,0),
[ fa(x) =20 (x) = 242(x) = fa(O) = (1/H)P(x.x) + (1/2)®"(x,x)
forall x € E;.
Proof. Letus define F;(x) = f;i(x)— f;(0),and by F¢ and F denote the even part
and the odd partof F; fori € {1,2,3,4}.Then, we get F;(0) = Ff(0) = F?(0)=0

fori € {1,2,3,4}. Putting x = y = 0 in (8.26) and subtracting the resulting
inequality from the original one yield

[Fi(x +y) + F2(x —y) — F3(x) — Fa(y)|| < o(x,y) + ¢(0,0) (a)

for all x,y € E;.If we replace x and y in (a) with —x and —y, respectively, and
we add (subtract) the resulting inequality to (from) the original one, then we obtain

[F{(x +y)+ Fy(x —y)— F5(x) = F;() < o(x,y) +¢(0,0)  (b)

and

IFY(x +y) + F (x —y) = FS(x) = F{ ()l = o(x.y) +9(0.0) ()

forall x,y € E;.
If we put y = 0, x = 0 (and replace y with x), y = x, orif we put y = —x in
(b), then we get

IFY (x) 4+ F5 (x) = F5 ()] = ¢(x.0) + ¢(0.0), (d)

I1FY (x) + F3 (x) = Ff () < ¢(x.0) + ¢(0.0). (e)

I1FY (2x) = F5(x) = F(x)]| < ¢(x.x) + ¢(0,0), (f)
or

1F5 (2x) = F5 (x) = Ff (x)]| < ¢(x, x) + ¢(0.0) (&)

forall x € E;.
In view of (d) and (e), we see that

[ F5(x) = Ff ()
< FP(x) + Fy (x) = F{ (o)l + | F5 (x) = FY (x) — F; ()|
< 2¢(x,0) +2¢(0,0), (h)
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and it follows from ( /') and (g) that
[F{ (x) = F3 ()l < 29(x/2,x/2) 4 2¢(0,0)
for any x € E;. By using (b), (h), and (i), we have
I1F3 (x + y) + F5 (x = y) = Ff (x) = F; (W)l
SNFY (x4 ) + F5 (x —y) = F5(x) = F{ ()l
+IF(x +y) = F{ (x + »)| + | F5(x) = F{ ()|
< @(x, y) +2¢(x,0) + 2¢((x + ¥)/2, (x + ¥)/2) + 5¢(0,0).
Putting y = 0 in () yields
12F5 (x) = Ff ()l = 39(x.0) + 20(x/2.x/2) + 5¢(0,0).
Hence, (j) and (k) imply
[Ff (e + )+ Fi(x —y) = 2F; (x) =2F; (y) ||
25+ y) + FE(x —y) = F{(x) = F{)l
+ I1Ff(x +y) =2F (x + ) + 1 Ff(x — y) = 2F; (x = y)l
= ¢e(x.y)

forall x,y € E;.

201

(i)

()

(k)

In view of (iii), we can apply [173, Theorem 3] to this case. Hence, there exists

a unique quadratic function Q : E1 — E; such that

I1F7(x) =20()| = (1/4)D(x, x)

0

for all x € E;. (In order to obtain the last inequality, we need to make a routine

computation.)
On account of (h), (i), (k), and (), we get

I1FY (x) = Q)
S IFY () = FE 0l + [1F5 (x) = (1/2) F{ ()]
+ 1(1/2) Fg(x) = Q)|

= (1/8)®(x, x) + 3¢(x/2,x/2) + (3/2)¢(x.0) + (9/2)9(0,0),

I1F5 (x) = Q)
< 1F5 () = /D FL 0N + 1(1/2) Fi (x) = Q(x) |
= (1/8)®(x, x) + ¢(x/2,x/2) + (3/2)¢(x.0) + (5/2)9(0.0),

(m)

(n)
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and
[1F5(x) =20 ()|l
< FS () = F{ )| + 1 Ff (x) =20 ()|l
< (1/4)®(x, x) + 2¢(x,0) + 2¢(0,0)

forany x € Ej.

(0)

If we put y = 0, x = 0 (and replace y with x), y = x, orif we put y = —x in

(c) separately, then we obtain
I1FY (x) + F3 (x) = FF ()] = ¢(x.0) + ¢(0.,0),
IFY (x) = F3 (x) = F{ ()]l = ¢(x,0) + ¢(0,0),

I FY (2x) — F3(x) = F{ ()] = ¢(x.x) + ¢(0,0),

or
I1F7 (2x) — F3(x) + F{ ()] = ¢(x. x) + ¢(0.0)

forall x € E;.
Due to (p) and (g), we have

2FY (x) — F5 (x) — F{ ()]
S IFP () + FF(x) = FZ )l + [1FY (x) = F3 (x) = F{ ()|
<2¢(x,0) + 2¢(0,0)
and
12F3 (x) — F3 (x) + F{ ()
SNFP(x) + F(x) = FF )l 4+ 1F5 (x) + FJ (x) = FY ()|
<2¢(x,0) + 2¢(0,0)

foreach x € E;.
Combining (r) with (¢) yields

[ F5(2x) + F; (2x) = 2F3 (x) = 2F) ()|
= 1F5(2x) + F{(2x) = 2F7 (2x) ||
+ 12F7 (2x) = 2F3 (x) = 2F7 (x) |
<2¢(x,x) + 2¢(2x,0) + 4¢(0,0).

Analogously, by (s) and (u), we get
I1F3 (2x) = F7(2x) = 2F5 (x) + 2F (x) |
< 1F52x) — F7(2x) = 2F7 2x)||
+12F (2x) = 2F§ (x) + 2F{ ()]
<2¢(x,x) +2¢(2x,0) 4+ 4¢(0,0)

(p)
(@)
(r)

(5)

®

)

)

(w)
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for any x € Ej. It now follows from (v) and (w) that
I1F3 (2x) = 2F5 (x) ||
< I(1/2)F3 2x) + (1/2) F (2x) — F3 (x) = F7 ()
+ 11(1/2)F5 (2x) = (1/2) F§ (2x) — F3(x) + F2 (x|
<2¢(x,x) + 2¢0(2x,0) + 4¢(0,0) (%)
and
I1F2(2x) = 2F7 (X)|| = 2¢(x, x) 4+ 2¢(2x,0) + 4¢(0,0) ()

forall x € E;.
In view of (¢), (¢), (1), (x), and (y), we have

[F5(x + )+ F(x +y) + FS(x = y)
= F(x—y) = F§(2x) = F2y)|
SN2F7(x +p) +2F) (x —y) = 2F5(x) = 2F7 ()l
+ I F(x 4+ y) + F{(x +y) = 2F(x + y)|
+IFY(x —y) = F{(x —y) = 2F; (x = y)|
+12F9(x) = FS2x) || + [12F7 (y) — F§(2y)]
= @o(x,y) €9)

forall x,y € E;.If wereplace y in (z) with —y and then add (subtract) the resulting
inequality to (from) (z), then we get

1F3 (x + ) + F5(x — y) = F§2x0)|| < ¢o(x.y) ()

and
[FY(x +y) = FJ(x —y) = F{2y)|l < @o(x, y) B)

forany x,y € E;.
Lettingu = x + y and v = x — y in () yields

175 () + F5(v) = F{ (u+ )| < @o((u+v)/2, (u—v)/2)

forallu,v € E;. According to Corollary 2.19, there exists a unique additive function
A1 1 E1 — E, such that

175 (x) =241 (0 = (1/2)@'(x. x) )

forall x € E;.
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Puttingu = x — y and v = 2y in (f) yields
IFY @+ v) = F(u) = F; W)l < @o(u+v/2,v/2)

for all u,v € E;. According to Corollary 2.19 again, there exists a unique additive
function A, : E1 — E» such that

I1F (x) = 242(0)[| = (1/2)@"(x. x) (©)
forany x € Ej.
From (¢), (1), (y), and (8), it follows that
IFY (x) = A1 (x) = A2(x)|
< 1FP () = (/2 F3(x) = (1/2) F{ ()
+ [(1/2)F3 (x) = Av(x) | + 1(1/2) F{ (x) — A2(x) |
= (1/49 @ (x. x) + (1/4)@"(x,x) + ¢(x.0) + ¢(0,0) (€)

and
I1F5 (x) — A1(x) + A2(x) |
< | F(x0) = (/2D F5(x) + (1/2) F{ (x) |
+ (/2 F3(x) = Av() || + [|A2(x) — (1/2) F{ (0) |
= (1/4)P'(x.x) + (1/4)P"(x, x) + ¢(x,0) + ¢(0.0) t9)

foreach x € Ey.
Finally, the assertion of this theorem is true in view of the inequalities (1), (m),

(1), (0), (¥). (8), (¢), and (£). o
Later, K.-W. Jun and Y.-H. Lee [153] proved Theorem 8.18 again in a setting

[/1(x 4+ y) + falx = y) = 2/3(x) = 2fa(M)]| = ¢(x,y)

instead of the inequality (8.26).

In the next corollary, we introduce the Hyers—Ulam stability of the quadratic
functional equation of Pexider type. We refer the reader to [173, Corollary 6] or
[200, Theorem 3] for the proof.

Corollary 8.19. If functions f1, f2, f3, fa 1 E1 — Ej satisfy the inequality
[/1(x+y) + falx =) = f3(x) = faW)] = 6

for some § > 0 and for all x,y € E1, then there exist a unique quadratic function
Q : E1 — E» and exactly two additive functions Ay, A : E1 — E» such that
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I/1(x) = Q(x) — A1(x) — A2(x) — f1(0)]| = (137/3)8.
I f2(x) = Q(x) — A1(x) + A2(x) — f2(0)]| = (125/3)8,
If3(x) =20(x) = 241(x) — f3(0)]| = (136/3)8,
[ fa(x) =20(x) = 242(x) — fa(0)|| = (124/3)8

forall x € E;.

D. Yang [359] improved Corollary 8.19 by replacing the domain of the functions
fi with a 2-divisible abelian group and by obtaining sharper estimates.



Chapter 9
Exponential Functional Equations

The exponential function f(x) = e* is a powerful tool in each field of natural
sciences and engineering since many natural phenomena well-known to us can be
described best of all by means of it. The famous exponential functional equation
f(x +y) = f(x)f(y) simplifies the elegant property of the exponential function,
for example, e* ™Y = e*e”. In Section 9.1, the superstability of the exponential
functional equation will be proved. Section 9.2 deals with the stability of the ex-
ponential equation in the sense of R. Ger. Stability problems of the exponential
functional equation on a restricted domain and asymptotic behaviors of exponen-
tial functions are discussed in Section 9.3. Another exponential functional equation
f(xy) = f(x)? will be introduced in Section 9.4.

9.1 Superstability

The function f(x) = a” is said to be an exponential function, where ¢ > 0 is a
fixed real number. The exponent law of exponential functions is well represented by
the exponential functional equation

Jx+y) = fx) ).

Hence, we call every solution function of the exponential functional equation an
exponential function. We now introduce the general solution of the exponential func-
tional equation (see [90, Theorem 6.4]).

A function f : R — C is an exponential function if and only if either
F(x) = eADHa®) frgilx e R or f(x) =0 forallx €R,
where A : R — R is an additive function and a : R — R satisfies
a(x +y)=a(x)+a(y) mod2mw
forallx,y € R.

S.-M. Jung, Hyers—Ulam—Rassias Stability of Functional Equations in Nonlinear 207
Analysis, Springer Optimization and Its Applications 48,
DOI 10.1007/978-1-4419-9637-4_9, (© Springer Science+Business Media, LLC 2011
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Indeed, a function f : R — R continuous at a point is an exponential function
if and only if f(x) = a* forall x € Ror f(x) = 0forall x € R, wherea > 0Oisa
constant.

J. Baker, J. Lawrence, and F. Zorzitto [17] have proved the superstability of the
exponential functional equation:

If a real-valued function f defined on a real vector space satisfies the functional
inequality

|[fx+y) =) =8
for some § > 0 and for all x and y, then f is either bounded or exponential.

This theorem was the first result concerning the superstability phenomenon of
functional equations.
J. Baker [16] generalized this famous result as follows:

Theorem 9.1 (Baker). Let (G, -) be a semigroup and let § > 0 be given. If a func-
tion f : G — C satisfies the inequality

lfx-y) = f) SO =8 9.1

forallx,y € G, then either | f(x)| < (1++/1+48)/2forallx € G or f(x-y) =
f(x)f(y) forallx,y € G.

Proof. If we pute = (1 + V14 48)/2, then &2 — & = § and & > 1. Suppose there
exists an @ € G such that | f(a)| > ¢, say | f(a)| = ¢ + p for some p > 0. It then
follows from (9.1) that

£ (@)] = [/@* = (f@® = f(a*)]
> |f(@?] = |f@)? = f(a?)]

> | f@)* =8
=e+p+Qe—1)p+ p?
>¢e+2p,
where we use the notations a2 = a - a, a® = a - a2, etc. Now, make the induction
hypothesis
|f (@) >e+n+1)p. (a)

Then, by (9.1) and (a), we get

£@ )] =] (@)f @)= (f @) f (@)= f (@ -a®"))]
> [ f(a®)] =5
> (e+(n+ 1)p)2 —(e* —¢)
> e+ (n+2)p,

and (a) is established for all n € N.
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For every x, y,z € G we have

|f(x-y-2)— fx-y)f@ <3

and
[f(x-y-2) = f(x)f(y-2)| =6
Thus,
[ f(x-y) f@) = f(x)f(y-2)] <26.
Hence,
[f(x -0 f@) =SS < [f(x-3)f@)— f(x)f(y-2)]
+ [ () f(y-2)—= fx)fD) f@)]
<28+ |f(x)[8
or

|G- y) = FE SIS @] = 26 4+ | f(x0)[8.

In particular,

1f(x-9) = FQ SO < (28 + £ 0I8) /| f (@)

forall x,y € G and any n € N. Letting n — oo and considering (a), we conclude
that f(x-y) = f(x)f(y) forallx,y € G. O

In the proof of the preceding theorem, the multiplicative property of the norm
was crucial. Indeed, the proof above works also for functions f : G — E, where
E is anormed algebra in which the norm is multiplicative, i.e., ||[xy| = ||x]||||y || for
any x,y € E.Examples of such real normed algebras are the quaternions and the
Cayley numbers.

J. Baker [16] gave the following example to present that the theorem is false if
the algebra does not have the multiplicative norm.

Example. Given § > 0, choose an ¢ with |e — &?| = §. Let M,(C) denote the space
of 2 x 2 complex matrices with the usual norm. Let us define f : R — M,(C) by

e* 0
ro=(5Y)
for all x € R. Then f is unbounded and it satisfies || f(x + y) — f(x) f(y)|| = &
for all x, y € R. However, f is not exponential.
L. Székelyhidi [341] has generalized the result of Baker, Lawrence, and Zorzitto
[17] in another way. Let (G,-) be a semigroup and let V' be a vector space of

complex-valued functions on G. V is called right invariant if f belongs to V im-
plies that the function f(x - y) belongs to V for each fixed y € G. Similarly, we
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may define left invariant vector spaces, and we call V invariant if it is right and left
invariant. Following Székelyhidi, a function m : G — C is called an exponential if
m(x-y) =m(x)m(y) forany x,y € G.

The main theorem of Székelyhidi [341] is the following:

Theorem 9.2 (Székelyhidi). Let (G, ) be a semigroup and V be a right invariant
vector space of complex-valued functions on G. Let f,m : G — C be functions
such that the function ¢y (x) = f(x -y) — f(x)m(y) belongs to V for each fixed
v € G. Then either f belongsto V or m is an exponential.

Proof. Assume that m is not an exponential. Then there exist y,z € G such that

m(y -z) —m(y)m(z) # 0. However, we have

fx-y-2— flx-yym@) = (fx-y-2)— fx)m(y-2))
—m@)(f(x-y)— f(xX)m(y))
+ f(x)(m(y -2) —m(y)m(z))

and hence

S =[(f(x-y-2) = flx-y)m@) = (f(x-y-2) = f)Im(y-2))
-1
+ m@)(f(x-y) = fOm(y))]- (m(y -2) —m(y)m(2))
for any x € G. Now, the right-hand side, as a function of x, belongs to V', and hence
so does f. O
Székelyhidi [341] presented the following corollary.

Corollary 9.3. Let (G,-) be a semigroup with identity 1 and V be an invariant
vector space of complex-valued functions on G. Let f,m : G — C be functions
such that the functions

gy(x) = f(x-y) = f)m(y) and Yx(y) = f(x-y) = f(x)m(y)

belong to V for each fixed y € G and x € G, respectively. Then either f belongs
to V orm is an exponential and f(x) = f(1)m(x) for any x € G.

Proof. Suppose that f does not belong to V. Then, by the preceding theorem, m is
an exponential. On the other hand, the function ¥1 (y) = f(y)— f(1)m(y) belongs
to V' and we have

fx-y) = fMm(x-y)
= f(x-y) = fOmy) + (f(x) = f(Hm(x))m(y)
for all x,y € G. If there exists an xo € G such that f(xo) # f(1)m(x¢), then m

belongs to V' and so does f, which is a contradiction. Hence, f(x) = f(1)m(x)
holds true for all x € G. O
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Applying Corollary 9.3, Székelyhidi [341] generalized the theorem of Baker,
Lawrence, and Zorzitto as one can see in the following corollary.

Corollary 9.4. Let (G, ) be an abelian group with identity and let f,m : G — C
be functions such that there exist functions My, M : G — [0, 00) with

| f(x - y) = f)m ()] < min {M;(x), M2(y)}

for all x,y € G. Then either f is bounded or m is an exponential and f(x) =
Ff()m(x) forall x € G.

Proof. Let V be the space of bounded complex-valued functions defined on G.
Obviously, V' is an invariant vector space and we can apply Corollary 9.3. O

During the thirty-first International Symposium on Functional Equations, Th. M.
Rassias [291] introduced the term mixed stability of the function f : E — R
(or C), where E is a Banach space, with respect to two operations “addition” and
“multiplication” among any two elements of the set {x, v, f(x), f( y)}. Especially,
he raised an open problem concerning the behavior of solutions of the inequality

|f(x+ ) = f DI = 0(Ix]17 + [[y117)

(see also [312]).

In connection with this open problem, S.-M. Jung [164] generalized the theorem
of Baker, Lawrence, and Zorzitto; more precisely, he proved the superstability of
the exponential equation when the Cauchy difference f(x + y) — f(x) f(») is not
bounded. Let H : [0,00)> — [0, 00) be a monotonically increasing function (in
both variables) for which there exist, for given u,v > 0, an « = «(u,v) > 0 and a
wo = wo(u,v) > 0 such that

Hu,v+w) <a(u,v)H(w,w) 9.2)

forall w > wy.

Theorem 9.5 (Jung). Let E be a complex normed space and let f : E — C be a
function for which there exist a z € E (z # 0) and a real number (0 < < 1)
such that

Z (klzll lzI) | f @)+ < B (9.3)
and
H(nllzll. n)lz]) = o(lf@I") as n — . (9.4)

Moreover, assume that | satisfies

|f(x+ ) = f) S < H(Ix]. Iv1l) 9.5)

forall x,y € E. Then f is an exponential function.
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Proof. We use induction on n to prove

n—1
| f(n2) = f(2)"] = Z H (kllz]. ||Z||)|f(z)|n—k—1 (@)

k=1

for all integers n > 2. In view of (9.5), (a) is true for n = 2. If we assume that (a)
is valid for some integer n > 2, then we get forn + 1

|£((n + )2) — f)" |
<[f((n +1D)2) = fn2) f@| + 1 f@I| f(n2) — f(2)"]
n—1
< H(nllzll. Izl) + Y H(klzll. llzI) | f @)

k=1

= Z H (kl|z]l, ||z||)|f(z)|n+1—k_1

k=1

by using (9.5) and (a).
Multiplying both sides of (a) by | f(z)|™" and using (9.3) yield

n—1

[ f@™ = 1] = 37 H (kI I @I <5

k=1

which implies

Jim [f(n2) f@7"| = 1B >0. (b)
Hence, it follows from (9.4) and (b) that
H(n|zl.nlzll) = o(| f(nz)]) as n — oc. (c)

Now, let x, y € E be fixed arbitrarily, and choose an n € N such that

H(Ixll Iy +nzll) < H(IxIL Iyl + nllzl) < e(lxll 1y 1) H izl 2]zl)

holds true (see (9.2)). We then have

| fm)[|f(x + ) = fFO S = [f(x +y) f(n2) = f(x +y + n2)]
+ [f(x +y +n2) = f(x) f(y + n2)|
+ SISy + n2) = f(y) f(n2)]
< H(llx + yll.nllzll) + H(IxIl. 1y + nzll)
+ [ SOIH (vl nlzl)
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and hence

| S| f(x + ) = f(x) f(W)] = CH (n]z]. n]jz]) (d)

for some C > max{a(||x + y|,0), a(]x], [¥]), a«(]|y|,0)}. Letting n — oo in
(d) and comparing this with (c), we conclude that f is an exponential function. O

P. Gdvruta [116] also gave an answer to the problem suggested by Rassias con-
cerning the mixed stability.

Theorem 9.6 (Gavruta). Let E; and E, be a real normed space and a normed
algebra with multiplicative norm, respectively. If a function f : E1 — E, satisfies
the inequality

£ +y) = fC) SO < 0(lx1” + [[yI17) (9.6)
forall x,y € Eq and for some p > 0 and 0 > 0, then either
I/ = é8llxlI” forall x € Ey with ||x|| = 1

or [ is an exponential function, where § = (1/2)(27 + (47 + 89)1/2).

Proof. Assume that there exists an xo € E; with ||xo| > 1and || f(xo)| > §|lxo]|?.
Then, there exists an ¢ > 0 such that

£ (xo)ll > (8 + &)l|xoll”.
It follows from (9.6) that
| f(2x0) = f(x0)?| < 26| Ix0ll”.

Since E; is a normed algebra with multiplicative norm, we have

1f@x0)l = I/ (xo)I> = || f(2x0) — f(x0)?|
> (8§ + €)%l x0l|*? — 26 x0|?
> (6 + ) —26)|1xo]”-

By the definition of §, we get
§>=278+20 and §>27

and hence
£ (2x0) || > (8 + 2£)27|xo]|”.

We will now prove that

/2" x0)ll > (8 + 2"&)[12" xoll” (@)
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for all n € N. It follows from (9.6) that

[ £ (2" x0) — £(2"x0)?| < 262" x0|1”.
By applying (a), we obtain

[ 7@ x0) | = IF @ x0)I> = | £ (2"F x0) = £(2"x0)?]
> (8 4 2")22" x0 ||*P — 260]]2"x0|?
> (6 4 2"e)* — 20) 12" xol|”
> (8 +2"11e)27 2" x|,

which proves the validity of the inequality (a).
If we set x;,, = 2" xy, then ||x, || > 1 forany n € N. By (a), we have

i 7/ )| = 0. (b)
Choose x, y,z € E; with f(z) # 0. It then follows from (9.6) that

1f@fC+ )= fx+y+ I = 0(lzl? + Ix + »]7).
IfG+y+2 = f) f + 2 = 0(IxI? + [y +2]?).

Hence, we have

If@f(x +y) = f)f(y + 2

< O(llzl? + 1217 4 llx + ylI7 + 1y +z2]17). ©
In view of (9.6), we get
1f () f (v +2) = F) SO @I < O1LENIY 7 + 1z17),
which together with (¢) yields
/@ f(x+y)= )OI = 0p(x,y.2). (d)

where
e(x.y.2) = [xl1” + lzI1” + llx + y 17 + Ly + 217 + 1N 17 + l1z]7).-
Since E; is a normed algebra with multiplicative norm, it follows from (d) that

If(x + ) = F) S = O(x. y. /Il F D]

If we put z = Xy, then it follows from () that
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lim @ (x, y, xn)/ [ f(xn)ll =0
n—o0

and consequently we obtain f(x + y) = f(x) f(y). O

9.2 Stability in the Sense of Ger

The group structure in the range space of the exponential functional equation is the
“multiplication.” R. Ger [122] pointed out that the superstability phenomenon of the
functional inequality (9.1) is caused by the fact that the natural group structure in
the range space is disregarded. Thus, it seems more natural to suggest the stability
problem in the following form:

M 1 ‘ < 9.7)

f) o)

If, for each function f : (G, +) — E\{0} satisfying the inequality (9.7) for some
8 > 0 and for all x, y € G, there exists an exponential function M : G — E\{0}
such that

If )/ M(x) — 1| = ®(8) and [|M(x)/f(x) — 1] = ¥(5)

for all x € G, where ®(§) and W(§) depend on § only, then the exponential func-
tional equation is said to be stable in the sense of Ger.

Let (G, +) be an amenable semigroup (for the definition of amenability see Sec-
tion 2.5), and let § € [0, 1) be a fixed number. Ger [122] proved that if a function
f G — C\{0} satisfies the inequality (9.7) for all x, y € G, then there exists an
exponential function M : G — C\ {0} such that

max {| f(x)/M(x) — 1], [M(x)/f(x) = 1]} = (2~ 8)/(1-6)

forall x € G.

We notice that the bound (2 — §)/(1 — §) in the above inequality does not tend
to zero even though § does tend to zero. R. Ger and P. Semrl [123] resolved this
shortcoming and proved the following theorem.

Theorem 9.7 (Ger and Semrl). Let (G, +) be a cancellative abelian semigroup,
and let § be a given number with 0 < § < 1. Assume that a function f : G — C\{0}

satisfies the inequality (9.7) for all x, y € G. Then there exists a unique exponential
function M : G — C\{0} such that

max {| f(x)/M(x) — 1], [M(x)/f(x) — 1]}
<(1+a-92 20 +8/a-5)")"

foreach x € G.
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Proof. Every nonzero complex number A can be uniquely expressed as

A= |Alexp (i arg()t)),
where —m < arg(A) < m. Then, (9.7) yields

|f(x + )l
(NACONINAWD]

for every x, y € G. It follows that

exp (i (arg f(x +y) —arg f(x) —arg f(y))) — 1| <6

FERS N @

L= = o =

and
arg f(x + y) —arg f(x) —arg f(y) € 2nZ + [— sin~!§, sin”! 8]

forall x, y € G. As § < 1, it necessarily holds true that sin™! § < /2.
This congruence, together with Corollary 2.48, implies that there exists a func-
tion p : G — R such that

p(x+y)—plx)—p(y) €2nZ (b)

forall x,y € G, and
larg f(x) — p(x)| < sin”'§ ()

forany x € G.
Put i(x) = | f(x)|. It then follows from (a) that

hx+y)
= hOh(y)

for any x, y € G. Consequently, we have

1-96 1+96

[Inh(x 4+ y) —Inh(x) —Inh(y)| < —In(1 —§)

for x,y € G. According to an extended version of Theorem 2.3, there exists an
additive function a : G — R such that

|Inf(x) —a(x)| < —In(1 - 8) (d)

forevery x € G.
Let us define a function M : G — C\ {0} by

M(x) = exp (a(x) + ip(x))
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for each x € G. It follows from the additivity of a and (b) that M is an exponential
function. Moreover, we have

| f(x)/M(x) = 1] = [exp (Inh(x) — a(x)) exp (i (arg f(x) = p(x))) — 1|

forevery x € G. Applying (c) and (d) we see that the number f(x)/M (x) belongs
to the set

Q={1eCl1-8§<Al<(1—=8"", —sin"'§ <arg(h) <sin"' §}.
Obviously,
sup{|A—1] |2 e Q} = [(1—8) "exp(isin'§) — 1]
- (1 F(1=8)2=2((1 +8)/(1— 5))”2)1/2.

The proof of the inequality for | M (x)/ f (x) — 1| continues through in exactly the
same way. O

It was shown that the assumption § < 1 is indispensable in the above stability
result.

9.3 Stability on a Restricted Domain

This section presents stability problems of the exponential functional equation on
a restricted domain, and these results will be applied to the study of asymptotic
properties of exponential functions. More precisely, it will be proved that a function
f + E — C is an exponential function if and only if f(x + y) — f(x) f(y) — O as
lxIl + |yl = oo under some suitable conditions, where E is a real (or complex)
normed space. Moreover, we also present that a function f : E — C\ {0} is
exponential if and only if f(x + y)/f(x) f(y) = 1 as ||x| + ||y]| = oo.

Let B = {(x,y) € E? | ||x|| <d and ||y| < d} fora givend > 0.S.-M. Jung
[180] proved the superstability of the exponential functional equation on a restricted
domain:

Theorem 9.8. Let E be a real (or complex) normed space. Assume that a function
f 1+ E — C satisfies the inequality

/G +y) =) fO)] =6
for some § > 0 and for all (x, y) € E?\B. If there exists a number C > 0 such that

sup |f(x)] = C, 9.8)
Ixl<d
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then either f is an exponential function or f is bounded. In the latter case,
| < (1/2)(1 + (1 +4(1 +2C)8)"/?)

forall x € E.

Proof. Suppose that (x, y) is an arbitrary point of B. In the case of x = 0, choose
az € E with ||z]| = d. Otherwise, let us choose z = (1 4 d/||x||)x. Then, we have

(x—2zy+2), (zx—2), (y.2) € E*\B.

With such a z, by using the relation

fE+y) = ) f) = (f(x+y) = fx =2 f(y +2))
—fO(f() = @) f(x = 2)
+/x = +2) = () ).

we obtain

S+ )= fO SO = (L+1fD)+ [f(x = 2))8. (@)

Hence, it follows from (a) and (9.8) that

| fx+y) = f) SO = (1 +2C)8

for all (x, y) € E2. Now, the assertion follows from Theorem 9.1. O

Jung [180] was able to deduce an asymptotic result analogous to an asymptotic
behavior of additive functions (see Theorem 2.34 or Corollary 2.35).

Corollary 9.9. Let E be a real (or complex) normed space. Suppose a function
f  E — C is unbounded. Moreover, assume that there exists, for infinitely many
n € N, a constant C,, > 0 such that

sup |f(x)| < Cy. (9.9)

xll<n

Then f is an exponential function if and only if

Jx+y) =) () =0 as |x]| + [yl = oo. (9.10)

Proof. Assume that the asymptotic condition (9.10) holds true. Let § > 0 be given.
On account of (9.9) and (9.10), there exists a sufficiently large n € N such that the
inequality (9.9) holds true and

lfx+y) =) f)]=$
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for ||x|| = n or ||y|| > n. It then follows from Theorem 9.8 that either

| f)] < (1/2)(1+ /14 4(14+2C,)8) forall x € E,

or f is exponential. Since f is unbounded, f should be exponential. The reverse
assertion is trivial. O

Jung [180] has also proved the stability (in the sense of Ger) of the exponential
functional equation on restricted domains.

Theorem 9.10 (Jung). Let d and B be given as in Theorem 9.8. Let E be a real (or
complex) normed space. If a function f : E — C\{0} satisfies the inequality (9.7)
for some § € [0,1/2) and for all (x,y) € E%\ B, then there exists an exponential
function M : E — C\{0} such that

max {|M(x)/f(x) = 1], | f(x)/M(x) = 1]}

(1 +8)> (148302
5(1+(1_8)4—2(1—48 )(m) )

1/2

forall x € E.

Proof. Suppose (x, y) belongs to B. Applying the same argument given in the proof
of Theorem 9.8, we can choose a z € E such that

(x—zy+2. (z.x—2)., (y.2) € E>\B.

By using (9.7) and the relation

Sty _ f+y)  f@Qfx=2 SO +2)
SO S fx=af(y+2) S fMf@’

we get
(=87 _[fG+y)|_ (1+8
1+34 f)f|— 1-6
According to (9.7), the complex number f(x+y) f(x—z)~' f(y+2z)~! is separated
from 1 by a distance § at most. Hence, it holds true that

arg S(x+y)
fx=2f(y+2)

where 0 < sin~! § < 7/6 because of 0 < § < 1/2. We obtain analogous relations

for f(x)f(2)7' f(x—z)"'and f(y +2) f(y)"! f(z)"! in the same way. Therefore,
we have

(a)

y

€2nZ +[—sin'§, sin”' 8],

arg f(x + y) —arg f(x) —arg f(y) € 2nZ + [—3sin_18, 3sin_18] (h)

for any (x, y) € B.
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Indeed, the relations (a) and (b) hold true for all (x, y) € E2. Taking logarithms
on both sides of (a) yields

1+6
(1-6)2

[In[f(x + ) =In| /()] =In|f()][ <In

for all x,y € E. In view of Theorem 2.3, there exists a unique additive function
a : E — R such that

)
la() —In | f)I| < 1n (1 * ©

1-35)2

forall x € E.
On account of (b) and Corollary 2.48, there exists a function » : E — R such
that

b(x 4+ y) —b(x) —b(y) € Z, (d)
forany x,y € E, and
|arg f(x) —2mh(x)| < 3sin"'§ (e)

forevery x € E.
Now, let us define a function M : E — C\ {0} by

M(x) _ ea(x)+2m'b(x)

for each x € E. From the additivity of a and (d), it follows that M is exponential.
Let x € E be given. Since f(x) can be expressed as e/ M|+ /() e have

IM(x)/f(x)—1| = iea(x)—ln|f(x)|ei(2nb(x)—argf(x)) B 1|'

Now, let us define

D = %reie eC (11:_88)2 <r< (llj;;z’ —3sin" '8 <6 <3sin" 1§},
If we set
o = %eﬁsin_lS and z) = (11;'_;;2 i3sin5
then
lzi — 1% = ((11:;;1 —28;2?;(1 —48%) + 1,
o



9.4 Exponential Functional Equation of Other Type 221

‘We now have

lzo — 1|2 —|z1 — 12

— — 85/
_(1+<(>’)2(1 (1 5)8)+2(1_482)(1 5)52(1 (1+5)2)

T a=8* U (1+94)* 1+6)72\"  (1-6*
(149 1=8)*\[1-8* o (1—8)5/2
BKCETE (1‘(1+5)2)((1+5)2‘2(1‘45)(1+5)1/z+1 |

On the other hand, since (1 — 482)+/1 — 62 < 1, we have (1 — 482)(1 —§)1/2 <
(1 + 8)7'/2 and hence,

(1-8)%2 (1-5)? (1—268)%2 (1—6)?
1— 482 —2(1 —48%)—"r > 2 .
(=48 s = T =48 sz = 2T
Thus, we get
1+ 6)2 1=8*\/(1-82% .\
— 12—z -1 ( 1— —1 0
lz2 =117 = |z1 Iz(1_5)4( (1+5)2)(1+5 )z,

and hence we conclude that |z — 1| = max {|z —1]|ze€ D}.
Therefore, it follows from (c) and (e) that

IM(x)/f(x) —1] < [z2 —1]

B (1 + 8)? 1+ 8y\32\'?
_(1+m—2(1—45)(m) ) .

The proof of the inequality for | f(x)/M(x) — 1| goes through in the same way.
Hence, we omit the proof. 0

9.4 Exponential Functional Equation of Other Type

Every complex-valued function of the form f(x) = a* (x € C), wherea > O is a
given number, is a solution of the functional equation

fxy) = f(x)”. 9.11)

Hence, the above functional equation may be regarded as a variation of the expo-
nential functional equation.

If a function f : R — (0, co) satisfies the equation (9.11) for all x,y € R, it
then follows from (9.11) that

fx)y = f»)?*
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for all x, y € R. Thus, there exists a real number a = f(1) > 0 such that f(x) =
a* for all x € R. On the other hand, each function f : R — (0, 00) of the form
f(x) = a* satisfies the equation (9.11) for any x, y € R. Therefore, the general
solution f : R — (0, co0) of the functional equation (9.11) is f(x) = a*, where
a > 01is a given number.

Let us introduce some convenient notations:

n—1 o]
ei(x) =x%, pa(x) = [Jei@). and a(x) = > pa(x)”!
i=0 n=1

for each x € R and n € Nj.
S.-M. Jung [165] proved the stability of the equation (9.11) in the sense of Ger.

Theorem 9.11 (Jung). Let§ € (0, 1) be a given number. If a function f : (0, co) —
(0, 00) satisfies the inequality

LfCey)/f(x)Y =1 <8 (9.12)
forall x,y > 0, then there exists a unique constant a > 0 such that
(1=8)* <a*/f(x) < (148§)* 9.13)

forall x > 1.

Proof. Substituting e,—1(x) for x and y in (9.12) yields

fen(x)
' e =

forevery x > Oand n € N. Forn > m > 0, we obtain

f(en (x))
F(em(x))em@em+1(x)en—1(x)

_ fen(x)) ( fen—1(x)) )enl(x)
fen—1(x))en—1D \ f(en_p(x))en—2()
( f(emy1(x)) )e'"“ em2(x)-en—1()

flem()en®
and
(o St Y St
Fem(x))ememt1(x)en—1(x) ) T flem(x))V/pm@™
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Hence, we have

) - Sen() Y ]
(1) < Ty < (OO, @

where
n
an(x) =Y pi(0)7".
i=1
Since the sequence {a,(x)} converges as n — oo for x > 1, it follows from

(a) that the sequence {In f(e,(x))!/?™)} is a Cauchy sequence for each x > 1.
Therefore, we can define

L(x) = lim lnf(en(x))l/p”(x)

and
F(x) = t®
for all x > 1. In fact, we get
. 1/pn
F(x) = lim f(en(x)"""” b)
n—o00

for any x > 1.
Substituting e, (x) and e, (y) for x and y in (9.12), respectively, yields

(1=8) f(en ()" < f(en(x)) < (14 8) f (en(x) "™ (c)

for all x, y > 0 and for any n € N. Hence, by (b) and (c), we have
: 1/pn(xy) en(¥)/pn(xy)
lim (1 —§) f(en(x)) < F(xy)
n—o0

and
F(xy) < lim (1 + 5)1/pn(xy)f(en(x))en(y)/pn(xy)
n—00

for all x,y > 0 with xy > 1. Since p,(xy) — ocoasn — oo (xy > 1) and
en(¥)/pn(xy) = y/pn(x) for any n € N, it follows from (b) and the preceding
inequalities that F(xy) = F(x)” for x > 1 and y > 0 with xy > 1. Therefore,
there exists a constant a > 0 such that F(x) = a* for all x > 1 (see above). By
putting m = 0 in (a) and using (b), we easily see the validity of (9.13).

Assume now that b is another positive constant such that

(1=8)*® <b¥/f(x) = (1 +8)*™
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for all x > 1. Without loss of generality, let » > a. Then, the following inequalities

1—8)\*W (DY b S _ (143 ()
146 “\a)  fix) e —\1-6
lead to a contradiction, since «(x) < 1 for x > 2 and (b/a)* — oo as x — oo.

Therefore, we conclude that there exists a unique constant a > 0 satisfying the
relations in (9.13). O

Letd > 0 be given, and let § € (0, 1) satisfy the condition
148 <2(1-298)7. (9.14)

It is not difficult to demonstrate that there exists at least one § € (0, 1) satisfying the
condition (9.14) for any d > 0.
The following theorem is also due to Jung [165].

Theorem 9.12. Let a function [ : (0,00) — (0, 00) satisfy the inequality (9.12)
forall x,y > 0 with x + y > d. Then there exists a unique constant a > 0 such

that
146 \*® o 146 \*®
(2_ a —8>d) N Oh (a —8>d) ©-19

Proof. Let x,y > 0 be given with x + y < d. Choose a t > 0 satisfying tx > d.
From (9.12) and the relation

forany x > 1.

fey) _ Sy (S0t
e T e\ )

it follows that
1-6 _ f(xy) - 146
(1+8)4 = f(x) = A=84"

Hence, the inequality

8
Ny =1 = =1 (@

holds true for x, y > 0 with x + y < d. In view of the hypothesis, the inequality
(@) holds true for all x,y > 0. The condition (9.14) guarantees that the value of
the right-hand side of (a) belongs to (0, 1). Hence, on account of (a) and Theorem
9.11, there exists a unique constant a > 0 satisfying (9.15) for each x > 1. O

The following corollary is an easily applicable version of Theorem 9.12 (see
[165]).
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Corollary 9.13. Let ¢ > 1 be given. If a function f : (0,00) — (0, 00) satisfies
the inequality (9.12) for all x,y > 0 with x + y > d, then there exists a unique
constant a > 0 such that

s L8\ e 148
( (1—5)d) _f(x)_((l—S)d)

Now, we provide a sufficient condition for a function f : (0, co) — (0, c0) to be
asymptotically exponential (ref. [165]).

forall x > e.

Corollary 9.14. If a function f : (0, 00) — (0, 00) satisfies the condition

| fxey)/f(x)Y —1] =o((x+y)7") as x +y — oo, (9.16)
then there exists a unique constant a > 0 such that f(x) = a* for any x > 1.

Proof. Let ¢ > 1 be arbitrary. According to (9.16), there exists a sequence {5, },
monotonically decreasing to zero, such that

| [0/ f(x) = 1] < 8u/n

for all x,y > 0 with x + y > n. By Corollary 9.13, there exists a unique constant
a, > 0 such that

(2_ 1+8n/l’l )0[(8) S a’); S ( 1+8n/l’l )Ot(é‘) (a)
(1 =8n/n)" f(x) (1 =38n/n)"

for every x > ¢. Obviously, there exists an infinite subset / of N such that the

sequence {(1 + 8,/n)/(1 — 8,/n)"} decreases monotonically to 1 as n tends to

infinity through 7. Let m,n € I satisfy n > m. In view of (a) and the above
consideration, we get

( L+ 8m/m )““) az ( 1+ 8/m )““)
2 - — < <
(1 =8m/m)m — ) T \A =8/ m)m

for any x > &, which implies a,, = a, = a forall m,n € I. Letting n — oo
through 7 in (@) and using the above consideration again, we can conclude that
f(x) = a* forany x > ¢. Since ¢ > 1 was given arbitrarily, f(x) = a* holds true
forall x > 1. O



Chapter 10
Multiplicative Functional Equations

The multiplicative functional equation f(xy) = f(x)f(y) may be identified with
the exponential functional equation if the domain of functions involved is a semi-
group. However, if the domain space is a field or an algebra, then the former
is obviously different from the latter. It is well-known that the general solution
f : R — R of the multiplicative functional equation f(xy) = f(x)f(y) is
f(x) =0, f(x) = 1, f(x) = eAW0PFD|sign(x)], and f(x) = eAWFDsign(x) for
all x € R, where A : R — R is an additive function and sign : R — {—1,0, 1} is
the sign function. If we impose the continuity on solution functions f : R — R
of the multiplicative equation, then f(x) = 0, f(x) = 1, f(x) = |x|% and
f(x) = |x|*sign(x) for all x € R, where « is a positive real constant. The first
section deals with the superstability of the multiplicative Cauchy equation and a
functional equation connected with the Reynolds operator. In Section 10.2, the re-
sults on §-multiplicative functionals on complex Banach algebras will be discussed
in connection with the AMNM algebras which will be described in Section 10.3.
Another multiplicative functional equation f(x”) = f(x)” for real-valued func-
tions defined on R will be discussed in Section 10.4. This functional equation is
superstable in the sense of Ger. In the last section, we will prove that a new multi-
plicative functional equation f(x + y) = f(x) f(y)f(1/x + 1/y) is stable in the
sense of Ger.

10.1 Superstability

If the domain of functions involved is a semigroup, the multiplicative Cauchy func-
tional equation

Jxy) = f(x)f(»)

may be identified with the exponential Cauchy functional equation f(x + y) =
f(x) f(y). Therefore, in view of Theorem 9.1, it is obvious that the multiplicative
Cauchy equation is superstable.

S.-M. Jung, Hyers—Ulam—Rassias Stability of Functional Equations in Nonlinear 227
Analysis, Springer Optimization and Its Applications 48,
DOI 10.1007/978-1-4419-9637-4_10, (© Springer Science+Business Media, LLC 2011
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Let (G,-) be a semigroup and let § > 0 be given. If a function f : G — C
satisfies the inequality

lfx-y) = f) SO =8

forallx.y € G, theneither | f(x)| < (1++/1+48)/2forall x € G or f(x-y) =
J(x)f(y) forallx.y € G.

Let (G, o) be an abelian semigroup and let g : G — G be a given function. We
now consider a functional equation connected with the Reynolds operator,

f(xog() = f(x)f(y) (10.1)

for all x,y € G. If g is the identity function, then the functional equation (10.1)
reduces to the multiplicative Cauchy functional equation. If (G,o) = (R,-) and
g = f, then the equation (10.1) reduces to the functional equation

F(xf) = f)f).

whose origin is in the averaging theory applied to turbulent fluid motion. This func-
tional equation is connected with some linear operators, i.e., the Reynolds operator,
the averaging operator, and the multiplicatively symmetric operator.

In 2007, A. Najdecki [257] proved that the functional equation (10.1) is super-
stable.

Theorem 10.1 (Najdecki). Let (G, o) be an abelian semigroup, let g : G — G be
a given function, and let K denote either R or C. If a function f : G — K satisfies
the inequality

|f(xog(y) — f(X)f(»)] <8 (10.2)

forall x,y € G and for some § > 0, then either f is bounded or f is a solution of
the functional equation (10.1).

Proof. Suppose that f is unbounded. Then we can choose a sequence {x,} of
elements of G such that 0 # | f(x,)] — oo asn — oo. Put y = x, in (10.2)
to obtain

|/ (x 0g(xn))/ f(xn) = f(0)| < 8/1f (xn)]. (a)
Since | f(x,)| — 00 as n — oo, it follows from (a) that

f) = Tim f(xogCm)/ f () (b)

forallx € G.
Replacing x in (10.2) with x o g(x,) yields

|[f(xogln)og() = f(xoglxn)f(»)| =8 (c)
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for any x, y € G. It follows from (c) that

f(xog(y)oglm) = fxogln)f() _

s 7o 0. ()
Thus, by (b) and (d), we obtain
o flxog(y)oglxn)
f(xog(y) = lim oo
o f(xog(y)oglxn)— f(xogxn))f(y)
= um
n—o00 f(xn)
_ fxog(xn)
P e Y
= f(x)f(»)
forall x,y € G. O

10.2 §-Multiplicative Functionals

In this section, let £ denote a commutative complex Banach algebra and let E*
denote the dual space of E.
For any linear functional ¢ on E we define

P(x,y) = ¢(xy) — () (»)

for all x,y € E. If the norm of the bilinear functional q; is less than or equal to
8 > 0, then ¢ is called §-multiplicative.
We introduce basic lemmas presented by B. E. Johnson [146].

Lemma 10.2. Let § > 0 be given. If ¢ € E* is §-multiplicative, then ||¢| < 1 + 6.

Proof. By the hypothesis, we have

lp(xy) = (o) ()| =< 8llx[[[y | (@)

forall x,y € E. Given ¢ with 0 < ¢ < ||¢||, choose an x with ||x|| = 1 such that
ol —e < |¢(x)| and put y = x in (a). Then, we get

|p(x)> — p(x*)] <6

and hence

(18]l — &) < 16 < [¢(x>)]| + 8 < [p]l + 6,
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since ||x2|| < |x||> = 1. Letting ¢ — 0 in the above inequality and solving the
resulting inequality, we obtain

gl < (1/2)(1 4+ V1+48) <1435,

which ends the proof. O

K. Jarosz [145] proved a proposition in which the same bound for ¢ is obtained
as in Lemma 10.2, but without the assumption of continuity for the linear functional
¢. The following lemma follows from Lemma 10.2 by a straightforward calculation.
Hence, we omit the proof (ref. [146]).

Lemma 10.3. Let§ > 0 be given, let a linear functional ¢ on E be §-multiplicative,
and let r be a continuous linear functionalon E (¢ € E*). Then ¢+ is 6+ 3+
28)|1¥ || + ¥ |?)-multiplicative. If A € C, then (14 A)¢ is |1+ A|(8 +|A|(1 4 8)?)-
multiplicative.

If the algebra E lacks an identity, E can be extended by adjoining an identity
to E, and the extended one is denoted by E 1 Each linear functional ¢ on E can
also be extended to a linear functional ¢ on E' by putting ¢(1) = 1. Then, ¢ is
§-multiplicative if and only if q~5 is. In some cases, an algebra which does not have
an identity may have an approximate identity, which may be defined as follows: A
net {eq } in E is an approximate identity for E if for each x € E there exists a subnet
{eg} of {eq} such that

limegx = x.
b B

Johnson estimated in [146] lower bounds for the norm of a §-multiplicative func-
tional (cf. [137]).

Lemma 10.4. (i) Let E possess an identity 1 and let ¢ be a §-multiplicative linear
functional on E with 0 < § < 1/4. Then either |1 — ¢ (1)| < 26, in which case
loll > 1 =28, or @] < 26.

(ii) Let K > 0 and let E have an approximate identity {ey} with |leq| < K for all
a. Let 0 < § < (4K?)~! and let ¢ be a §-multiplicative linear functional on E.
Then either lim sup|1 — ¢ (eq)| < 26K?, in which case ||| > 1/K — 28K, or

o

lim sup|p(eq)| < 28K?2, in which case ||¢| < 28K.
o

Proof. Note that the first statement is a special case of the second. Let L be the set
of points of accumulation of the bounded net {¢(ey)} and let £, £’ € L. We have

Ip(eatp) — (ea)plep)] < SK>.
If we take limits on suitable subnets, first for & and then for 8, we get

I$(ep) — Lhlep)] < 6K and [¢'(1—0)] < 8K> < 1/4.
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For the special case where £ = £, we have either || — £| < 28K? or [{| <
(1/2)(V1+48K?> — 1) < 28K2 If |1 — €] < 28K? and || < 28K?, then
[£(1 — £")] > 1/4, so either we have the first alternative for all £ € L or the second
forall £ € L.

The first alternative gives

limsup |1 — ¢ (eq)| < 28K>,
o

SO
K|l¢| = limsup |p(eq)| > 1 —26K>.
o

The second gives
lim sup ¢ (eq)| < 26K2.
o

If £ € L, taking the limit on a suitable subnet in the inequality

P (xea) — P (X)P(eq)| < 8]l x[ K

yields |¢(x)| < §||x||K(1 — £)~! and hence ||¢| < §K(1 —£)~! < 28K, which
ends the proof. O

Using Lemmas 10.3 and 10.4, we can prove the following lemma (see [137]).

Lemma 10.5. Suppose that E has an identity 1 and let ¢ € E* be §-multiplicative
with 0 < § < 1/4. If ||¢|| > 26, then the functionals V1 = ¢/||@| and Y, =
¢ /¢ (1) are n-multiplicative, lie within a distance of 28(1 + 8)(1 —28)~! of ¢, and
have ||Y1|| = 1 and Y2 (1) = 1, where n = (8/3)(1 + 25)(35 +28% + 253).

Proof. The arguments for y; and v, are the same. We consider ;. By the hy-
pothesis, ¢ satisfies the first alternative of Lemma 10.4 (i), so that ||¢| > 1 — 26.
Hence, we get (1 — ||¢||)/||¢>|| < 26/(1 — 268). Now, use Lemma 10.2 to obtain
|1 — @ < 28(1 + 8)/(1 — 28). Next, apply Lemma 10.3 with A 4+ 1 = [|¢| ',
so that A = (1 - ||¢||)/||¢|| < 28/(1 — 28). According to Lemma 10.3, v is
|1+ A|(8 + [A|(1 + §)?)-multiplicative. Thus,

[T+ A[(8 + [AI(1 +8)%) < (1 —28)72(35 + 28> + 26°).
Since 0 < § < 1/4, we have (1 —28)™2 < (8/3)(1 + 28) which completes the

proof. O

B. E. Johnson [146] proved Lemma 10.5 with n = (1 + 28)(28 + 48% + 45°).
Let us define

D={¢pcE" gl =) =¢(1)}
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and
W(x) = {¢(x) | ¢ € D}

for each x € E. The set W(x) is called the numerical range of x.
Johnson [146] also presented the following lemma.

Lemma 10.6. Assume that E has an identity 1. Let b € E and @ € R be given.
If %) < pforall z € W(b), then [(A1 —b)™'| < (R() — )~ forany A € C
with R(A) > u.

Proof. Leta € E with |la|| = 1 and let ¢ € E* with ||¢]| = 1 = ¢(a). Then,
g(c) = ¢(ac) is an element of D. We have

laL =) = (a1 = b)| = |2 — g(®)] = (A — gB)) = R(A) — .
By [22, Theorem 6], (A1 — b)~! exists. By putting
a=@A =7 ar-n

we achieve the required inequality. O
Using the previous lemmas, Johnson [146] proved the following theorem.

Theorem 10.7 (Johnson). Assume that E has an identity 1. Let § € (0,1) be
fixed. Suppose that ¢ € E* is §-multiplicative with ¢(1) = 1. Then there exists
an element W of D such that ||¢p — || < 812 + 8).

Proof. The inequality
|¢(A1 — b)d)((M — b)_l) — 1| <§||A1 = b H (Al = b)_l H
together with Lemma 10.2 implies that if A, p, and b are as in Lemma 10.6, then

() =) L+ OlpAL=b)| = A1 =) (1 +8)|p(A1 - b)|
> o1l (A1 =b)~" |l (A1 = b))
> [p(A1 = b)|[p((A1 —b)7")|
> 18| =b|[|(A1 —b)7!
>1—=8 M =b(RA) —p) ",

SO

A= ¢®)| = 1p(A1 —b)| = (1 +8) 1 (R(A) — p — 8|A1 = b])).
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Suppose that R(p(h)) > u, then we can put A = ¢(b) in this inequality and
consider Lemma 10.2 to see that

R(p(®) —p = 8llgpd)1—bl =82+ 8)b].

Clearly, this inequality also holds true for (¢ (b)) < u.

Put§; = §(2+46) and let B* denote the closed unit ball in £*. We want to present
that D N (¢ 4+ §1B*) # 9. Suppose on the contrary that this set is empty. Then, we
can apply the Hahn—Banach theorem to E* in the w*-topology to find a hyperplane
strongly separating the compact convex sets D and ¢ + 6; B*. Thus, there exist
an a € E, which we can assume has norm 1, and a u € R with RN(f(a)) < u
forall f € D and R(f(a)) > u forall f € ¢ + §1B*. Taking a g € B* with
g(a) = 1 and putting f = ¢ — 81 g yield R(p(a)) — 61 = N(f(a)) > u and
hence, N(¢p(a)) —pu > (2 4 8)||a|| which is contrary to the inequality at the end of
the previous paragraph. Hence, we have verified that the set D N (¢ + §; B*) is not
empty. This completes the proof. O

10.3 Theory of AMNM Algebras

As in the previous section, let £ be a commutative complex Banach algebra and let
E* denote the space of continuous linear functionals on E.
We will denote by E the set of characters of E. For each ¢ € E* we put

d(¢) = inf{llg —y| | ¥ € £ U{0}}.

We state that E is an algebra in which approximately multiplicative functionals are

near multiplicative functionals, or E is AMNM for short, if for each ¢ > 0 there

exists ad > 0 such that d(¢) < & whenever ¢ is a §-multiplicative linear functional.
Johnson [146] proved the following:

Lemma 10.8. Let E have an identity. Then the following statements are equivalent:

(i) Eis AMNM;
(ii) For every sequence {¢n} in E* with ||qvﬁ,, || = O there exists a sequence {Yr,} in
£ U {0} with [y — Y]l — 0; V
(iii) For every sequence {¢,} in E* with ||¢,|| — O there exists a subsequence
{¢n,} and a sequence {;} in EU {0} with ||¢n, — Vil = O;
(iv) For every sequence {¢,} in E* with ||qvﬁn | = 0 and iI’;lf”d)n || > O there exists

a sequence {Y,} in E with ln — ¥n || — O;

(v) For every sequence {¢,} in E* with ||¢V>n|| — 0and ¢p(1) = 1 = ||@y|| there
exists a sequence {,} in E with ||¢n — Yn|| — 0;

(vi) For any g > 0 there exists a § > 0 such that if p € E* with ¢(1) = 1 = ||¢||
and ||¢|| < 8, then d(¢) < e.
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Conditions (i) to (iv) are equivalent even though E lacks an identity. If E has an
approximate identity of norm 1, then (i) to (iv) are equivalent to the following:

(vii) For any & > 0 there exists a 8 > 0 such that if ¢ € E* with ||¢|| = 1 and
lpll < 8, then d(¢p) < e.

Proof. The implications (i) = (ii) = (iii) = (i), (i) = (iv) = (iii), and (i) =
(v), (vi), and (vii) are elementary. The implications (v) = (iv), (vi) = (i), and (vii)
= (i) follow from Lemmas 10.3 and 10.4, and Theorem 10.7. O

Johnson [146] proved that every finite-dimensional commutative complex
Banach algebra is AMNM as we see in the following theorem.

Theorem 10.9. [f the dimension of E is finite, then E is AMNM.

Proof. Let {¢,} be a sequence in E* with ||qv5n | = 0. Then, by Lemma 10.2, {¢, } is
bounded and, thus, has a convergent subsequence {¢,, } with limit y. By continuity

of the function ¢ — (]3, we see ¥ € EU {0}. Hence, the condition (iii) of Lemma
10.8 is satisfied with y; = . O

A subset J of FE is said to be an ideal if

(11) J is a subspace of E (in the vector space sense),
(I12) xy € J wheneverx € E andy € J.

Johnson [146] provided the following theorem.

Theorem 10.10. Let J be a closed ideal in E.

(i) If J and E/J are AMNM, then so is E.
(ii) If E is AMNM, then so is J.
(iii) If E is AMNM and J has a bounded approximate identity, then E / J is AMNM.

Proof. (i) Let {¢,} be a sequence in E* with ||¢V>n || = 0. Using a subsequence if
necessary, we may assume that either ||¢, ||| — O or that there exists an 7 > 0 with
ll¢nlsll > n forn € N. Consider the second of these cases first. Since I @nlsll <
|| |I, we note that there are Y € J with lpnls — ¥, || = 0. The elements v, of J
can be extended to elements ¥, of E by

Yn(x) = ¥, (X)) /¥, ()

forall x € E and j € J\Kery,,. Let j,k € J\Kery,. Then, ¥, (xjk) =
Y (X)), (k) = Y, (xk) ¥, (), so that

Y (xj k) /Y () = Yy (X)) /¥ () = Y (xK) /9, ().
Hence, the definition of ¥, is independent of the choice of j.

By the Hahn—Banach theorem, the functional (¢, — ¥,,)|s can be extended to
an element 6, of E* with ||6,] = |[(¢n — ¥u)|s|, so that ||8,|| — 0. Thus,
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by Lemma 10.3, ||z§n|| — 0, where ¥, = ¢, — 0, forn € N. Let j, € J with
ljz]l = 1 and |¢,(jn)| > n. Then, it holds true that

O (x) = On(Xjn)/On(jn) — 5}n(x’ Jn)/On(jn) = ¥n(x) — 5n(x’ Jn)/ 0 (jn)

foreach x € E. Thus, (9, —¥»)(x) — 0 uniformly for | x|| < 1,i.e., |0, —¥n| —
0 and hence ||¢, — ¥n|| — 0. Now, consider the case where ||¢,|s|| — 0 and
let 6, be an extension of ¢,|; to E with ||6,| = ||¢nls|. Put ¥, = ¢, — O,.
Then, ||l§n|| — 0 by Lemma 10.3 and ¥,, = 0 on J. Hence, we may consider
{9,} as asequence in E/J. Since E/J is AMNM, there exists a sequence {{, } in
E/J U0} C E U {0} with |8, — V|l — 0, and 50 || — ¥u | — O.

(ii) Suppose that £ is AMNM and {¢y} is a sequence in J* with ||¢V>n || = 0and
k = iI};lf ll@n]l > 0. Let {j,} be a sequence in J with || j,|| < 2/k and ¢, (j,) = 1

forn € N. Put
D, (x) = ¢n(xjn)

forallx € E andn € N. Then, ®, € E* andforx,y € E

D, (xy) = Pp(x)Pn(y) = du(xyjn) — On(Xjn)Pn(Vjn)
= ‘lv&n (Xjn» Yin) — ‘lgn (XYJjns Jn)s

so ®, (x,y) — 0 uniformly for ||x|, ||y|| < 1. Thus, there exists a sequence {\V,}
in EU {0} with | ®, — ¥, || — 0, and we have ||¢, — ¥, || = O with ¢, = W, |5 €
J u{o.

(iii) Finally, suppose that £ is AMNM, J has a bounded approximate identity,
and {¢, } is a sequence in (E/J)* C E* with ||¢,|| — 0. Then, there is a sequence
{¥n}in EU {0} with ||¢, — ¥, || — 0. By Lemma 10.4 (if) with E replaced by J
and taking the limit as § — 0, we have either |V, |s|| = 1/K or ||{,|s]| = 0. As
||l = 0, we get ¥, |; = 0 eventually. Hence, v, is a multiplicative element of
(E/J)*. O

B. E. Johnson [146] proved the following:

Corollary 10.11. Let J be a closed ideal in E for which E ] J is finite-dimensional.
Then E is AMNM if and only if J is.

Proof. By Theorem 10.9, E/J is AMNM and the corollary follows from Theorem
10.10 (i) and (if). O

A topological vector space X is said to be locally compact if 0 has a neighbor-
hood of which closure is compact. Johnson also presented in the same paper that the
following commutative Banach algebras are AMNM:

(i) Co(X), where X is a locally compact Hausdorff space;
(ii) L2 for p € [1, o0];
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(iii) LY(G), where G is a locally compact abelian group;
o0

(iv) the algebra €' (ZT) of power series Zanz” with Y |an| < oo;
n=0
(v) the convolution algebra L' (0, 00);
(vi) the disc algebra, i.e., the algebra of the continuous functions on the closed unit
disc in C which are analytic in the interior of the disc.

Now, let us discuss the general case of functions between Banach algebras E;
and E,. We denote the space of bounded linear functions from E; into E, by
L(Ey, Ey).ForT € L(Eq, E3), let us define

T(x.y) =T(xy) = T()T(y)

forall x,y € E;.

(E1, E») is said to be an AMNM pair (almost multiplicative maps are near mul-
tiplicative maps) if for each ¢ > 0 and K > 0 there is a § > 0 such that if
T € L(E1, Ez) with |T| < K and ||7V"|| < §, then there exists a multiplicative
function T’ € L(E;, E») with |T —T'|| < e.

The main theorem of Johnson [147] states that if E; is amenable and E5 is a dual
space, then the pair (E;, E») is AMNM. He also proved that the following pairs are
AMNM:

(i) E1 is a finite-dimensional semi-simple algebra and E, is a Banach algebra;
(ii) E1 = LY (Z7) or E1 = disc algebra and E, = C(X), where X is a compact
Hausdorff space;
(iii) E1 = E, = algebra of all bounded linear functions on a separable Hilbert
space.

10.4 Functional Equation f(x?) = f(x)”’

In Section 9.4, the functional equation f(xy) = f(x)” was introduced as a varia-
tion of the exponential functional equation f(x + y) = f(x) f(»). Similarly, the
functional equation

f(x7) = f(x)” (10.3)

may be regarded as a multiplicative functional equation.
In the following theorem, the functional equation (10.3) will be solved in the
class of functions f : (0,00) — R (see [171]).

Theorem 10.12. A function f : (0,00) — R satisfies the functional equation
(10.3) for all x,y > 0 if and only if there exist real numbers ¢ and d such that
f has one of the following eight forms:

(i) f(x)=x°for0<x <1, and f(x) =0 forx > 1;
(ii) f(x)=x¢ for0<x <1, f(1) =0, and f(x) = x¢ forx > 1;
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(iii) f(x) =x€ for0 <x <1,and f(x) =0 forx > 1;
(iv) f(x) =x€ for0<x <1,and f(x) =x? forx > 1;
(v) f(x) =0 forx > 0;

(i) f(x) =0 for0<x <1, and f(x) =x? forx > 1;
vii) f(x) =0 forx # 1,and f(1) = 1;

(viii) f(x) =0 for0 < x <1, and f(x) = x? forx > 1.

Proof. First, let f satisfy the functional equation (10.3) for all x, y > 0. By putting
x = 11in (10.3) we immediately obtain (1) = 0 or f(1) = 1. Assume that there
exist some p,q > 0 with p = ¢? and f(p) < 0. Then, it follows from (10.3) that
0 < f(¢)?> = f(g?®) = f(p) < 0 which leads to a contradiction. Hence, f(x) > 0
holds true for all x > 0.

Assume that there exists some 0 < @ < 1 such that f(a) > 0. Puts = a? for
y > 0. It then follows from (10.3) that f(s) = f(a)? = 5% /@ for0 < s < 1,
since {ay |y > O} = (0,1). If we put ¢ = log, f(a), then f(x) = x€ for all
0<x <1

Assume now that there exists some b > 1 such that f(b) > 0. Similarly, we
obtain f(s) = 52 /® fors > 1. Using the notationd = log, f(b) yields f(x) =
x4 for x > 1.

Cumulatively, f has one of the eight forms (i) to (viii).

Finally, it is easy to observe that if f has one of the given eight forms, then it
satisfies the functional equation (10.3) for all x, y > 0. O

The functional equation (10.3) is different from the multiplicative functional
equation f(xy) = f(x)f(»). If we define a function f : (0,00) — R by

_fx (for 0<x <1,
Jx) = x2 (for x > 1),
then f does not satisfy the equation f(xy) = f(x)f(y), whereas it is a solution
of equation (10.3) according to Theorem 10.12 (iv).

Similarly, we can prove the following corollary. Hence, we omit the proof (or
see [171]).

Corollary 10.13. A function f : (0,00) — R satisfies the functional equation
(10.3) forall x > 0 and y € R if and only if there exists a real number ¢ such that
f(x) = x€ forall x > 0.

The group structure of the range space of the exponential functional equation
f(x +y) = f(x)f(y) was taken into account, and the stability in the sense of R.
Ger was introduced in Section 9.2.

It is interesting to note that we still have a superstability phenomenon for the
functional equation (10.3) even though the relevant inequality is established in the
spirit of R. Ger, whereas the exponential equation f(x + y) = f(x) f(») is stable
in the similar setting.

Jung [171] provided the following theorem.
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Theorem 10.14. Suppose §1 and §, are given with 0 < 81 < 1 and §; > 0. Let a
function f : (0, 00) — (0, 00) satisfy the inequalities

S s, (10.4)

PO ey =

forall x,y > 0. Then there exist real numbers ¢ and d such that

x€ (for 0 <x <1),
x? (for x > 1).

Jx) =
Proof. Let x > 0 be given. From (10.4) it follows that

f((xm)n/m)m/"

< m/n
o S+ (@)

(1=8)"" <
forall m,n € N. Let m,n € N satisfy n > m. By (a), we have

|(1/m)In f(x") — (1/m) In f(x™)|
= (1/m)|(m/n)In f((x™)"/™) —In f(x™)|

f((xm)n/m)m/n
S xm)

— 0 as m — oo.

In

= (1/m)

Thus, {(1/n)1n f(x™)} is a Cauchy sequence, and we may define
L(x) = lim (1/n)In f(x")
n—>0o0

and
F(x) = exp (L(x))

for all x > 0. Indeed, it holds true that
F(x) = lim f(x™)"". (b)
n—oo

Substituting x” for x in (10.4) yields

S 116,

0= Ty =
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and hence
fxm)t/n 1/n
(=80 = S = (1487
Therefore,
Tim fm)YR fem T =1 (c)

From (b) and (c), it follows that
FOe2) = lim £GP = Tim Q) fem) = £y
n—o0 n—oo

and
F(x”) = F(x)” (d)

for all x, y > 0. Obviously, (10.4) and (b) imply F(x) = f(x) for all x > 0. Since
f(x) > 0 holds true for all x > 0, by Theorem 10.12 (iv), there are real numbers ¢
and d such that f(x) = x for0 < x < l and f(x) = x4 forx > I. O

Analogously, Jung [171] proved the following corollary.

Corollary 10.15. Assume that a function f : (0,00) — (0,00) satisfies the in-
equality (10.4) for some 0 < §; < 1, 82 > O andforall x > 0andall y € R. Then
there exists a real number ¢ such that f(x) = x€ forall x > 0.

Proof. Obviously, we can apply the definition (b) in the proof of Theorem 10.14 to
the proof of the corollary. As mentioned in the proof of Theorem 10.14, we have
F(x) = f(x) > Oforall x > 0. Hence, for any x > 0 there exist an & > 0 and an
m € N such that f(x")!/" > g forany n > m.

Now, let y < 0 be given. Since the function x — x? is continuous on the interval
[¢/2, 00), the equality (d) in the proof of Theorem 10.14 is true for y < 0.

Therefore, we can conclude that F satisfies the functional equation (10.3) for
x > 0and y € R. By Corollary 10.13, the assertion is obvious. O

Now, we study the superstability of the functional equation (10.3) on a restricted
domain (ref. [171]).

Theorem 10.16. Let 61 and 8, be given with 0 < §; < 1 and 8, > 0. Given
m > 0, suppose a function [ : (0,00) — (0, 00) satisfies the inequality (10.4) for
all pairs (x, y) with x > m or |y| > m. Then there exists a real number ¢ such that
f(x) = x€ forall x > 0.

Proof. Suppose 0 < x < m and —m < y < m. We can choose an n € N satisfying
nx > m. Using the equality

FGP)  f (P Pe) ) o ¥
f(x)Y  fnx)Yloemxx £ ((nx)ylenxx)”
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and the inequality (10.4) yields

1=8 _f(") _ 146

Q167 = oy =~ sy rr=0

or

S (x) 41
(1=68)"T <222 < (1468)™! for y <0.
f(x)?
In both cases we can find some &3 and §4 (67 < 83 < 1, §4 > §>) such that f
satisfies the inequality

f(x7)

<1+64 (@)
f(x)?
for any pair (x, y) with0 < x < m and |y| < m. Hence, f satisfies the inequality
(a) forall x > 0 and y € R. Therefore, the assertion of our theorem is an immediate
consequence of Corollary 10.15. O

1-463 <

Using the result of Theorem 10.16, we can easily obtain an interesting relation-
ship between the power functions and the asymptotic behavior of the equation (10.3)
as we observe in the following corollary:

Corollary 10.17. Let f : (0,00) — (0, 00) be a function. There exists a real num-
ber ¢ such that f(x) = x€ forall x > 0 if and only if f(x7)/f(x)” — 1 as
X[+ |y] — oc.

10.5 Functional Equation f(x + y) = f(x)f(»)f(A/x +1/y)

K. J. Heuvers introduced in his paper [132] a new type of logarithmic functional
equation

Sx+y)=f)+ fO)+ fA/x+1/y)

and proved that this equation is equivalent to the “original” logarithmic equation
f(xy) = f(x) + f(y) in the class of functions f : (0, 00) — R.

If we slightly modify the functional equation of Heuvers, we may obtain a new
functional equation

Jx+y) =7 ) fA)x +1/y), (10.5)

which we may call a multiplicative functional equation because the function f(x) =
x“ is a solution of this equation.

By using the theorem of Heuvers (see Theorem 11.9 or [132]), we can easily
prove that if both the domain and range of relevant functions are positive real num-
bers, then the functional equation (10.5) is equivalent to the “original” multiplicative

equation f(xy) = f(x) f(y).
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By modifying an idea of Heuvers, S.-M. Jung [175] proved that the functional
equation (10.5) and the equation f(xy) = f(x)f(y) are equivalent to each other
in the class of functions f : R\{0} — R. Moreover, he also investigated a stability
problem of the functional equation (10.5) in the sense of Ger. We will now introduce
his results.

Every solution of the “original” multiplicative (logarithmic) functional equation
is called a multiplicative (logarithmic) function. For more information on multi-
plicative functions or logarithmic functions, one can refer to [3].

First, we will introduce a lemma essential to prove Theorems 10.21 and 10.23
which are the main theorems of this section. The proof of the following lemma is
elementary.

Lemma 10.18. It holds true that
{wv)lu=xt+y L v=1-x(x+y) 1y

x,y € R\{0} with x—i—y;éO}
D {(u,v)|uER\{0}, veR with u+v+#1 and u(l—v)>0}.

Proof. Let us consider the system of equations

-1 -1
X +y o =u
x(x+y) Ty t=1-v @)

with variables x and y, where u € R\{0} and v € R with u+v # 1 and u(1—v) > 0.
It suffices to prove that the system has at least one solution (x, y) with x, y,x +y €

R\ {0}.

Combining both equations in the system yields a quadratic equation
(uz—u—i—uv)xz—Zux—i- 1 =0.

Applying the quadratic formula, we find the solutions of the above equation:

_uxJu(l—v) . 1
_—u(u—i-v—l) # 0 and y—i—m

Moreover, we see by the first equation of the system (a) that x 4+ y # 0 because of
u € R\{0}. O

£ 0.

We will verify in the following lemma that if a function f : R — R is a solution
of the functional equation (10.5) and f(x) = O for some x € R\ {0}, then f is a
null function.

Lemma 10.19. If a function f : R — R satisfies the equation (10.5) forall x, y €
R\{0} and if there is an xo # 0 with f(x9) = 0, then f(x) = 0 for any x € R.
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Proof. Put x = x¢ in (10.5) to obtain

Jxo+y) = fxo) f(»)f(1/x0+1/y) =0

for each y € R\ {0}. O
Two sets of solutions of the functional equation (10.5) with f(1) = 1 resp.
f(1) = —1 are equivalent to each other. In particular, we introduce the following

lemma whose proof is trivial.

Lemma 10.20. If a function f : R — R is a solution of the functional equation
(10.5) for all x,y € R\{0} and if f(1) = —1, then the function g : R — R
defined by g(x) = — f(x) is also a solution of the functional equation (10.5) for
any x,y € R\{0} with g(1) = 1.

In the following theorem, we will prove that the multiplicative equation (10.5)
is equivalent to the “original” one, f(xy) = f(x)f(y), in the class of functions
f:R—R.

Theorem 10.21 (Jung). A function f : R — R satisfies the functional equation
(10.5) for every x, y € R\{0} if and only if there exist a constant o € {—1, 1} and a
multiplicative functionm : R — R (i.e., m(xy) = m(x)m(y) forall x,y € R\{0})
such that f(x) = om(x) for all x € R\{0}.

Proof. 1f there exists an xo # 0 with f(x¢) = 0, then Lemma 10.19 implies that
f(x) = 0forevery x € R. In this case, we may choose ¢ = 1 and a multiplicative
function m = 0 such that f(x) = om(x) for all x € R\{0}.

Assume now that f(x) # 0 for all x € R\{0}. Put y = 1/x in (10.5) to obtain

S(/x) = 1/f(x) (@)

for each x € R\{0}. With x = 1, (a) implies f(1) = L or f(1) = —1.
In view of Lemma 10.20, we may without loss of generality assume that

S =1 (b)
It follows from (a) that

/) x4+ =1/ +)f(h+2 =1
for x + y, y + z € R\ {0}. Hence, by using (10.5), we have
F(/G+y)+1/2) f(1/x +1/y)
= f(1/(x+ ) fA/Df(x +y +2 /) fA/y) f(x + )

=f(1/+)fA/x)f(x+y+2)fA)y) f(1/2) f(y +2)
=f(1/+2+1/x) /A1)y +1/2) (0)

forall x,y,z € R\{0} withx + y #0and y +z # 0.
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If we set
u=1/x+1/y and v=1/(x+y)+1/z, (d)

then

wv = (1/x 4+ 1/y)(1/(x +y) + 1/2)

=1/(y2) + 1/(xy) + 1/(x2)
1/ +2)A/y+1/2)+ 1/x)(1/y + 1/2)
=(1/(y+2+1/x)1/y + 1/2).

If we additionally set
I/y+1/z=1 (e)

in (c), then (b), (¢), (d), and (e) imply that the function f satisfies

Suv) = fu) f(v) (f)

for all u € R\{0},v € R withu 4+ v # 1 and u(1 —v) > 0 (see Lemma 10.18 and
the fact thatu = 1/x + 1/yandv = 1/(x + y) + 1/z =1 —x(x + y)~ 1y~ for
some x, y € R\ {0} with x + y # 0).

Leto ~ —1.324717956. . . be a real solution of the cubic equation x> —x + 1 =
0; more precisely, let

@ = (—1/2+23/108)/2)" + (- 1/2 - (23/108)1/2)"°.

Using (f) and (a) yields

fw) = f?/u) = f®) [ u) = f(u?)] f()

or
f?) = fw? (g)

forany u < 0 (u # o) oru > 1 (u # o means u? + 1/u # 1). Using (a) and (g),
we have

f/e?) =1/f () =1/f@)?* = f(1/u)?

foru < 0 (u # a) oru > 1. Hence, (b) and (g) yield that f satisfies (g) for
all u € R\ {0}. (The validity of (g) foru = 1/ # o or u > 1 implies that
f(l/uz) = f(1/u)?for 1l/u=oaor0 < 1/u<1)

Lets > ¢ > 1 be given. It then follows from (f), (g), and (a) that

[ty = f(s*t/s) = f(s?) ft/s) = & FO) f(U)s) = f(s) f()  (h)
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foralls > l andt > 1. (We may replace each of s and ¢ by the other whent > s > 1
and use (g) and (b) to prove () for s = ¢.) From (a) and (h), we get

F((/)(A/0) =1/f(st) = (1/f())(1/f (@) = f(1/s) f(1]1),
foralls >1landfr > 1, or
f(st) = f(s)f(@)

forall 0 < s,r < 1.Forthecase whens > land0<f<1(>1and0<s < 1),
we may use (f) to obtain f(st) = f(s)f(¢). Altogether, we may conclude by
considering (b) that f satisfies () for all pairs (u, v) of

{(u,v)|u>0, v>0}
U{(u,v)|uER\{0},vER,u—i—v;él, u(l—v)>0}. @)

By (g), we have f(u)? = f(uz) = f((—u)z) = f(~u)? forallu € R\ {0}.
Hence, we get

Jw) = —f(=u) or f(u) = f(-u) ()

for each u € R\ {0}.
If we assume that f(u) = f(—u) for all =1 < u < 0 and that there exists a
ug < —1 with f(ug) = — f(—uo), then it follows from (a) that

Jf(1/uo) =1/ f(uo) = =1/ f(=uo) = — f(=1/uo)

and —1 < 1/up < 0 which are contrary to our assumption. (Due to Lemma 10.19,
we can assume that f(—1/ug) # 0.)

Now, suppose there exists a ug (—1 < ug < 0) with f(ug) = — f(—up). It then
follows from (i) that

fuov) = f((—uo)(=v)) = f(=u0) f(=v) = — f(uo) f(=v) = — f(~uov)
forallv < —1 with v # uo — 1, i.e.,
fu) =—f(=u) (k)
for all u := uov > 1 (u # u2 — uo). Using (a) and (k) yields
f) =1/f/u) = =1/ f(=1/u) = — f(—u)
forany 0 < u < 1 (u # (u2 — up)™"). From (10.5), (a), (f), and (i) we get

Jx=1) = f)f(=Df1/x=1)
=) (=D A =x)f(1/x)
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= f=D S0 -x)
=—f=Dfx =1

for 0 < x < 1, which implies that f(—1) = —1. Therefore,
f@) =—=f(=D.

Altogether, we see that if there exists a ug (—1 < uy < 0) with f(ug) = — f(—uop),
then f satisfies (k) forall u > 0 with possible exceptions at uj —uo and (u3 —uo)_l.
Taking (j) into consideration, assume that

f(u% — uo) = f(uo — u%).

By (f) and (i), we have

[ (o = up)v) = £ (5 — o) (—))
= f(ug — o) f(-v)
= /(o =) f(=v)
= /(= (uo—ug)v)
forall v < —1 with v # up —u3 — 1, i.e.,
f) = f(~u)
for each u 1= (uo — u3)v > u} — up with u # (uo — u)(uo — u} — 1), which

is contrary to the fact that (k) holds true for all # > 0 with possible exceptions at
two points. (In view of Lemma 10.19, we may exclude the case when f(«) = 0 for
some u # 0.)

Similarly, if we assume

S (1 (g = uo)) = £ (1/ (o = 5)).

then this assumption also leads to a contradiction. Hence, we can conclude that if
there exists a ug (—1 < up < 0) with f(ug) = — f(—up), then

Jw) = —f(-u)

for all u > 0. If we replace —u with u, we will see that this equation is true also for
allu < 0.
Therefore, f satisfies either

fu) =—f(—u) forall u<0
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or
f(u) = f(—u) forall u<O0.

This fact together with ( f) and (i) yields

Suv) = fu) f(v)

for all u,v € R\{0}.
The proof of the reverse assertion is clear. O

If a function f : R — R is a solution of the functional equation (10.5) for all
x,y € R\ {0} and additionally satisfies f(0) # 0, then we see by putting y = —x
in (10.5) and considering () in the proof of Theorem 10.21 that f(x) € {—1,1}
for all x € R\{0}. Therefore, we have the following:

Corollary 10.22. An unbounded function f : R — R is a solution of the functional
equation (10.5) for all x, y € R\{0} if and only if there exist a constant o € {—1, 1}
and an unbounded multiplicative function m : R — R such that f(x) = om(x)
forall x € R.

In the following theorem, we will prove the stability of the functional equation
(10.5) in the sense of Ger.

Theorem 10.23 (Jung). If a function f : R — (0, 00) satisfies the inequality

faty) 1' iy
SO FO)F(1/x+17y)

(10.6)

for some 0 < 8§ < 1 and for all x,y € R\{0}, then there exists a unique multiplica-
tive function m : R\ {0} — (0, oo) such that

1=8\"*2  m(x) [1+8\*?

- < <[|[——

1+6 T f(x) T \1-$6
for any x € R\{0}. If f is additionally assumed to be unbounded, then the domain
of m can be extended to the whole real space R with m(0) = 0.

Proof. Tt follows from (10.6) that

SO S fA/x +1/y)
f(x+y)

(1487 < =(1-§" (a)

for any x, y € R\{0}. Putting y = 1/x in (a) yields

A+67 < f@)fA/x) =1 -87" ()
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for each x € R\{0}. With x = 1, () yields
1+8)™ 2 < fy<a-87"2 (©)

From (10.6) we get
(19>
- S/ (x+y)+1/2) f(/x +1/y)
TS/ A/ + Y+ A/ Q)9 f(x + )
= (1+8)7? (d)

and
(1-98?
- S/ +2) +1/x) f(1)y +1/2)
TG+ A/ fx+y + A/ /D f (B +2)
< (146 (e)

forall x, y,z € R\{0} with x + y # O resp. y +z # 0. If we divide the inequalities
in (d) by those in (e¢) and consider (b), then

(1_5)3 S+ + 1/ A/ x+ 1) (1 +5)3 -
1+6) = f(1/(y+2)+1/x)fQ/y+1/z) ~ \1=6

forall x,y,z € R\{0} withx + y #A0and y 4+ z # 0.
If we define u and v by (d) in the proof of Theorem 10.21, then we have

uy = (1/(y +2) + l/x)(l/y +1/2)

as we see in the proof of Theorem 10.21. If an additional condition (e) in the proof
of Theorem 10.21 is also assumed, then (d) and (e) in the proof of Theorem 10.21,
together with (c¢) and (f), imply that

(ﬂ 7/2<f(u)f(v)<(1+5)7/2
1+5) =" Fwy —\1-5 &)

forall u € R\{0},v € R withu 4+ v # 1 and u(1 —v) > 0 (see Lemma 10.18 and
the fact thatu = 1/x + 1/yandv=1/(x + y) + 1/z=1—x(x + y)~'y~! for
some x, y € R\ {0} with x + y # 0).

Let us define @ ~ —1.324717956 . . . as in the proof of Theorem 10.21. From the
relation

£ _ )0
f@? =T @ TS0
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and from (g) and (b), it follows that

A R

1+8) ~ fw? —\1=5

forany u < 0 (u # ) oru > 1 (u # o implies u> + 1/u # 1). On account of (b)
and (h), we obtain

( ﬂ)/ L) ) (/) fw? (1 +5)13/2
L+6) 7 fU/w? f@?f/w? f?) T \1-8

foru < 0 (u # o) or u > 1. This fact together with (&) and (c) yields that

()" Lo (1™ 0

1+8 = fw? —\1-35

for all u € R\ {0}, since 1 /o # «.
Lets >t > 1. With

f& @O _ S/ f0OfA)s) f0)> 1
S0 fs?etfs) fU)s) f(s?) f)f(1)s)

(g), (h), (b), and (c) yield

1=\ _ f@) /@) _ (148\¥?
(m) f(s1) —(1—8)

forall s > 1 and # > 1. (We can replace each of s and ¢ with the other when
t > s > 1 and we apply (i) to the proof of () for the case s = t.) By

()

FU £ Fst) |
Fien) A OTUDIOIADZOE S 7607 (1760)

and using (b) and (j) we obtain

( 1-3 )29/2 BUDYUDE (1 + 5)29/2 ©
1+ = f(/esn) ~\1-8
forall s > 1 and ¢ > 1. Hence, by (g), (j), and (k) we conclude that
1-5§\/? _S@fe) _ (1458 29/2 1
(i73) ="Fe = (i) )
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for each pair (u, v) of

{(u,v)|u>0, v>0} (m)
U {(u,v) lue R\{0}, veR, u+v#1, u(l—v >0}.
(We can use (g) to verify inequalities in (/) either for s > 1 and 0 < ¢ < 1 or for
t>land0 <s < 1))
The fact
fw? _ fw? f((-w?)

FEw? T ) fw?

together with (i) implies that

1=\ _ fw _ 148\
(m) ‘f(—u)‘(m)

for every u € R\ {0}. This fact, (/), and (m) together with the relations

S S f(=) ) f)

(for u,v < 0)

) ) fw S
M 06 F ) flew) o)
u A% u —V —Uuy \%
fan Tewy fa) few ot 0r=0
imply
=8\ _ fw  _ (148)°7
(m) = Fwrie - (1 —8) )
for any u, v € R\{0}.
‘We now claim that
2"
vt ) g ©

for all u € R\ {0} and n € N, where we put

1 — §\13/2 14 §\!13/2
n=(i75)  woa=(i5)

Due to (i) our assertion is obvious for n = 1. Assume that (0) is true for some
n > 1. Then, the relation

£ A <f<u2">)2
f@ ™ pery? \ S
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together with (i) and (o) gives

2n+l
glr2t+2m f(” ) < glH2+-t2"
1 T fawtt

which proves the validity of (o) for all u € R\{0} and n € N.
Let us define functions g, : R\{0} — R by

gn(u) =27"In f(uzn)

for each u € R\ {0} and n € N. Let m,n € N be arbitrarily given with n > m. It
then follows from (o) that

|gn () — gm(u)| = 27 | 277 In

Hence, {g, (1)} is a Cauchy sequence for every fixed u € R\{0}. Therefore, we can
define functions £ : R\{0} — R and m : R\ {0} — (0, c0) by

Lu) = nll)n;o gn(w) and m(u) = RION

Indeed, we know that

m(u) = lim f(uzn)2
n—o00
for every u € R\ {0}.
Replace u and v in (n) with #?" and v?", respectively, and extract the 2"th root
of the resulting inequalities and then take the limit as n — oo to obtain

m(uv) = m(u)ym(v)

for all u,v € R\ {0}. Hence, we conclude by considering (o) that there exists a
multiplicative function m : R\ {0} — (0, o) with

—— <& (p)

for any u € R\ {0}.
Suppose m’ : R\ {0} — (0, co) is another multiplicative function satisfying (p)
instead of m. Since m and m’ are multiplicative, we see that

m(uzn) = m(u)®" and m/(uzn) =m'w)?".
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Thus, it follows from (p) that

m(u) m(uzn) > f(uzn) >
m'(u) (f(uzn)) m’ (u?") =1 asn— oo

which implies the uniqueness of m.

By (p) we see that m is unbounded if and only if f is so. Hence, it is not difficult
to show that if f is unbounded, then the domain of m can be extended to the whole
real space R by defining m(0) = 0. O

Corollary 10.24. If a function f : R — (—o0, 0) satisfies the functional inequality
(10.6) for some 0 < 6 < 1 and for all x,y € R\{0}, then there exists a unique
multiplicative function m : R\ {0} — (0, co) with

1+8\*?  mx) 1—8\"%?
(=== < < -
1-6 T f(x) T 1+6
for each x € R\{0}. Moreover, if f is unbounded, then the domain of m can be
extended to the whole real space R with m(0) = 0.




Chapter 11
Logarithmic Functional Equations

It is not difficult to demonstrate the Hyers—Ulam stability of the logarithmic
Sfunctional equation f(xy) = f(x)+ f(y) for functions f : (0,00) — E, where E
is a Banach space. More precisely, if a function f : (0,00) — E satisfies the func-
tional inequality || f(xy) — f(x) — f()|| < § for some § > 0 and for all x, y > 0,
then there exists a unique logarithmic function L : (0,00) — E (this means that
L(xy) = L(x)+L(y) forall x, y > 0) suchthat || f(x)—L(x)| < §forany x > 0.
In this chapter, we will introduce a new functional equation f(x”) = yf(x) which
has the logarithmic property in the sense that the logarithmic function f(x) = Inx
(x > 0) is a solution of the equation. Moreover, the functional equation of Heuvers

f(x+y)= f(x)+ f(y) + f(1/x + 1/y) will be discussed.

11.1 Functional Equation f(x”) = yf(x)

The general solution f : R\ {0} — R of the logarithmic functional equation

flxy) = f(x)+ f(y) (1L.1)

is given by
f(x) = A(In|x|) for x € R\{0},

where A : R — R is an additive function. If a continuous function f : R\{0} — R
satisfies the logarithmic equation (11.1), then there exists a real constant ¢ such that
f(x) =cln|x]| for all x € R\{0}.

The logarithmic function f(x) = Inx (x > 0) clearly satisfies the functional
equation

J&7) = yf(x). (11.2)

Therefore, we may regard the functional equation (11.2) as a sort of logarithmic
functional equation.

S.-M. Jung [158] solved the functional equation (11.2) in the class of differen-
tiable functions f : (0, 00) — R as we will indicate in the following theorem.

S.-M. Jung, Hyers—Ulam—Rassias Stability of Functional Equations in Nonlinear 253
Analysis, Springer Optimization and Its Applications 48,
DOI 10.1007/978-1-4419-9637-4_11, (© Springer Science+Business Media, LLC 2011
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Theorem 11.1. A differentiable function f : (0,00) — R satisfies the functional
equation (11.2) forall x > 0 and y € R if and only if f(x) = cInx forany x > 0,
where c is an arbitrary real constant.

Proof. Let f : (0,00) — R be a differentiable function and satisfy the functional
equation (11.2) for all x > 0 and y € R. Obviously, putting x = 1 in (11.2) yields
f(y=o.

Assume that there exists some xo > 0 (xo # 1) such that f(x¢) = 0. Then, the
fact {xg | —oo<y< oo} = (0, 00), together with (11.2), yields f(x) = 0 for all
x > 0.

Assume now that f(x) # 0 forall x > 0 (x # 1). Differentiations of (11.2) with
respect to x and y yield f/(x?) = x'™ f/(x) and f'(x”) = x 7 (Inx)~! f(x), re-
spectively. Since f(x) # 0 for all x # 1, it follows from the last two equations that

Sl 1
f(x)  xlnx

for any x > 0 (x # 1). By integrating both sides of the last equation, we obtain

ay|lnx| (for 0 < x < 1),
az|Inx|  (for x > 1),

f00] = {

where a; and a, are positive real constants. The continuity of f implies that

_felnx (for 0 <x <1),
Jx) = %czlnx (for x > 1),
where ¢, ¢; # 0 are arbitrary real constants. However, the differentiability of f at
x = 1 implies ¢; = ¢,. Hence, it must hold true

f(x) =c1lnx,

for all x > 0, where ¢; # 0 is an arbitrary real constant. Therefore, we have
f(x) =clInx (x > 0) where c is an arbitrary (including 0) real constant.
The reverse assertion of our theorem is trivial. |

Analogously as in the proof of Theorem 11.1, we can also prove that a differ-
entiable function f : (0,00) — R satisfies the functional equation (11.2) for all
x,y > 0ifand only if f(x) = ¢Inx (x > 0), where c is an arbitrary real constant.

11.2 Superstability of Equation f(x”) = yf(x)

It is obvious that the logarithmic functional equation f(xy) = f(x)+ f(y) is stable
in the sense of Hyers and Ulam. We now prove the superstability of the functional
equation (11.2) in the conventional setting (11.3) (see [158]).
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Theorem 11.2. If a function f : (0, 00) — C satisfies the functional inequality

[f(xY)=yf(x)| <6 (11.3)

for some § > 0 and for all x > 0 and y € R, then either f is identically zero or it
satisfies the functional equation (11.2) for all x > 0 and y € R.

Proof. By taking x = 1 and letting y — oo in (11.3), we get f(1) = 0. First,
assume there exists an xg > 0 (xo 7# 1) such that f(x¢) = 0. Then the fact
{x} | —oo <y < oo} =(0,00) and (11.3) imply that | f(x)| < & for any x > 0,
and this, together with (11.3) again, implies that f is identically zero.

Assume now that f(x) # 0 for any x > 0 (x # 1). Let z > 1 be fixed and
suppose x > 0. We use induction on n to prove the inequality

[T = fo)| =8 (a)

i=1

for all n € N. The validity of (a) for n = 1 follows immediately from (11.3). Now,
assume (a) holds true for some integer n > 0. It then follows from (11.3) and (a)
that

iz—(n+1)f(xz”+l) _ f(x)i < Z—(n+1)|f(xz”+1) —zf(xz”)l
() = f )

n+1

< SZz_i,

i=1

which ends the proof of (a).
Letm,n € N satisfy n > m. Using () yields

) =S )] = T (DT = S ()]
1)
= 7m(z—1)
— 0 as m — oo.

Hence, {z™" f(x¥")} is a Cauchy sequence, and we can define
L.(x) = lim 77" f(x")
n—o0
forall x > 0.

Now, let x > 0 be given with x # 1. If we put y = 7", letn — oo in (11.3), and
then take into account f(x) # 0, we easily see

lim | f(x)] = oo. (b)

n—o0
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Let y # 0 be given. Substituting x*" for x in (11.3), dividing by |yf(x")| both
sides, and letting n — oo, together with (b) yield

i ¥yl A
Tim £ () () =
Therefore, we have

lim z_”f(xyzn)y_lf(xzn)_lyf(xzn)

LZ(xy) - nlggo Z_nf(xyzn) - n—o00

and hence
Lz(xy) = yLz(x) (C)

forany x > 0 (x # 1) and for all y # 0. Moreover, it follows from (a) that

8
IL:(x) = f(O)] = — (d)

z—1

for all x > 0.
Furthermore, let L : (0,00) — C be another function satisfying (c¢) and (d).
Substituting y” for y in (¢) yields

Lz(xyn) = y"L,(x) and L(xyn) = y"L(x) (e)

forall x > O (x # 1) and for any y # 0. Let y > 1 be fixed in (e). Then,
considering (d) and (e) we get

L.(x) = L(x)| = y " |L(x”") = L(x"")|

=y L) = F () TS ) = L)
_, 26
=y 1
for all n € N. Thatis, L,(x) = L(x) for all x > 0 (x # 1). This implies that if
7 >z>1, then

Lz(x) = Ly(x) (f)
forall x > 0 (x # 1) because L satisfies (c¢) and (d).
By letting z — oo in (d) and by (c) and (f), we conclude that f itself satisfies

the functional equation (11.2) for all x > 0 (x # 1) and for any y # 0. Now, if
x = 1, then f(1) = 0. Hence,

0=f()=f(x") = yf(x)
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for all y € R. Analogously, if y = 0, then

0= f(1) = f(x") = yf(x),
for all x > 0, which ends the proof. 0O

It is assumed in Theorem 11.2 that the inequality (11.3) holds true for all x > 0
and y € R. Can we also expect the superstability of the functional equation (11.2)
in somewhat restricted variables? Similarly as in the proof of Theorem 11.2, we can
prove the following theorems. Hence, we omit the proofs.

Theorem 11.3. Assume f : (0,00) — C satisfies the inequality (11.3) for some
8 > 0andforall x,y > 0. Then we have the following possibilities:

(i) f isidentically zero;
(ii) f is identically zero on (0, 1) and satisfies the equation (11.2) for x > 1 and
y >0
(iii) f is identically zero on (1, 00) and satisfies the equation (11.2) for x € (0, 1]
andy > 0;
(iv) f satisfies the equation (11.2) for x,y > 0.

For the particular case of D = {x € (0,00) | f(x) # 0} = (0,00)\{1} in
Theorem 11.3, Jung [158] obtained the following result.

Corollary 11.4. Let a function f : (0,00) — C satisfy the inequality (11.3) for
some § > 0andforall x,y > 0.If D = (0,00)\{1}, then f satisfies the functional
equation (11.2) forall x,y > 0.

Jung [158] also obtained the following:

Theorem 11.5. Let a function [ : (0,00) — C satisfy the inequality (11.3) for
some § > 0 and forall x,y > 1. If there exists an ¢ > 0 such that

inf | f(x)] >0, (11.4)
x>1+¢

then f satisfies the functional equation (11.2) for any x,y > 1.

By using the result of Theorem 11.5, we can prove the following corollary
(ref. [158]).

Corollary 11.6. Let d > 2 be fixed and let a function f : (0,00) — C satisfy the
inequality (11.3) for some § > 0 and forall x,y > Owith x +y > d. If (11.4)
holds true for some ¢ > 0, then f itself satisfies the functional equation (11.2) for
all x,y > 1.

Proof. Let x,y > 1 satisfy the condition x + y < d. Choose a number z > 1 with
zx > d. It then follows from (11.3) that
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76 =20 = |76 = 38 o] 4y (2 e - 100
nzx Inzx

<68(1+y)
< éd,

since

Inx Inx Inx Inx
4 >O,—>0,y +zx>d, — +zx>d.
Inzx In zx In zx In zx

Our hypothesis implies that f satisfies

|f(x?) = yf(x)] < éd

for all x, y > 1. Hence, by Theorem 11.5, f satisfies the functional equation (11.2)
forall x,y > 1. O

The assertion in Corollary 11.6 is also true under a weakened condition (11.5)
instead of (11.3) as mentioned in the following corollary (cf. [158]).

Corollary 11.7. Let f : (0,00) — C be a function. Assume that (11.4) holds true
for some & > 0. If

Jim - sup [f(x”) = yf(x)] < oo, (11.5)

® x+y>n
then f satisfies the functional equation (11.2) for all x,y > 1.

Proof. According to (11.5), there is an M > 0 such that

lim sup [f(x") —yf(x)| <M,

=00 y 1 y>p

and hence, we can choose an ng such that

sup | f(x”) —yf(x)] <2M. (@)

xX+y>ngo

Corollary 11.6, together with (a), implies that f satisfies the functional equation
(11.2)forall x,y > 1. O

We will now prove the superstability of the functional equation (11.2) in the sense
of Ger. First of all, let § be given with 0 < § < 1, and define

n n

an(x,y) = l_[ (1 —Sx_yi), Bu(x,y) = l_[ (1 +5x_yi)

i=1 i=1
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and
a(x,y) = lim ap(x,y), B(x,y)= lim B,(x,y)
n—o0 n—>0o0
for any x > 1 and y > 2. It is not difficult to demonstrate that a(x, y) > 0 for any

x>landy > 2.
Jung [158] provided the following theorem.

Theorem 11.8. If a function f : (0,00) — (0, 00) satisfies the inequality

fo)

Sx™Y 11.6
o e (110

forall x,y > 0 and for some 0 < § < 1, then f satisfies the functional equation
(11.2)forall x > 1 and y > 0.

Proof. Letx (> 1) and y (> 2) be fixed. We use induction on 7 to prove

)
7o = e (@)

an(x,y) <

The inequality (a) for n = 1 is an immediate consequence of (11.6). Assume now
that (a) is true for some integer n > 0. Then, by the equality

f(xyn+1) _ f(xyn+1) . f(xyn)
YL oy f () ()

and by substituting x*" for x in (11.6) we get

f(xyn-H)

m < Bun+1(x.y)

Oln-i—l(xv y) =

which ends the proof of (a).
Let m,n € N be given with n > m. Since

(@)

Iy () =0y () = 0

(a) implies

Z In (1 —Sx_yi) <Iny™f(x”") —Iny™™ f(x>")

i=m+1

n .
< Y m(1+8&).

i=m+1
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Since the left- and right-hand sides of the above inequality tend to 0 as m — oo, the
sequence {In y™ f(x”")} is a Cauchy sequence. Therefore, we can define

Py = fim a7/ ()
and
Ly(x) = exp (Py(x))
forall x > 1 and y > 2. Indeed, it is not difficult to demonstrate
Ly(x) = lim y™" f(x")
for any x > 1.

Substituting xV" (x > 1,y > 2)and z (> 0) for x and y in (11.6), respectively,
and letting n — oo, then we obtain

lim f (x> )z_lf(xyn)_1 =1. (b)

n—>00

Hence, by using (b), we have

Ly(xz) — nlggo y—nf(xzyn) — nlgrolo y—nf(xzyn)z—lf(xyn)—lzf(xyn)
and
Ly(x*) =zLy(x) ()

for all x > 1 and z > 0. Clearly, it follows from (a) that L, satisfies the inequality

Ly(x)<
28 < piry) (@)

a(x,y) <

forx > 1.

Now, let L : (1,00) — (0, c0) be a function which satisfies (d) for x > 1 and
(c) for x > 1 and z > 0. (It follows from (d) that if y > 2, then L, (x) # 0 and
L(x) # 0 forall x > 1.) Then, it follows from (d) and (c) that

a(x".y) _ Ly _ Ly(") _p".y)
B(x»".y) = L(x) L(x") ~ a(x",y)

holds true for x > 1 and y > 2, which implies the uniqueness of L, because
a(x,y) — 1, B(x,y) — 1 as x — oo. This implies that if y/ > y > 2, then
Ly/(x) = Ly(x) forall x > 1, because L, satisfies (d) for all x > 1 and (c)
for x > 1 and z > 0. Therefore, by letting y — oo in (d) and by considering
a(x,y) —> 1, B(x,y) = 1l as y — oo (when x > 1), we conclude that f itself
satisfies (¢) forall x > 1 and z > 0. O
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11.3 Functional Equation of Heuvers

K. J. Heuvers [132] introduced a new type of logarithmic functional equation

Jx4+y) =)+ )+ fA/x+1/y). (IL7)

which will be called the functional equation of Heuvers, and proved that this equa-
tion is equivalent to the “original” logarithmic equation, f(xy) = f(x) + f(»),in
the class of functions f : (0,00) — R.

Theorem 11.9. A function f : (0,00) — R is a solution of the functional equa-
tion (11.7) if and only if f is a solution of the “original” logarithmic functional
equation.

Proof. If weset y = 1/x in (11.7), then we have

f/x) =—f(x) (a)
and
S(1)=0. (b)
We observe that
(Hf)(x.y) = f(x +y) = f(x) = f(¥)
is a first Cauchy difference and
(Hf)(x.y.2) = (Hf)(x + y.2) = (Hf)(x.2) = (Hf)(y.2)

=fa+ty+)—flx+y) - flx+2-fy+2)
+ /) + )+ f2)

is a second Cauchy difference which is symmetric in x, y, and z (see [131]).
Thus, we get

FUx+y)+1/2) = f(/x +1/2) = f(1)y + 1/2)
=fx+y+)—fx+y) - flx+2) - +2)
TS+ )+ @)
= f(/(+2+1/x) = f(U)y +1/x) = f(1/z+ 1/x).

Consequently, we obtain

F/x+0)+1/2)+ f(/x+1/y) = f(1/(y+2+1/x)+ f(1/y+1/2). (c)
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Set1/y + 1/z = 1in (c). Since y and z are positive, they are obviously greater
than 1 and it follows that

1 1 y—1 y
-—=1-—-= or z=——
z y y —1
Moreover, we have
1 1 1 -1 24 xy—x
L PR S e
x+y z x4y y y(x 4+ )
1 I x+y
x oy oxy
1 1 1 1 -1 1 24 xy—x
y+z x y+y/-1 «x y x xy
It follows from () and (c) that
xX+y y2+xy—x y2 4+ xy —x
f( )+f(—)=f(—2 @)
Xy yx+y) Xy
forall x >0and y > I,since 1/y +1/z=1.
Now, let
x+y 1 1 y2 4+ xy —x
u= =—+— and v="—-—""——.
Xy x oy yx+y)
It then follows that
y2 4+ xy —x
w = ———/—
xy2

and it follows from (d) that

J@v) = f(u) + 1 ().

Since x > 0 and y > 1, u and v are positive but there may be further restriction
on them. We have

1 1
u=—4+— and v=1-— x/y'
X y xX+Yy
Thus, we get
1 1 xu—1 X
U—— = — = or y= .
Xy X xu—1
Moreover, we obtain
N X x2u 1 xu—1
X =X = or = .
Y xu—1  xu—1 X+y x2u
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Thus, we have

(xu—1)? (xu—1)?
v=1l—-————"— or w=u— ———.
x2u x2
Hence, we get
(xu—1)2 5 x? 1
— = 1 — = — = = .
u—uv =u(l—v) 2 or y G2~ ai—v)

Therefore, it follows that 0 < v < 1 and y = u~"/2(1 — v)~1/2. Thus, we have
u—1/y = u—ul/z(l —v)l/2 =1/x= ul/z(ul/z— (1 —v)l/z)

or
ul/? 4 (1- v)l/2

ul/2w—1+4v)

Hence, if u > 1, then u + v — 1 > 0. Therefore, we get

Swv) = f@) + f(v)

forallu >1and0 <v < 1.
Since

S = f@)+ f() = flu-1) and f(v) = f(1)+ f() = f(1-v),

we obtain
S) = fu) + f(v) (e)

forallu >1land 0 <v < 1.
Assume that s > 1. Then, 0 < 1/s < 1 and 1 < s < 52 and it follows from (a)
and (e) that

f(s) = f(s%/s) = f(s®) + f(/s) = f(s*) = f(5)
or
f(5%) =2£(s). (f)
If1 <s <t ,then0 < s/t <land1 <t < t2. Then, it follows from (a), (), and
(f) that
flst)y = f(s/0) + f (1)

= f(s)+ f(1/0) + [ ()

= fls)— f@) +2/@)

= f(s)+ f(©) (8)

forany s > land ¢ > 1.
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Assume now that 0 < s,¢ < 1. It then follows from (a) and (g) that

—f(st) = f(1/(s0) = f((A/)(1/1)) = = f(s) = f(1).
Consequently, we have
Sfuv) = fw) + f(v)

for all u > 0 and v > 0. Thus, every solution of (11.7) is a solution of the “original”
logarithmic functional equation.

Assume that f is a solution of the “original” logarithmic functional equation.
Then, it holds true that f(xy) = f(x) + f(y) forall x > 0 and y > 0. Hence,
we get

fx+y)=f(xA/x+1/y)y) = f(x)+ fA/x+1/y) + f(D).

Therefore, each solution of the “original” logarithmic functional equation is also a
solution of (11.7). |

We will now apply Theorem 10.23 to the proof of the Hyers—Ulam stability of
the functional equation of Heuvers. S.-M. Jung [175] contributed to the following
theorem.

Theorem 11.10. If a function f : R — R satisfies the functional inequality

| fx+y) = f)— fO) = fA/x+1/y)| <8 (11.8)

for some 0 < § < 1n2 and forall x,y € R\{0}, then there exists a unique logarith-
mic function £ : R\ {0} — R such that

| f(x) = £(x)] < (13/2)(8 —In (2 — %)) (11.9)
for each x € R\{0}.
Proof. 1f we define a function g : R — (0, o0) by
g(x) = e/, (a)

then it follows from (11.8) that

g(x +y)

—1|<ef—1
gx)g(»)g(l/x +1/y)

for all x,y € R\ {0}. According to Theorem 10.23, there exists a multiplicative
function m : R\ {0} — (0, co) with
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. 13/2 () 5 13/2
( eé ) = g(x) S(2—e8) )

for x € R\{0}. Define a function £ : R\ {0} — R by

£(x) = Inm(x). (c)

Then, £ is a logarithmic function. We can conclude by (a), (b), and (c) that the
inequality (11.9) holds true for any x € R\ {0}.

Let £/ : R\{0} — R be another logarithmic function satisfying (11.9) for each
x € R\{0}. Since £ and ¢’ are logarithmic, we get

£(x*") =2"(x) and €(x*") = 2" (x)

forall x € R\{0} and n € N. Hence, it follows from (11.9) that
[0(x) — € (x)| = 27"]e(x*") — €/ (x*")
27O = f () 27 £ () = ()|

— 0 as n — oo,

IA

which implies the uniqueness of £. O

The functional equation

fx+y)=2gx)+h(y)+k(1/x+1/y) (11.10)

is a Pexider generalization of the functional equation (11.7). K. J. Heuvers and Pl
Kannappan [133] investigated the solutions of the functional equation (11.10).

Theorem 11.11. The twice-differentiable solution f,g,h,k : (0,00) — R of the
functional equation (11.10) is given by

f(x) =—alnx + bx + ¢y,
gx)=—alnx +bx —d/x +c1 + c3,
h(x) =—alnx +bx —d/x —c; — c3,
k(x) =—alnx +dx + ca,

(11.11)

where a, b, c1, ¢a, ¢3, and d are real constants.

Proof. 1f we differentiate (11.10) with respect to x and y, then we get

f(x 4+ y) = (1/xy)*k"(1/x + 1/ ).
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Ifwesets = x + yandt = 1/x 4+ 1/y in the last equation, then we obtain

f(s) = (¢2/s*)k" (t) or
s2 f"(s) = 12k"(t) for st > 4. (@)

If we set s = 4 in (a), then we have t2k”(t) = a fort > 1. On the other hand, if
we sett = 4 in (a), then we get s> f”(s) = a for s > 1, where a is a constant.

For 0 < ¢t < 1 choose s > 4 so that st > 4. Then it follows from (a) that f and
k satisfy the differential equation f”(s) = a/s? and k"(t) = a/t? for s,t > 0.
If we integrate each function twice, then we obtain

f(x) =—alnx +bx +c¢; and k(x) = —alnx + dx + c;.
Putting these into (11.10) yields
gx)+h(y)=—alnx —alny +bx+by—d/x—d/y+c1—c2

or

gx)+alnx—bx+d/x—cy=—(h(y)+alny —by +d/y + c2) = c3,

where c3 is a constant. Hence, we conclude that the twice-differentiable solution of
the functional equation (11.10) is given by (11.11). O



Chapter 12
Trigonometric Functional Equations

The famous addition and subtraction rules for trigonometric functions can be
represented by using functional equations. Some of these equations will be intro-
duced and the stability problems for them will be surveyed. Section 12.1 deals
with the superstability phenomenon of the cosine functional equation (12.1) which
stands for an addition theorem of cosine function. Similarly, the superstability of the
sine functional equation (12.3) is proved in Section 12.2. In Section 12.3, trigono-
metric functional equations (12.8) and (12.9) with two unknown functions will be
discussed. It is very interesting that these functional equations for complex-valued
functions defined on an amenable group are not superstable, but they are stable in the
sense of Hyers and Ulam, whereas the equations (12.1) and (12.3) are superstable.
In Section 12.4, we will deal with the Hyers—Ulam stability of the Butler—Rassias
functional equation.

12.1 Cosine Functional Equation

The addition rule cos(x + y) + cos(x — y) = 2cosx cos y for the cosine function
may be symbolized by the functional equation

fx+y)+ fx=y)=2f(x)f(). (12.1)

This equation is called the cosine functional equation or d’Alembert equation.
In 1968, P1. Kannappan [209] determined the general solution of the cosine func-
tional equation (12.1):

Every nontrivial solution f : R — C of the functional equation (12.1) is

given by
f(x) = (1/2)(m(x) + m(=x)),
where m : R — C\{0} is an exponential function.

J. Baker [16] was the first person to prove the superstability for this equation,
and later P. Gavruta [114] presented a short proof for the theorem. Before this proof
provided by Givruta, we will introduce a lemma of Baker which is necessary to
prove the theorem of Baker and Gévruta (see [16]).

S.-M. Jung, Hyers—Ulam—Rassias Stability of Functional Equations in Nonlinear 267
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Lemma 12.1. Let (G, +) be an abelian group and let a function f : G — C satisfy
the functional inequality

I fx+ )+ flx=y)=2f(x)f(y)] =6 (12.2)
forall x,y € G and for some § > 0. If | f(x)| > (1 + \/1+28)/2f0rs0me

x € G, then | f(2"x)| = oo asn — oo.

Proof. Letx € G andy = |f(x)| = ¢ + p, where ¢ = (1 + /1 +28)/2 and
p > 0. For simplicity, let & = § + ¢. Then, we have

22—y —p=2ce+pP-e—p—-58—¢
=2(%—¢e)+ @des—)p+2p*—5§
= (4e—1)p +2p?
> 3p,

since ¢ > 1 and 2(¢% — &) = §. Hence,

2y2 — >y 4+ 3p. (a)

If we put y = x in (12.2), we get

| /2x) + f(0) = 2f(x)*| <,

and hence

|f20)] = [2f(x)> = fO)| =8 = 2| f(x) > = f(0)] = 6.

Since [ f(0)| < &, we have

|f@x)] = 2] f()? = pe. ()

It follows from (a) and (b) that

| /@0 = 2[f()> —p > | f(x)] +3p>e+2p.
Assume that
|l f2"x)|>e+2"p ()

for some integer n > 2. Then, if we replace x and y in (12.2) with 2" x simultane-
ously, it then follows from (c) that

|f@" )] = [2(2"x)% = f(0)] = 6
>2|f(2"x) —e—$
>26% — 26— 84 &+ 2" 2gp 42211 p2
> 542+
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since ¢ > 1 and 26 — 2e — § = 0. Hence, (c) holds true for all n € N.
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In the following theorem, we show that the cosine functional equation (12.1) is

superstable (ref. [16, 114]).

Theorem 12.2 (Baker and Gavruta). Let (G, +) be an abelian group and let a
Sfunction f : G — C satisfy the functional inequality (12.2) for all x,y € G and
for some § > 0. Then either | f(x)| < (1 + 1+ 28)/2f0r any x € Gor f

satisfies the cosine functional equation (12.1) forall x,y € G.

Proof. If there exists an xo € G such that

| f(x0)| > (1 4+ v1+258)/2,

then there exists a sequence {x,} with
lim | f(xp)| = o0
n—>0o0
(see Lemma 12.1). Let x, y € G be given. From (12.2) it follows that
12/ (xn) f(x) = f(x 4+ xn) = f(x —xp)| =6

forall n € N, and (a) implies

S x4 x0) + f(x = xn)
21 (xn) .

1= Jim,

From (b) we get
2/(0)f(y) = lim 4,

and
S+ y)+ f(x—y) = lim By,
where
A = (f(x+xn) + f(x_xn))(f(y +xn) + f(y _xn))
o 2/ (xa)?
and

B, = (1/2)f(xn)_2(f(x +y+xn)+ f(x+y—xn)
+ [ =y +x0) + f(x =y —xn)) f(xn).

(a)

(b)

(c)

(d)
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By (12.2), we have

12/ (x + x0) f(y + xn) = f(x + ¥ +2x0) = fx — )| = 6.
12f(x =xn) f(y +2x0) = fx +y) = f(x =y = 2xp)| =6,
12/ (x + xn) f(y = Xn) = f(x +y) = f(x =y +2x0)| <6,
12/ (x = xn) f(y = xn) = f(x +y = 2x0) = fx = y)| <6,

| =2f(x +y + x0) f(xn) + f(x + 5+ 22x2) + fx + y)] =6,
| =2f(x +y = x0) f(xn) + f(X +9) + fx +y—=2x)] <6,
| =2f(x =y +x2) f(xn) + f(x =y) + fx =y +2x0)] < 6,
| =2f(x =y =xn) f(xn) + f(x =) + fx =y = 2x)[ = 6

for every n € N, and hence

26

Ap — By| < —— e
R VIEATE «©
for all n € N. The relations (a), (¢), (d), and (e) imply that f satisfies the func-
tional equation (12.1) for any x,y € G. O

R. Badora [9] assumed the Kannappan condition f(x +y +2) = f(x +z+ )
instead of the commutativity of the group G and proved the following theorem:

Let (G, +) be a group. If a function [ : G — C satisfies

| f(x+y)+ flx—y)=2f(x)f(»)] =3,
lfx+y+2)—f(x+z+y)|=<e

forall x,y,z € G and for some §, & > 0, then either f is bounded or f is a solution
of the cosine functional equation (12.1).

In 2002, R. Badora and R. Ger [10] proved the superstability of the cosine func-
tional equation.

Theorem 12.3. Let (G, +) be an abelian group and let ¢ : G — [0, 00) be a given
Sfunction. If a function f : G — C\{0} satisfies the inequality

f(x+ )+ flx =) =2f() ()] = p(x)

forallx,y € G, then either f is bounded or f is a solution of the cosine functional
equation (12.1).

PI. Kannappan and G.-H. Kim [212] investigated the superstability of the gener-
alized cosine functional equations

Jx+y)+ fx=y)=2f(x)gy)
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and
Sx+y)+ flx—y)=2g(x)f(y)
(see also [218]).

12.2 Sine Functional Equation

The sine functional equation
fa+Nf=y) =)= f(»)? (12.3)
reminds us of one of the trigonometric formulas:

sin(x + y) sin(x — y) = sin® x — sin? y.

We now introduce a theorem concerning the general solution of the sine functional
equation (12.3):

A function f : R — C is a solution of the sine functional equation (12.3) if and
only if f is of the form

f(x)=0. f(x)=Ax), or f(x)=c(m(x)—m(=x)).

where A : R — C is a nonzero additive function, m : R — C\{0} is an exponential
function, and c is a nonzero constant.

P. W. Cholewa [69] observed the superstability phenomenon of the sine func-
tional equation (12.3). For the proof of the theorem of Cholewa, we need the
following three lemmas originating from the paper [69].

Lemma 12.4. Let § > 0, let (G, +) be an abelian group in which division by 2 is
uniquely performable, and let a function f : G — C satisfy the inequality

|G+ fx =) = f(0)? + f(3)?] =6 (12.4)
forall x,y € G. If f is unbounded, then f(0) = 0.

Proof. Put y = x and then u = 2x in (12.4). Then, we have

| f@) f(0) = f/2)* + fw/2)?| = | f@)|| f(0)] < §

and since | f(u)| can be as large as possible, we must have f(0) = 0. O

Lemma 12.5. The hypotheses in Lemma 12.4 are assumed. If f is unbounded, then
the inequality

[fx+y)+ flx—y)=2f(0)g(y)| =6 (12.5)
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holds true for all x, y € G, where

_ fata) - fx—a)
2/ (@)

for all x € G and for some a € G with | f(a)| > 4.

(12.6)

g(x)

Proof. ff weputx = (u+v)/2and y = (u—v)/2in (12.4), then we have

|f@ f0) = f(w+0/2)° + f(w=)/2)%] <8 ()

forevery u,v € G. Using (a) and (12.6) yields

If(x+ )+ flx=y) =2f(0)g()l

! x+y+a\2 x+y—a\2
Sm'f(””f(“)‘f( ) + ()
! xX—y+a\2 X—y—a\?
@ [fe @1 () + ()
! x+y+a 2 X—y—a 2
il ) () s
! X+ y—a\? X—y+a\?
@) f@fr—a - (=) 4 ()
+ oy OEDZIOZD o g
46
<
T @]
<94
forall x,y € G. .

Lemma 12.6. The hypotheses in Lemma 12.4 are assumed. If f is unbounded, then
f satisfies the equation

JEx+y)+ flx—y)=2f(x)gy) (12.7)
forall x,y € G, where g is defined in (12.6).

Proof. Let x and y be two arbitrarily fixed points of G. Then, using (@) in the proof
of Lemma 12.5 and (12.5) yields

If@If x4+ y)+ [l =) =2f(0)g ()]
= |f@fC+ )+ f@f(x =) =2f(x) f(2)g(y)]
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f(Z)f(x+y)—f(M)2+f<u)2

= : :
+ f(Z)f(x—y)—f(WT_y)z_Ff(#)z
Y (Y et s
B R e R CR Y
+(fG+y»)+ fa—y)f(x) _2f(Z)g(y)f(x))

<45+ 68|/ (x|

for each z € G. Hence,

|f(x+ )+ f(x=y) =2f()gW)| = (4 + | f)S/1 Q).

Since f is assumed to be an unbounded function and x is a fixed element, the right-
hand side of the last inequality can be as small as possible. Hence, the equation
(12.7) holds true for all x, y € G. O

Now, we are able to prove the theorem of Cholewa (ref. [69]).

Theorem 12.7 (Cholewa). Let (G, +) be an abelian group in which division by
2 is uniquely performable. Every unbounded function f : G — C satisfying the
inequality (12.4) for some § > 0 and for all x,y € G is a solution of the sine
functional equation (12.3).

Proof. Let f be an unbounded solution of the inequality (12.4). If we put x = 0 in
(12.7), it then follows from Lemma 12.4 that

JO) =—=f(=y) (@)
forany y € G. Now, putx = (u +v)/2and y = (u—v)/2in (12.7). Then, we get
S+ f) =21 (+v)/2)g(—-v)/2) (b)

for every u,v € G. From Lemma 12.4 and (b), it follows that

fx+y)=flx+y)+ f0)=2f((x+»)/2)g((x + )/2) (c)

forall x,y € G, and

fx=y)=flx—=y)+ f0) =2f((x—»)/2)g((x —»)/2) (d)
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for any x, y € G. Using («) and (b) yields
f)=f) = f) + f(=y) =2/ ((x = »)/2)g((x + ¥)/2) (e)

for every x,y € G. Now, using (b), (¢), (d), and (e) yields

Sx+y)flx—y)
= (21 ((x +»)/2)g((x +1)/2)) 2f ((x = »)/2)g((x = ¥)/2))
= 2/ ((x + »)/2)g((x = »)/2)) 2f ((x = »)/2)g((x + ¥)/2))
= (/) + fFON(f@) = f)
= f(x)? = f(y)?

forany x,y € G. 0O

J. Baker [16] and P. Gavruta [114] proved in Theorem 12.2 that, concerning the
superstability of the cosine equation, a function f satisfying the inequality (12.2)
is either a solution of the cosine equation (12.1) or it is bounded by a constant
depending on § only. It is not the case for the sine equation. Indeed, the bounded
functions

fn(x) =nsinx +1/n

satisfy the inequality (12.4) with § = 3,forall x, y € R and forall n € N. However,
for each ¢ > 0, the inequality | f,,(x)| < ¢ fails to hold true for certain x and n.
The sine functional equation (12.3) can be rewritten as

roro = (32 - r(52)”

For an endomorphism o : G — G of order 2 of the uniquely 2-divisible abelian
group G, G.-H. Kim [216] proved the stability of the following generalized sine
functional equations:

s/ = (3 - r (2
Fogm) = £ (=5 .
sz = 7 (22) - (P2

12.3 Trigonometric Equations with Two Unknowns

So far, we have seen the superstability results concerning the cosine and sine func-
tional equations (12.1) and (12.3). Obviously, there are other equations which are
satisfied by the cosine and sine functions.
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L. Székelyhidi [345] introduced the functional equations
Jxy) = f(x) f(y) —g(x)g(y) (12.8)

and

flxy) = f(0)g(y) + f(»)g(x) (12.9)

for complex-valued functions defined on a semigroup (G, -). We see that the equa-
tions (12.8) and (12.9) describe addition theorems for cosine and sine.

If G is a semigroup and F is a vector space of complex-valued functions on G,
then we say that the functions f, g : G — C are linearly independent modulo F if
Af 4+ ng € Fimplies A = u = 0 forany A, u € C. The vector space F is said to
be invariant if f € F implies that the functions f(xy) and f(yx) belong to F for
each fixed y € G.

L. Székelyhidi [345] presented the following lemma.

Lemma 12.8. Let (G, ) be a semigroup, f,g : G — C be functions, and F be an
invariant vector space of complex-valued functions on G. Suppose that f and g are
linearly independent modulo F. If the functions

x = fxy) = f(x) f(y) + g(x)g(y)

and
x> f(xy) = f(yx)

belong to F for each fixed y € G, then [ and g satisfy the functional equation
(12.8)forall x,y € G.

Proof. Let us define

F(x,y) = f(xy) = f(x) f(y) +g(x)g(y) (a)
for every x, y € G. Then there are constants A9, A1, A, € C and y; € G with
g(x) = Ao f(x) + A1 f(xy1) + A2 F(x, y1) (b)

for each x € G. Using (@) and (b) yields

S ((x)2) = f(xy) f(2) — g(@)g(xy) + F(xy,2)
= f(x) D) f2) —g(x)gy) f(2) + F(x, ) f(2)
— Ao f(xy)g(2) — A1 f(xyy1)g(z) — A2 F(xy, y1)g(z) + F(xy,z)
= f() D) f2) —g(x)gy) f(2) + F(x,y) f(2)
— Ao f(x) f(¥)g(@) + Aog(x)g(¥)g(@) — Ao F(x,y)g(2)
— A f(0) f(yy1)g@ + A1g(x)g(yy1)g(z) — A1 F(x, yy1)g(2)
— A F(xy, y1)g(2) + F(xy,2)

forall x,y,z € G.
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On the other hand, it follows from () that

f(x)z) = f(x(y2) = f(x) f(y2) — g(x)g(y2) + F(x, y2).

and equating the last two equalities yields

F(fD) @) —rof()g@ — A1 f(yy)g) — f(y2)
— g (g f(2) —rog(»)g(2) —A18(¥y1)E(2) — g(¥2))
= F(x,y2) = F(xy,2) = F(x,9) f(2) + Ao F(x, y)g(2)
+ A F(x, yy1)g(@) + A2 F(xy, y1)8(2).

Using the linear independence of f and g modulo F yields

F(x,yz) = F(xy,2) = F(x,9) f(2) = Ao F(x,y)g(2)
— A F(x,yy1)g() — A2 F(xy, y1)g(2).

By the hypotheses, it follows that the left-hand side belongs to F as a function of z
for all fixed x, y € G. Again using the linear independence of f and g modulo F
and the fact that F is an invariant vector space yield F(x,y) = 0 forall x,y € G,
which ends the proof. O

If (G,-) is a semigroup, then the function a : G — C satisfying a(xy) =
a(x) + a(y), for all x,y € G, will be called additive. If a functionm : G — C
satisfies m(xy) = m(x)m(y) forevery x, y € G, then m is said to be an exponential
(see also Section 9.1).

Székelyhidi [345] also contributed to the following lemma.

Lemma 12.9. Let (G,-) be a semigroup, let f,g : G — C be functions, and let F
be an invariant vector space of complex-valued functions on G. If the functions

x = fxy) = f(x) f(y) + g(x)g(y)

and
x = f(xy)— f(yx)

belong to F for each fixed y € G, then we have the following possibilities:

(i) f.g eF:
(ii) f is an exponential, and g belongs to F;
(iii) f + g or f — g is an exponential in F;
(iv) f =22Q*=D""m—QA2=1)71h, g = A(A%2 = 1)"lm — A(A% = 1)71p,
where m : G — C is an exponential, b : G — C belongsto F, and A € C is
a constant with A2 # 1;
(v) f and g satisfy the functional equation (12.8) forall x, y € G.
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Proof. If f and g are linearly independent modulo F, then (v) follows from Lemma
12.8. If g € F, then (i) or (ii) follows from Theorem 9.2. If f € F, then g € F,
hence (i) follows.

Now, we suppose that f and g are linearly independent modulo F, but f, g & F.
Then there exists a constant A # 0 with f = Ag 4+ b and b € F; hence, by the
assumption, the function

x> g(xy) = (1/)((A% = Dg(y) + Ab())g (x)
belongs to F. By Theorem 9.2 again, we have that
A/ NN =Dg+b=m
is an exponential, which gives (iii) for A2 = 1 and (iv) for A2 # 1. O

Székelyhidi [345] has proved the stability of the functional equation (12.8) for
complex-valued functions on an amenable group, whereas we have seen the super-

stability phenomena for the cosine equation (12.1) and the sine equation (12.3) (see
Theorems 12.2 and 12.7).

Theorem 12.10. Let (G, ) be an amenable group and let f,g : G — C be func-
tions. The function

(x,y) = fxy) = f() () +8(x)g(y)

is bounded if and only if we have one of the following possibilities:

(i) f and g are bounded;

(ii) f is an exponential, and g is bounded;

(iii) f=104+am+b,g=am+bor f =am+b, g = (1 —a)m— b, where
a: G — C isadditive,m : G — C is a bounded exponential, and b : G — C
is bounded;

(iv) f =22Q%2=D""m—QA%2=1)7"1h, g = A(A%2 = 1)"lm — A(A% = 1)71p,
where m : G — C is an exponential, b : G — C is bounded, and A € C is a
constant with \? #1;

(v) f and g satisfy the functional equation (12.8) forall x, y € G.

Proof. Let F be the set of all bounded complex-valued functions on G. First, we
must prove the necessity. If g is bounded, then we have (i) or (ii) by Theorem 9.2.
If f 4+ g or f —g is a bounded exponential corresponding to Lemma 12.9 (iii), then
we have (iii) by using Hyers’s theorem (see [344]). Finally, the remaining follows
from Lemma 12.9. The sufficiency follows by direct calculations. O

We now discuss the stability of the functional equation (12.9). The following
lemma is a modified version of Lemma 12.8 which is applicable to the functional
equation (12.9). The proof of the lemma can be provided by the reader (or see [345,
Lemma 2.1]).



278 12 Trigonometric Functional Equations

Lemma 12.11. Let (G, ) be a semigroup, let f,g : G — C be functions, and let
F be an invariant vector space of complex-valued functions on G. Suppose that f
and g are linearly independent modulo F. If the function

x = flxy) = f(x)g(y) — f(y)g(x)

belongs to F for each fixed y € G, then f and g satisfy the functional equation
(12.9) forall x,y € G.

Lemma 12.12. Let (G, -) be a semigroup, let f, g : G — C be functions, and let F
be an invariant vector space of complex-valued functions on G. If the function

x = flxy) = f(x)g(y) — f(»)g(x)

belongs to F for each fixed y € G, then we have the following possibilities:

(i) f = 0and g is arbitrary;
(i) f.g €F;
(iii) g € F is an exponential;
(iv) f =Am—2Ab, g = (1/2)m + (1/2)b, where m : G — C is an exponential,
b : G — C belongsto F, and A € C is a constant;
(v) f and g satisfy the functional equation (12.9) forall x,y € G.

Proof. If f and g are linearly independent modulo F, then (v) follows from Lemma
12.11.

Now, we suppose that there are constants p,v € C (at least one of them is
different from zero) such that uf + vg € F but f,g ¢ F. Then we have g =
A)7Yf + b with b € F and A # 0. Hence, our hypothesis implies that the
function

x> L) = (/D) f ) + b)) f(x)
belongs to F for each fixed y € G. From Theorem 9.2 it follows that

(/) f(y) + b(y) = m(y),

where m : G — C is an exponential, which implies (iv).
Ifge Fand f ¢ F, then

x = f(xy)— f(x)g(y)

belongs to F for all fixed y € G, and (iii) follows from Theorem 9.2.
If f e Fand f # 0,then g € F.If f = 0, then g is arbitrary. O

Székelyhidi [345] proved the following theorem concerning the stability of the
functional equation (12.9).
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Theorem 12.13. Let (G, ) be an amenable group and let f,g : G — C be given
functions. The function

(x,y) = fxy) = f(x)g(y) — f(»)g(x)

is bounded if and only if we have one of the following possibilities:

(i) f = 0and g is arbitrary;
(ii) f and g are bounded;
(iii) f =am+b, g =m, wherea : G — C is additive, m : G — C is a bounded
exponential, and b : G — C is bounded;
(iv) f=Am—Ab, g = (1/2)m 4 (1/2)b, where m : G — C is an exponential,
b : G — C is bounded, and A € C is a constant;
(v) f and g satisfy the functional equation (12.9) for all x,y € G.

Proof. Applying Lemma 12.11 with F denoting the set of all bounded complex-
valued functions on G, we see that either one of the above conditions (i), (ii), (iv),
(v) is satisfied, or g = m is a bounded exponential. In the latter case, the function

(x,3) P fOep)m((ey) ™) = fom(x71) = f(r)m(y™)
is bounded. Hence, by Hyers’s theorem (see [344])
Fm(x7") = a(x) + bo(x)

holds true for all x € G, where a : G — C is additive and b9 : G — C is
bounded, and our statement follows. (We have excluded the trivial case m = 0,
and we have used the obvious identity m(x)m(x~') = 1, which holds true for any
nonzero exponential.) The sufficiency follows by direct calculations. O

12.4 Butler—Rassias Functional Equation

In 2003, S. Butler [53] posed the following problem:

Problem (Butler). Show that for c < —1 there are exactly two solutions f : R — R
of the functional equation, f(x + y) = f(x) f(y) + ¢ sinx sin y.

M. Th. Rassias has excellently answered this problem by proving the following
theorem (see [283]):

Theorem 12.14 (Rassias). Let ¢ < —1 be a constant. The functional equation
fx+y)— f(x)f(y)—csinxsiny =0 (12.10)
has exactly two solutions in the class of functions f : R — R. More precisely,

f(x) =asinx +cosx and f(x) = —asinx + cosx,

where a = \/|c| — 1.
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Proof. Replacing x with x 4 zin (12.10) yields

fx+y+2)—f(x+2)f(y) —csin(x +z)siny =0 (a)

for all x, y, z € R. Similarly, if we replace y with y + zin (12.10), then we get

fx+y+2— f(x)f(y +2)—csinxsin(y +2) =0 b)

forany x,y,z € R.
It follows from (a) and (b) that

f)f(y+z2)— f(x +2)f(y) +csinxsin(y +z) — ¢ sin(x + z)siny = 0,

and hence

SO +2) = f(»)f(z) = csinysinz)
+ f(x)f(y) f(2) +cf(x)sinysinz
— (42 = f() f) — esinxsing) ()
— fx) f(y)f(2) —cf(y)sinxsinz
+ csinxsin(y 4+ z) — c¢sin(x + z) siny
=f)fy+2-fx+2 /)
+ csinxsin(y +z) —csin(x + ) siny
=0 (c)

for every x, v,z € R.
Hence, it follows from (12.10) and (c¢) that

cf(x)sinysinz 4 ¢ sinx sin(y + z)

— cf(y)sinxsinz — ¢ sin(x + z)sin y

= f)(f(y +2) = f(») f(z) = csinysinz)
+ f(X)f(y)f(2) +cf(x)sinysinz
—(f(x+2)— f(x)f(z) — csinxsinz) f(y)
— f(x) f(y)f(@) —cf(y)sinxsinz
+ csinxsin(y +z) —csin(x + z) siny
+ f() (= f(y +2) + f(») f(2) + ¢sinysinz)
+f(y)(f(x—i—z)—f(x)f(z)—csinxsinz)

=0 (d)

forall x,y,z € R.
If we set y = z = m/2 in the last equality, then

f(x)— f(r/2)sinx —cosx =0 (e)
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for each x € R. Substituting 7 for x in (d) yields f(w) = —1.If weputx = y =
7r/2 in (12.10), then we obtain

f(/2)* = f(m) —¢ = c| - 1
and hence
f(@/2)=Vle|=1=a or f(7/2) =—]c]-1=—a.
Consequently, by (e), we have
f(x) =asinx +cosx or f(x)=—asinx + cosx

forall x € R. |

Based on these historical facts, the equation (12.10) is called the Butler—Rassias
functional equation. It is astonishing that M.Th. Rassias solved the Butler—Rassias
functional equation (12.10) when he was a 16-year-old high school student.

In the following lemma, we will prove that every function f : R — R satisfying
the inequality (12.11) is bounded.

Lemma 12.15. Let ¢ and § be real constants with ¢ < —1 and 0 < § < |c|. If a
function f : R — R satisfies the functional inequality

|f(x +y) = f(x) f(y) —csinxsiny| <8 (12.11)

forall x,y € R, then
sup /()] = (1/2) (14 V1+38iel)
xX€

holds true.

Proof. As0 < § < |c|, it follows from (12.11) that

=2ef = fx+y) = f(x)f(y) = 2|

forall x, y € R, which is equivalent to the inequality

|f(x +y) = fG)fD)] = 2le]

forany x,y € R.

According to Theorem 9.1, f is either an exponential function or bounded. If f
were an exponential function, then it would follow from (12.11) that |¢ sin x sin y| <
8 for any x, y € R, which is contrary to our hypothesis, § < |c|. Indeed, f satisfies

1fl = (1/2) (14 VT+3]el )

foreach x € R. O



282 12 Trigonometric Functional Equations

Based on Lemma 12.15, we can prove the following lemma.

Lemma 12.16. Let ¢ and § be real constants with ¢ < —1 and 0 < § < |c|. If a
function f : R — R satisfies the inequality (12.11) for all x, y € R, then

34 V48]

| f(x)— f(r/2)sinx —cos x| < H

forall x € R.

Proof. Following the steps from (@) to (d) in the proof of Theorem 12.14 yields

}cf(x) sin y sinz + ¢ sin x sin(y + z)
—cf(y)sinxsinz — ¢ sin(x + z) siny}
S @HISEI+1fD))8

for all x,y,z € R. Setting y = z = /2 and considering Lemma 12.15 end the
proof. O

In the following theorem, we prove the Hyers—Ulam stability of the Butler—
Rassias functional equation (see [179, 186]).

Theorem 12.17. Let ¢ and § be real constants with ¢ < —1 and 0 < § < |c|. If
a function f : R — R satisfies the inequality (12.11) for all x,y € R, then there
exists a solution function fo : R — R of the Butler—Rassias functional equation
(12.10) such that

(3+m)(1+¢|c|—_1)+|c|8

170 = fol@)l = NG

forall x € R.

Proof. Let0 < § < |c| and let f : R — R satisfy the inequality (12.11) for all
x,y € R. It follows from Lemma 12.16 that

3+ VT+8le]

e

|f(x) = f(7/2) sinx — cos x| < (a)

forall x € R. Put x = 7 in (a) to get

3+ V148 5. (b)

|f(m) + 1] =
|c]
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Moreover, setting x = y = 7/2 in (12.11) yields
|f(0) = f(/2)* —¢| < 6.

Combining (b) and (c) yields

3+ le| + V48[l

e

| f(/2)? +c+1| <

Witha = /|c| —1 > 0, we have

}f(n/2)2—a2| - 3+ c| +|C\|/1 + 8c| 5.

Assume that f(;r/2) > 0. It then follows from (d) that

_ 3l + VUHBel 3+ el + VTH 8]

R == T e T

Hence, (a) and (e) imply that

| f(x) —asinx — cosx|
< [f(x) = f(/2)sinx —cosx| + [(f(7/2) — a) sin x|
< <3+m)<1+\/|c|—_1)+m5
B lely/lel =1

forall x € R.
Assume now that f(7/2) < 0. It then follows from (d) that

3+|c|+\/1+8|c|8<3+|c|+\/1+8|c|8

2
/2 +al = =y —a o= alc]

Thus, combining (a) and ( f) yields

| f(x) 4+ asinx — cos x|

<|f(x)— f(x/2)sinx —cosx| + |(f(/2) + a) sin x|

3 (3+\/T8|c|)(1+\/|c|——1)+|c|8
B le[/lel =1

for any x € R.

283

(c)

(d)

(e)

(f)
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We define

asinx + cosx (for f(x/2) = 0),

fO(x) = —asinx —+ cosx (fOf f(]T/Z) < 0)

forall x € R. In view of Theorem 12.14, both a sin x+cos x and —a sin x+cos x are
solutions of the Butler—Rassias functional equation (12.10). Hence, fj is a solution
function of the Butler—Rassias functional equation. O

12.5 Remarks

R. Ger [121] considered the functional equations (12.8) and (12.9) simultaneously
— more precisely, he considered the system

fxy) = f(x)gy) + f(»)g(x),

(12.12)
gxy) = g(x)g(y) — f(x)f(y)

and proved that the system is not superstable, but that it is stable in the sense of
Hyers, Ulam, and Rassias.

Theorem 12.18. Let (G, ) be a semigroup and let h, k : G* — [0, 00) be functions
such that the sections h(-, x) and k(x, -) are bounded for each fixed x € G. Assume
that f,g : G — C satisfy the system of inequalities

[ f(xy) = f(x)g(y) — f(»gx)| < h(x,y),
lg(xy) —g(x)g(y) + f(xX) f(¥)] < k(x,y)

forall x,y € G. Then there exists a solution (s, c) of the system (12.12) such that
f — s and g — c are bounded.



Chapter 13
Isometric Functional Equation

An isometry is a distance-preserving map between metric spaces. For normed spaces
E| and E,, a function f : E1; — E, is called an isometry if f satisfies the iso-
metric functional equation || f(x) — f(¥)|| = ||x — y|| for all x,y € E;. The
historical background for Hyers—Ulam stability of isometries will be introduced in
Section 13.1. The Hyers—Ulam—Rassias stability of isometries on a restricted do-
main will be surveyed in Section 13.2. Section 13.3 will be devoted to the fixed
point method for studying the stability problem of isometries. In the final section,
the Hyers—Ulam—Rassias stability of Wigner equation |{ f(x), f(»)}| = |{x, y)| on
a restricted domain will be discussed.

13.1 Hyers-Ulam Stability

Throughout this section, assume that § is a positive constant. For normed spaces
(E1, |l - ll1) and (E2, || - |l2), a function f : Ey — E is called a §-isometry if f
changes distances at most 4, i.e.,

)= fFOllz— Ix =yl | <8 (13.1)

forall x,y € E;.
In 1945, D. H. Hyers and S. M. Ulam [139] proved the Hyers—Ulam stability of
isometries by making use of a direct method. First, we will introduce their lemmas.

Lemma 13.1. Let E be a complete abstract Euclidean space. Assume that f . E —
E is a §-isometry and f(0) = 0. The limit

I(x) = lim 27" f(2"x) (13.2)

exists forany x € E and I : E — E is an isometry.

Proof. Assume that x is an arbitrary point of £ and let r = |x||. Since f is a
8-isometry, it follows from (13.1) that

S.-M. Jung, Hyers—Ulam—Rassias Stability of Functional Equations in Nonlinear 285
Analysis, Springer Optimization and Its Applications 48,
DOI 10.1007/978-1-4419-9637-4_13, (© Springer Science+Business Media, LLC 2011
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Il =r[ <8 and [[If(x) = f@)I—r| <. (@)

If we replace x and y in (13.1) with 0 and 2x, respectively, and set yo = (1/2)
f(2x), then we have

llyoll = | < (1/2)6. ()
We consider the intersection of two balls:
Si={yeE|llyl <r+68 and S ={yeE|[y—2yol <r+38}.
Then, it holds true that f(x) € S; N S,. Forany y € S1 N S,, we get
Iy < (r +8)%,
1y =2y0l* = I¥1I” + 4l yoll”> = 4(y. yo) < (r +8)*,

(©)

where (-, -) denotes the inner product on E. It follows from (a), (b), and (c) that
20y = yoll> = I¥II”> + 4llyol*> = 4(y, yo) + Iy I =2l yo?
< (r+8>+lIy1> = 2lyol?
< 2(r +8)> = 2yol?
2(r +8)>=2(r—8/2)*  (for [|x| = §),

<
T 2(r +6)? (for ||x|| < 8)
) 6dr + (3/2)8%  (for ||x|| = §), @
) 200 + 6)2 (for ||x]|| < §).
Since f(x) € S1 N S, substituting f(x) for y in (d) yields
_ 2(8l1x)"  (for [|x]l = &),
[ /(x)—(1/2) f2x)| < {25 (for [ < 8.
Therefore, we have
£ (x/2) = (1/2) f(0)| < 272k |1x]|V/> + 28 (e)

for all x € E, where we set k = 28'/2. By applying the induction on n, we will
prove that

n—1

If@"x) =27 ol <27 2k|x|V2 Y 272+ (1-2748  (f)

i=0

for any x € E and n € N. In view of (e), the inequality (/) holds true forn = 1.
Assume that ( f) is true for some integer n > 0. By dividing the inequality ( /) by
2, we have
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[(1/2) f@7"x) = 274D £ ()|

n
< 27D x| 2y 22 4 (11— 27728,

i=1
If we replace x with 27"x in (e), we get
£ Dx) — (1/2) fF@7™"x)| < 27D 2k x| /2 + 28.
By adding the last two inequalities, we obtain
[ £ 70 0x) 270D £

n
< 2—(n+1)/2k||x”1/2 Zz—i/z + (1 _ 2—(n+1))45,
i=0

which proves the validity of () forall x € E andn € N.
We will now present that {27 f(2"x)} is a Cauchy sequence. If n and p are any
positive integers, then it follows from ( /') that

27" f(2"x) — 270+ P) fmt Py
< 27| f(27P2MPx) —27P (2" Py
n+p—1
<kfx|V2 D 272 4271 - 27F)48
i=n

—0 as n — o0

for any x € E, which implies that {27" f(2"x)} is a Cauchy sequence. Since E is
complete, we can define a function / : £ — E by (13.2).

Finally, it remains to prove that / is an isometry. Let x and y be arbitrary points
of E.Replace x and y in (13.1) with 2" x and 2" y, respectively, divide the inequality

/@) = F@" ) =2"]lx = yll| < 8

by 2", and take the limit as n — oo. The resultis || /(x) — I(y)| = ||x — y||, which
ends the proof. O

Lemma 13.2. Let E be a complete abstract Euclidean space. Assume that f : E —
E is a §-isometry and f(0) = 0. If u and x are any points of E with |u|| = 1 and
(x,u) =0, then |{f(x), [(w))| < 368, where (-,-) is the inner product on E and I is
defined by (13.2).



288 13 Isometric Functional Equation

Proof. For any integer n, we set z = 2"u. Let y denote an arbitrary point of the
sphere S,, of radius 2" and center at z. Then, it holds true that ||y — z||* = ||z||*> and
hence we have (y,u) = 27""1(y, y).

Since f is a §-isometry and ||y — z|| = ||z||, we get

/o) = f@I =1y =zl <8 or [If»)—f@I—lzl| <8

and
lzll = I/ @] < 6.

By adding the last two inequalities, we obtain

/) = f@I =@l =< 28,

e, [f(y) = f@I = n(y.2) + [ f @I, where [n(y.2)| < 28.
The last equality may be expressed as

2. f@) = (f3), ) =20l f @) — 17

If we divide the last equality by 2”1, then we obtain

(fO). 27" £ ) = 27D ((f ), fFO)) — ) —nll27" fQR "W). (a)

Now, let x be any point of the hyperplane (x, u) = 0. If we set y = x + ru with
r=2"— (22" - ||x||2)1/2, then y is a point of the sphere S,,:

ly —zl? = (y.y) = 2(y.2) + (z.2)
= (x,x) + 1% =2(x,2) — 2r(u,2) + (z,2)
=r>=2"r 4 x| + |zl

= Il
Moreover, |y — x|| = r — 0 as n — co. In view of Lemma 13.1, we see that
t = lim 27" f(2"u)
n—>0o0

exists and is a unit vector.
Finally, for any ¢ > 0 and » sufficiently large, it follows from (@) that

(fQ). O = [{(f ().t =27 fQRM))| + [(f(»). 27" f (2" w)]|
+ 1) = f(). 27" f(2"w)]
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< fle=27" fFQ "W + (1/2)e
+28[127" fR "W + £ () = fFODNI2T" £ w) |
<e+35(1l +¢)

and hence we have
(G, I@)| = [(f(x).1)] < 38,
which ends the proof. O

Lemma 13.3. Let E be a complete abstract Euclidean space. Assume that f : E —
E is a surjective §-isometry and f(0) = 0. Then the I : E — E defined by (13.2)
is also surjective.

Proof. For any z € E, let f~!(z) denote any point whose f-image is z. Then,
f~': E — E is a §-isometry. According to Lemma 13.1, the limit

I*(z) = lim 27" f71(2")

exists, and I* is an isometry of E.
Now, it is obvious that

[2"z= F @' @) = [f @27 /7 @) = F (2" 17 @) |
<227 fTNQRM) - I ()| + 6.

If we divide the last inequality by 2" and let n — oo, then we see thatz = 1 (I* (z))
for each z € E. Therefore, we conclude that /(E) = E. O

Using the preceding lemmas, Hyers and Ulam proved in [139] that the surjective
isometries of a complete Euclidean space are stable in the sense of Hyers and Ulam.

Theorem 13.4 (Hyers and Ulam). Let E be a complete abstract Euclidean space.
Assume that [ : E — E is a surjective §-isometry and f(0) = 0. Then the I :
E — E defined by (13.2) is a surjective isometry, and the inequality

[ f(x) = I(x)]| <108
holds true for all x € E.

Proof. For a given x € E\{0}, let M denote the linear manifold orthogonal to x. In
view of Lemma 13.3, I : E — E is a surjective isometric transformation. Hence,
I(M) is the linear manifold orthogonal to /(x). Let w be the projection of f(x) on
I(M). Let us define

0 (for w = 0),

(1/||w||)w (for w # 0).

=
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According to Lemma 13.2, we see that |(f(x),7)| < 38. Putv = (1/|x]|)1(x).
Then, v is a unit vector orthogonal to ¢ and is coplanar with f(x) and ¢. Thus, by
the Pythagorean theorem, we have

£ () = T = (£ 1) + (Il = (£ (). ). (@)

Let z, = 2"x and let w,, denote the projection of f(z,) on I(M). Let us define

- 0 (for w, = 0),
! (1/||Wn||)Wn (for wn # 0).

In either case, we see that (¢,,v) = 0 and [(f(zn),tx)| < 38. If || f(zn)] < 36, itis
obvious that || f(zx) || — [{f(zn),v)| < 38. Assume now that | f(z,)| > 38. Since

(1—0?)"? = 1—a?forany —1 <o < Land [(f(zn), ta)| < || f(zn)]l, we have
0 < [1f Il = [{f(zn), V)|

= 1£ @) = (I f @) = (f(zn).1tn)?)

= 1/ Gl (1= (1= (Fe)tn)?/ 1 I?) )

< 1 F @IS @) ta) /11 f )|

= |(f(Zn)sln)|
< 36.

1/2

Hence, the inequality

[zl = 1(f (), V)| < 48 (b)

holds true since ||z, || < ||.f(zn)| + §.
Two cases arise: If { f(x),v) > 0, we putn = 0 in (») and use the identity (a) to
obtain the inequality || f(x) — I(x)|| < 56.If { f(x),v) < 0, then for some integer

m > 0 we must have ( f(z,),v) < 0and (f(2zm),v) > 0, since (/(x), v} is positive
and I(x) = li)m 27" f(zn). Hence, by (b), we get
n—oo

1/ Qzm) = fm)ll = (f(22m).v) = (f(zm).v) = 3lzm| — 88.

However, we know that || f(2zm) — f(zm)| =< lzmll + &. Therefore, we obtain
X1l < llzmll < (9/2)8 and hence

1fG) = 1Coll = 1+ ) < lIx] 48 + [Ix]| < 108,

which ends the proof. O
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Hyers and Ulam noticed that Theorem 13.4 is not always true for non-surjective
§-isometric transformations of one Euclidean space into another: We consider a
function f : R — R? defined by

| (x,0) (for x < 1),

f) = (x,clnx) (for x > 1).

It is easy to present that f will be a §-isometry if we choose ¢ in such a way that

5 > czmai( (Inx)?/(2x — 2). On the other hand, f cannot be approximated by any
x>

isometry in the sense of Theorem 13.4.
D. G. Bourgin [25] further generalized this result of Hyers and Ulam and proved
the following theorem:

Assume that E| is a real Banach space and E, belongs to a class of uniformly
convex real Banach spaces which includes the spaces L,(0,1) for p € (1,2) U
(2,00). For each §-isometry f : E1 — E, with f(0) = 0, there exists a linear
isometry I : E1 — E such that || f(x) — I(x)| < 126 forall x € E;.

Subsequently, Hyers and Ulam [140] studied a stability problem for spaces of
continuous functions:

Let S and S be compact metric spaces and let (C (Si). || ||oo) denote the space
of real-valued continuous functions on S; equipped with the metric topology. If a
homeomorphism T : C(S1) — C(S3) satisfies the inequality

T ()= T(@)lloo — | f — glloo| <8 (13.3)

for all f,g € C(S1), then there exists an isometry I : C(S1) — C(S2) such that
IT(f) = 1(/)llec <218 for each f € C(Sy).
Bourgin significantly generalized this result of Hyers and Ulam again (see [26]):

Let Sy and Sy be completely regular Hausdorff spaces and let T : C(S1) —
C(S2) be a surjective function satisfying the inequality (13.3) for all f,g € C(Sy).
Then there exists a linear isometry I : C(S1) — C(S2) such that |T(f) —
I(f)lloe = 106 for any f € C(S1).

R. D. Bourgin [27] continued the study of stability problems for isometries on
finite-dimensional Banach spaces under the additional assumption that the set of
extreme points of the unit ball in E; is totally disconnected. In 1978, P. M. Gruber
[128] obtained an elegant result as follows:

Theorem 13.5 (Gruber). Let E1 and E; be real normed spaces. Assume that | :
E\ — E; is a surjective §-isometry and I : E1 — E; is an isometry with f(p) =
1(p) for some p € E1. If | f(x) —I(x)| = 0(||x||) as | x|| = oo uniformly, then 1
is a surjective linear isometry and || f(x)—I(x)|| < 56 forall x € E1. Ifin addition
f is continuous, then || f(x) — I(x)|| < 36 forall x € E;.

Using Theorem 13.5 and an idea from [356], J. Gevirtz [124] established the
Hyers—Ulam stability of isometries between arbitrary Banach spaces.
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Theorem 13.6 (Gevirtz). Assume that E1 and E, are real Banach spaces. For
each surjective §-isometry [ : E1 — E,, there exists a surjective linear isometry
I : Ey — Ej such that || f(x) — I(x)|| <56 forall x € E;.

Proof. We introduce a lemma which will be proved in the last part of this proof:

If f: E1 — E; is a surjective §-isometry, then there exist constants
A and B such that

s (%5

Xo + X1

) = £G0) = flrn)| = 24(x0 —xil) ' +285 @

forall xo,x1 € Ej.

Without loss of generality, we assume that f(0) = 0. Applying (a) with xo =
27"*t1x and x; = 0 and dividing by 2" *! yield

|27 £(27x) = 27CFD £ (27 x) | < 27724 (28)|x]) P + 27" BS (b)
for any x € E; and n € Ny. It follows from () that for all m,n € N,

|| o—n f(znx) _ 2—(n+m)f (2n+mx) ||

n+m—1
< Y 2@ -2 p (2|

i=n
<2(V2—1)" a2 (5)|x])) /> + 27D s

— 0 as n — oo.

Thus, {27" f(2"x)} is a Cauchy sequence. Since E; is complete, we can define a
function / : E1 — E; by (13.2). Then, we see that /(0) = 0 and

1f() = I <2(V2 = 1) A@S)1x])) " + 2B5 )

for any x € E;. Obviously, | f(x) — I(x)|/|lx|| = O uniformly as || x|| — oco.
Since f is a §-isometry, we get

127" £(2"x0) = 27" F2"x0) | = lxo — x| <278

for any xo,x; € E; and n € N. If we let n — oo in the preceding inequality, then
we see that 7 is an isometry. Moreover, f(0) = 0 = 7(0). In view of Theorem 13.5,
[ is a surjective linear isometry and || f(x) — I(x)| < 56 forall x € E;.

We now introduce some terminologies which will be used in the proof of
Lemma (a). A function F : E; — Ej is called an ¢-inverse of f if

I(feF)(y)—yll<e (d)
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for all y € E;. The function f is called e-onto if it has an e-inverse. Each g-onto
8-isometry will be called an (g, §)-isometry.
We assert that

If f:Ey— E; isan (g, 6)-isometry and F is an e-inverse of f,

then F isan (¢ + §,2¢ + §)-isometry. @

It follows from (d) that

[(Fof)(x)—x[ < [I(foFof)x)=fX)|+d=e+8

for all x € Eq, which proves that F is (¢ 4+ §)-onto. To show that F is a (2 + §)-
isometry, let yo, y1 € E». Then it follows from (d) that ||(f o F)(y;) — yi| < & for
i €{0,1}. Since f is a é-isometry, we get

[I(f o F)(yo) = (f o )yl = IF(yo) = Fy)ll| < 6.

Hence, we obtain

[IIF (vo) = FOOIl = llyo — y1ll]
< [IIF(yo) = FyD)Il = I(f © F)(yo) = (f o F)(y)ll|
+|I1(f 0 F)(yo) = (f o F)(y) |l — llyo — y1ll|

<8+ (f o F)(yo) = yoll + II(f o F)(y1) — 1l
<4+ 2e.

We assert that

Let f1: E1 — E; bean (g1,61)-isometry and f> : E; — E3 be
an (&3,82)-isometry. Then f> 0 f1 isan (¢1 + &2 + 82,681 + 82)- (f)

isometry.

It is immediate that f> o f; is a (6; + 82)-isometry. To prove that f, o fi is (&1 +
&2 + 82)-onto, let F; be an g;-inverse of f; (i € {0, 1}) and let z € E3, where E3 is
a real Banach space. Then we have

[(f20 fio FioF2)(2) —Z]
< | (fao fio Fio F2)(z) — (f20 F2)@)| + [[(f2 o F2)(2) —Z]|
<|(fao fio F10F2)(2) — (f20 F2)@)| + &2
<|[(fie F1o F2)(2) — 29[| + 32 + &2
<é&1+ 8 + .
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We will now prove (a). Let xo,x1 € Eq, yi = f(x;) (i € {0,1}), p =
(1/2)(x0 + x1), and ¢ = (1/2)(yo + y1). First, we will assume that yo # yi.
Since f is a (0, §)-isometry, due to (e), f has a O-inverse F which is a (8, §)-
isometry and for which F(y;) = x; (i € {0,1}). We define sequences {gy} and
{Gy} of functions of E, into E, with the following properties:

gk isa (4k+18,4k+18)-isometry and gr (¥i) = yii. (2)
Gy isa 4%*1§-inverse of gx and Gy (y;) = yi_i (h)

fori € {0, 1}.Set go(y) = f(2p—F(y)) forall y € E,. Then, go = f10 f2, where
f1 = fisa(0,6)-isometry and f>(y) = 2p — F(y)is a (8, §)-isometry. In view of
(f), goisa(28,28)-isometry and it permutes yo and y;. Thus, (g) is true for k = 0.
Let G be any function satisfying (k) fork = 0. Now, let g;(y) = G1(y) =2¢q—y
for any y € E,. Obviously, (g) and (k) are satisfied for k = 1. Finally, assuming
that we have go,..., g, and Gy, ..., G, which satisfy the stipulated conditions,
we define g,+1 = gn—1 © gn © Gy—1. Then, g,_; is a (4"§, 4"§)-isometry, g, is
a (47118, 47 T1§)-isometry, and G,,_ is a 4"§-inverse of g,—;. In view of (e), we
know that G,—; is a (2-4"§, 3-4"§)-isometry. Hence, it follows from ( /) that g5+
isa (3-4"%1§,2.4"T1§)-isometry. Moreover, g,+ permutes yo and y;. Therefore,
gn+1 satisfies (g) with k = n + 1. Now, G, 4 is taken to be any function satisfying
(h) withk =n + 1.

We next define a sequence {a,} of points of E, recursively by a; = ¢ and
an+1 = gn—-1(an) forn € N.Letd = (1/2)||yo — y1l|- Denoting by B(y, r) the
closed ball of radius r and center y yields

gk(B(J’is i")) C B(yl—i,r + 4k+18).

Since a; € B(yg,d)N B(y1,d)and a, = (gn—2 0 gn—3 0-+-0 go)(ay), successive
application of this inclusion with k € {0, 1,...,n — 2} yields

an € B(yo,d +4"8) N B(y1,d +4"8) C B(q,d + 4"$).
Since the diameter of the last ball is 2(d + 4"§), we conclude that
”an —dp—1 ” <2(d + 4n8) (l)

for all integers n > 2.
We now prove that

lgn(y) = yll = 2llan — || = 2(4" = 1)$ ()

forany y € Exandn € N. Since g1(y) = 2¢g—y anda; = ¢, (j) is true forn = 1.
Assuming that () is true for some n € N, it follows from (g), (k), and () that
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lgn+1(y) =yl
= |[(gn—1°8gn © Gn-1)(y) — ¥
> 1(gn—10°8n © Gn—1)(¥) — (8n—1 0 Gu—1) W)l
—l(gn—1 0 Gn—1)(»¥) — ¥
> 1(gn—108n © Gu—1)(¥) — (gn—1 0 Gu—1) ()| — 4”8
> [[(gn © Gu—1)(¥) = Gp—1(y)|| —2-4"8
> 2lan — Guo1 (V)| — (4" = 2)8
> 2(lign—1(an) — (gn-1 0 Ga) ()| — 4"8) — 4"+ —2)8
> 2(llant1 — yll —2-4"8) — (4" —2)8
=2llan+1 — y| — 24" = 1)8,

which proves the validity of () forall y € E, andn € N.
It follows from () that

lani1 — anll = gno1(@n) — anll > 2||an — an_1 | —2-4"7'8,
which by induction gives
lan —an—1]l = 2" 2|laz —a; | — 4" 16.
Together with (7), this implies that [Ja; — a1]| is bounded above by
laz —ai| = 2(2_("_2)61 + 1882"72) (k)

for all integers n > 2.
On the other hand, since F is a O-inverse of f, we have

laz —arll = || f(2p — F(@)) — 4|
=|/@2p—F@)—(f o F)q)|
>2|p—F(@l -6
>2(1f(p) = (f o F)(@)| —8) -6
=2|f(p) —ql —36.

Hence, it follows from (k) that
1f(p) —qll <270 "Pd + 185272 + 25 )

for every integer n > 2.

For the moment, we assume that d > 185 and let ¢ satisfy 27/d = 1882/, i.e.,
t = (In4)~'In(d/188) > 0. If we let n — 2 = [t], the greatest integer less than or
equal to ¢, then it follows from (/) that
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| f(p) —qll <2d27" +1882" + 28
=3d27" 4+ 2§
= 3(188d)"/? + 28
10(8]1x0 — x1[[)* + 26,

IA

since [ xo —x1 = [[yo = y1ll =6 =2d — & = (35/18)d.

On the other hand, if d < 18§ (which covers the case yo = y; that was excluded
at the beginning of the proof), then ||yo — y1|| < 366 and so ||xo — x1]| < 376.
Thus, ||x; — p|| < 19§ and, consequently, ||y; — f(p)|| < 206 (i € {0,1}). Since
q = (1/2)(yo + y1), we have

1/ (P) —qll = /2N f(p) = yoll + (/2| f(p) — y1l = 208.

Therefore, in either case, we conclude that

1£(p) = qll < 10(8]lx0 — x11)""* + 208,

which proves the validity of (a). O

Moreover, M. Omladi¢ and P. Semrl [259] obtained a sharp stability result for
8-isometries. The proof of the theorem of Omladi¢ and Semrl depends on the fol-
lowing lemma which is an extension of [237, Lemma 3].

Lemma 13.7. Let Ey and E, be real Banach spaces. Assume that f : E; — Ej is
a surjective §-isometry and that n is a positive integer. If there exist x1, ..., x, € E;
suchthat f(x;) # f(x;)fori # j, then for any sufficiently small n > 0O there exists
a bijective function g : E1 — E, such that || f(x) — g(x)|| < nforall x € E; and

f(xi) = g(x;) fori € {1,...,n}.

Proof. First, we prove that card E1 = card E,. Because f is surjective, it holds true
that card E; > card E,. To show the converse inequality, it suffices to prove that the
density character of E is not larger than that of E,, where the density character of
E is the least cardinality of a dense subset of E;. Let t be such that ¢ (¢) < /2 for
all t > 1, where we define

o) = sup {[1/(x) = FOI = llx = ylI| [ lx =yl <1 or | f(x) = fO) =1}

for all £ > 0. It then follows that || f(x) — f(y)|| > t/2 whenever ||x — y| > 7.
Let A be a maximal subset of £ such that | x — y|| > 7 forevery x,y € A with
x # y. The density character of E; is equal to the cardinality of A and, since
| f(x)— f(»)|| = t/2forall x,y € A with x # y, this cardinal is not larger than
the density character of E5.

Now, let

E, =E)U---UEy; U UEza,
o
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where the sets E»q, ..., Eay, Ezq are pairwise disjoint and such that

(i) the diameter of each of them is not larger than the given real number 1 > 0,
(if) their cardinalities are equal to the cardinality of E»,
(iii) f(x;) € Ep; foralli € {1,...,n}.

Define Ei; = f~U(Es) and Ejq = f~'(Ea) foralli € {1,...,n} and a.
Then, it follows from (ii) that card Ey; = card E,; for any i € {1,...,n} and
card E1q = card E»q for all @. Consequently, we can find bijective functions g; :
Ei; — Ejjand g4 : E1q — Ezq such that g;(x;) = f(x;). If we define a function
g:E1 — Exby
gi(x)  (for x € Ey;),

X) =
&) ga(x) (for x € E1qy),
then (i) and (iii) yield the desired properties for g. O

Using ideas from [124], Omladi¢ and Semrl [259] proved that the upper bound
56 in Theorem 13.6 can be replaced with 24.

Theorem 13.8 (Omladi¢ and Semrl). Let E1 and E» be real Banach spaces.
If f : E1 — E; is a surjective §-isometry and f(0) = 0, then there exists a unique
surjective linear isometry I : E1 — E, such that

If(x) = 1(x)]| =28 (13.4)
for each x € E.

Proof. Choose x,y € E; and assume that f(x), f(v), and f((x + y)/2) are
distinct. If ¢ is a constant larger than &, then Lemma 13.7 implies that there exists
a bijective function g : E1 — Ej such that g(x) = f(x), g(y) = f(»), g((x +
y)/2) = f((x+y)/2), and || f(u)—g )| < (1/2)(e—6) forallu € E;. Obviously,
g is an e-isometry.
Let us define a sequence of bijective functions %, : E, — E; by
ho(u) = g(x +y — g~ ().
hi(u) = g(x) + g(y) —u,
hy = hy—20hp—10 h;lz

for all integers n > 2. We also define a sequence of bijective functions
kn =hyohy_jo0---0hy
for any n € Ny. Moreover, we define a sequence {a, } recursively by
ar = (1/2)(f(x) + f(»)) and any1 = hn—1(an) = kn-1(a1)

forevery n € N.
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According to the second part of the proof of Theorem 13.6, we can prove that
there exist sequences {pn}, {¢n}, {rn}, and {s,} of nonnegative real numbers such
that:

(i) hy, is a (pne)-isometry for all n € Ny;
(ii) ky is a (gn€)-isometry for all n € Np;
(iii) ||hn(u) — u|| > 2||ap — ul| — rne forany u € E, andn € N;

and moreover
laz = all =272 llan — an—1] + sne (a)
for any integer n > 2.
As in [124], we can apply (i), (if), (iif), and (@) to prove that

X +Yy
2

2/ (52) - r - )| 220D =yl 20428 )

for all n € N. It is not difficult to see that (b) is true also when f(x), f(y), and
£ ((x + y)/2) are not distinct.
It follows from (b) that

I(x) = lim 27" f(2"x)
n—o0
exists for all x € E; and that [ is a linear isometry. It also implies that
£ ) = TG < 2(r +3)8 +27"F3|x| (c)

forany x € Ej andr € N.

We will now prove that [ is surjective. Suppose to the contrary that the range of
I is a proper subspace of E;. As it is closed, there exists a z € E5 of norm one such
that its distance to the range of / is larger than 1/2. The surjectivity of f implies the
existence of x; € Eq with f(x;) = tz for any t > 0. Recall that f is a -isometry
with £(0) = 0 and observe that |||f(xt)|| — ||x,||| <d{yieldst —6 < |x]| <t +56.
Thus, we have

I Cee) = 1) || = tllz = (/D) I (xo)[| > 2/2 (d)

for every t > 0 since (1/t)I(x;) belongs to the range of /. On the other hand, (¢)
implies that

I/ (x) = TGl < 207 +3)8 + 2773 x|
<2(r +3)8§+ 2773t +6) (e)

forall > 0 and r € N. Combining (d) and (e) yields

t/2 <2(r+3)84+27"3( +6)
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forany ¢t > 0 and r € N.If we set # = r? and then let r — o0, then we get a
contradiction. Hence, I has to be surjective.

Now, we define a function T : £y — E; by T = I7lo f. Obviously, T is a
surjective §-isometry with 7°(0) = 0. Thus, we obtain

T~ x| <8 f)

forall x € E1. By (c), we have

I7C)—xl = |17 () =x|| = /) =Tl = 2(r+3)8 +273|Ix|| (g)

forall x € £y and r € N.
We now assert that

IT(x) — x| <28 (h)

for each x € E;. Choose an x € E; satisfying ||T(x) — x| = a > O and set y =
(1/a)(T(x)—x). Then, we have || y|| = 1. As T is surjective, we can find az, € E;
forevery n € N such that T(x +z,) = x+ay+ny.Sincen = | T(x +2z,)—T(x)||
and T is a §-isometry, we conclude that

n—=38<l|zl|l<n+$§ )]

forany n € N.
If we replace x in (g) with x + z, and divide the resulting inequality by 7, then
we get

I(1/may +y = (1/mzall = (1/n) (20 +3)8 + 27" (|x]| +n + 8)).

We put r = [ﬁ ] and let n — oo in the last inequality, where [w] denotes the
largest integer not exceeding w, then (i) gives

lim (1/1znll)zn = . (J)
n—>0o0
Let g be a real number and define

A = limsup (||x + za |l — l|zall)-

n—00

It now follows from (i) that 1 — g/||z,|| > 0 if n is large enough. For such integers
n, it holds true that

1x + 20l = lzall +q = [|x + (@/lzn)zn + (1 = q/llznll)zn |
— (1 = g/ zal)zn]
< |x + (¢/llznl)zn]-
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This implies together with () that
At+q=|x+aqyl

for any ¢ € R. Similarly, we obtain
dg =z timsup (=[x + (a/lznl) 2]} ) = =llx + gy
n—o0

for each ¢ € R. Consequently, we have
A +ql < lx+qyll (k)

for every g € R.

We will have to consider two special cases. First, we deal with the situation when
x and y are linearly independent. Let us define a functional ¢ on the linear span of
x and y by ¢(x) = A and ¢(y) = 1. It then follows from (k) that |l¢| = 1. If we
substitute x + z, for x in (f'), then it follows from (k) that

8> [lx +ay +nyl =[x + zall
>|A+a+n|—|x+z|
>A+n+a—|x+zl

for each n € N. Applying (i) to the last inequality, we see that
§=A—llx+zll+m+8+a—-8=2—(Ix +zull = lzall) +a -6

which together with the definition of A implies that 2§ —a > 0. This ends the proof
of (h) in the case that x and y are linearly independent.

Assume now that x = uy for some p € R. In view of (k), we have [A 4 ¢g| <
| + ¢| for any ¢ € R. If we put ¢ = —pu in the last inequality, then we get A = .
If an integer n is large enough, then || x + ay + ny|| = A 4+ a + n. For such integers
n, substituting x + z, for x in () and considering (i) and the definition of A yield

§ = |lx +ay +nyll — [|x + z
=a+A—(Ix+zll = lzall) + 7 — llzall
Z a_87

i.e., a < 26, which proves the validity of (%) in the case that x and y are linearly
dependent.
Since [ is a surjective isometry with 7(0) = 0, it follows from (%) that

If ) = 10|l = IT(x) — x| <28
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forall x € E1.If I' : Ey — E, is another surjective linear isometry satisfying
I’(0) = 0 as well as (13.4), then we obtain

1277 f27x) = I'(x)] < 27" Vs
forall x € E1 and m € N. If we let m — oo, then we get [ = I, O

Moreover, Omladi¢ and Semrl presented that the inequality (13.4) is sharp by
constructing the following example. Define a surjective function f : R — R by

[ =3x (for x €[0,1/2)]),
f(x) = x—1 (for x €[0,1/2]).

Obviously, f is a 1-isometry. In view of Theorem 13.8, f can be approximated by a
linear isometry / : R — R. There are only two linear isometries, namely, /(x) = x
and /(x) = —x. However, the second one does not approximate f uniformly and
we can easily show that

max | f(x) — x| = 2,
xe€R

which proves that the inequality (13.4) is sharp in the one-dimensional case.

On the other hand, G. Dolinar [94] investigated the stability of isometries in
connection with (e, p)-isometry, where a function f : E; — E is called an (e, p)-
isometry if f satisfies the inequality

fG) = O = llx = yll| < ellx = yII?

for some ¢ > O and forall x,y € Ey:

Let E1 and E» be real Banach spaces and let 0 < p < 1. There exists a constant
N(p), independent of E1 and E,, such that for each surjective (g, p)-isometry f :
Ey1 — E> with f(0) = 0 there exists a surjective isometry I : E1 — E, satisfying

If(x) = 1)l < eN(p)lIx]®
forall x € E;.

He also proved the superstability of isometries. Indeed, it was proved that for
p > 1 every surjective (g, p)-isometry f : E1 — E5 from a finite-dimensional real
Banach space E onto a finite-dimensional real Banach space E; is an isometry.

For more general information on the Hyers—Ulam stability of isometries and re-
lated topics, refer to [21, 154,237,297,305,307,328, 338,350,352, 355].

13.2 Stability on a Restricted Domain

Let m > 1 be an integer. For each £ C R™, H(E) denotes the smallest flat con-
taining E, i.e.,

H(E) = {Aopo+ -+ AmPm | Po.-... pm € E: Ao,....Am € R;
Ao+t Am = 1.
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For any integer k € {1,...,m}, the points py, ..., px € R™ are called independent
if H(po,- .., pr) is k-dimensional. We use the notation d(x, E) for the Euclidean
distance between the point x and the subset E of R™.

In 1981, J. W. Fickett [103] proved the following lemma and applied it to the
proof of the Hyers—Ulam stability of isometries defined on a bounded domain.

Lemma 13.9. Let py, ..., pm—1 be independent points in R™, where m > 2 is an
integer. Define H = H(py, ..., pm—2) and let p,, be any point of R™ satisfying
d(pm,H) < d(pm-1, H). Define di = |pm — pi| for everyi € {0,...,m — 2}.
Suppose that 0 < d; < 1fori €{0,...,m—2}, and that d,,— and € are given with
|dm_1 —|Pm—Pm—1 || <eand0 < ¢ < 1. Ifthere exists a point q with |q—p;| = d;
fori €{0,...,m — 1}, then there exists such a q with | pm — q| < 2./

For a given integer n > 2, let S be a bounded subset of R” and let f : § — R”
be a §-isometry. Fickett [103] introduced a construction of isometry / : § — R”
which is quite different from the (direct) method of Hyers and Ulam:

(i) We extend the domain S of f to S, the closure of S. For any s € S\ S, we
define fi(s) to be any element of the set

() f(ty €S |d(s.y) < 1/m}),
m=1

and let fi(s) = f(s) fors € S. Then it is easy to show that f; is again a
§-isometry. _
(ii) Let k be the dimension of H(S) and choose sq, ..., sx € S to satisfy

|so — 51| = diameter of S,

13.5
d(si, H(so.....si—1)) = sup{d (s, H(so.....si-1)) | s € S} (13.5)

foreachi € {2,...,k}. Note that 59, . . ., s are independent.
(iii) We define

I(s0) = f1(s0).
I(s;) = apoint as close as possible to f;(s;) satisfying
[I(si) = 1(s;)| = |si —sj|for 0 < j <i <k, (13.6)
I(s) = the unique point in H(I(so), ey I(sk)) satisfying
[1(s) — I(s;)| = |s —si| for i € {0,...,k}.

Foran § C R”, diam S denotes the diameter of S. Moreover, we define
Ko(§) = Ki(8) =8, Ka2(§) =338, Ki(§) =2782"
for all integers i > 3.

J. W. Fickett [103] proved the Hyers—Ulam stability of isometries on a
bounded domain.
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Theorem 13.10 (Fickett). Let S be a bounded subset of R" and let f : S — R”
be a §-isometry, where 0 < K, (§/diam S) < 1/3. Then the isometry I : S — R”"
constructed by the preceding steps satisfies

| f(s) = 1(s)| < Kuy1(8/diam S) - diam S
foralls € S.
Proof. By a homothety argument, we can reduce the general case to the case where

diam S = 1. By induction on m, we prove that if ty,...,t, € S, with to, ..., tm—1
independent, satisfy

d(ti,H(to,....ti—1)) = d(t;, H(to. ... ti—1)) (a)

for all integers i, j with 1 <i < j <m,andif h : {tg,...,tn} — R” is defined
inductively by

h(t;) = apoint as close as possible to f(z;) satisfying
|h(ti) — h(t;)| = |ti — 1] for 0 < j <i <m,

then
|h(t:) — f1t)] < Km ()
for each integeri € {0, ..., m}.
This claim is true for m € {0, 1}. Let m > 2. We assume that the claim is true for
m-point sets, and let ¢y, . .., t;,, and & be as described. Then 1y, ..., t;—2, tm—1 and
to, ..., tm—2,tm each satisfy an m-point version of (a).

Fori € {0,...,m — 1}, we define h1(t;) = h(t;) and

hi(t,) = apoint as near as possible to fj(#,,) satisfying
|h1(tm) — 1 (t;)] = |tm — ;| for i €{0,....,m —2}.

Note that i1 (t,,) is in H (h (to), ..., h(tm)). By the induction hypothesis, we have

[h1(t:) — f1(t)| < Km—1(3)
foranyi € {0,...,m}. Hence, we get
1A (tm—1) = h1(tm)| = [tm—1 = tml| < 8 + 2Km—1(8) < 3Km-1(8).
We now apply Lemma 13.9 with py, ..., pm, dm—1, &, and R™ there equal to

hi(t0), ..., h1(tm), |tm — tm-1|, 3Km—1(8), and H(h(to), .. ,h(tm)) togetag €
H(h(to), . ,h(tm)) with |g — h(t;)| = |tm — ti| foreachi € {0,...,m — 2} and

1 — hy(tm)] < 2(3Km-1(8)) "> Thus,
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| f1(tm) = h(tm)| < | f1(tm) — 4
< [/iltm) = hi(tm)| + [h1(tm) — 4|
< Kno1(8) + 2(3Km1(9) 2
which ends the proof of our first claim.

Now, let s € S be arbitrary. By (13.5) and (13.7), we may apply the preceding
steps withm =k + 1,10 = so,...,k = Sk, tm = S, and h = I to conclude that

[1(s) — f1(s)] < Ki+1(8) < Kn+1(9)
foralls € S. O
Let (G, +) be an abelian metric group with a metric d(:, -) satisfying
dix+z,y+z)=d(x,y) and d(2x,2y) =2d(x,y) (13.7)
forall x, y,z € G. Moreover, we assume that for any given y € G the equation
X+x=y

is uniquely solvable. We here promise that 2~'y or y/2 stands for the unique so-
lution of the above equation and we inductively define 2~ +Dy = 21 (2_" y) for
each y € G andn € N. We may usually write 27" x instead of x /2" foreachx € G
and n € N. The second condition in (13.7) also implies that

d(x/2,y/2) = (1/2)d(x,y)

forallx,y € G.
S.-M. Jung [178] applied a direct method and proved the Hyers—Ulam stability
of isometries on a restricted domain.

Theorem 13.11. Let E be a subset of G with the property that
0cE and 2*x € E forallx € E andk € N

and let F be a real Hilbert space with the associated inner product (-, -). If a function
f 1+ E — F satisfies the inequality

£ G) = fO) = d(x. p)| < ed(x. »)”

for some ¢ > 0,0 < p < 1l and for all x,y € E, then there exists an isometry
I : E — F that satisfies

1/ (x) = 1(x) = fO)
2(1=p)/2

< Wmax{\wﬁe, 25} max {d(x,O)p, d(x,O)(1+p)/2} (13.8)

forall x € E. For0 < p < 1, the isometry I is uniquely determined.
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Proof. 1f we define a function g : E — F by g(x) = f(x) — f(0), then we have

lllg(x) — gl — d(x.y)| < ed(x, y)?

(@)

forany x,y € E. With y = 0 and y = 2x separately, the inequality (a) together

with (13.7) yields
gl —d(x,0)| < ed(x,0)7,
[lg(x) — g(2x)|| = d(x,0)| < ed(x,0)7,

respectively.
It follows from (b) that

A(x)? < [lg@)I? < (d(x,0) + ed(x,0)?)
and
lg(x) —g2x)|1>= llg(x)[|* + [lg(2x)|1* — 2(g(x), g(2x))
< (d(x,0) + ed(x,0)?)?,
where we set

(for d(x,0) < &/1=P),

A = .0 ed(x. 00 (for d(x.0) > £1/0-P).

(b)

(c)

(d)

If d(x,0) > (1/2)e"/(=P) then A2x) = d(2x,0) — ed(2x,0)? and A(2x)? <

| g(2x)||?. Hence, it follows from (13.7), (c), and (d) that

2]lg(x) - (1/2)g2x)|?
=2[g()* + (1/2))182x)1* — 2(g(x). (2x))

= llg@)I? + (I8 + g @0) 1> = 2(g(x). g(2%))) = (1/2) g (2x)]1?

< 2(d(x,0) + ed(x,0)?)” — (1/2)(d(2x, 0) — ed(2x, 0)?)*
=4de(1 +2771)d(x,0)'7 + 26%(1 — 227 D)d(x,0)%”

= (4427 4 2ed(x, 0077 (1 = 2277 D))ed(x,0) 7

< (4+27% 4 2277(1 = 2277 D))ed (x,0) 1P

< 9ed(x,0)! 1P,
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On the other hand, for d(x,0) < (1/2)e'/(1=P) it analogously follows from (c)
and (d) that

2] g(x) — (1/2)g(2x)|1> < 2(d(x,0) + £d(x,0)?)* < 852d(x, 0)>".
Hence, we have
lg(x) = (1/2)g(2x)|| < € max {d(x,0)”, d(x,0)!+7)/2} (e)

forall x € E, where we set C = max {«/4.58, 28}.
The last inequality implies the validity of the inequality

n—1
lg(x) —27"g(2"x)|| < € max {d(x,0)7, d(x,0)!+P/2} % 271 (0=P)/2 ()
=0

for n = 1. Assume now that the inequality () is true for some n € N. It then
follows from (13.7), (e), and () that

”g(x) _ 2—(n+1)g(2n+1x) ”
< )~ 2@ )l + |22 — 2 D24 1x)|

n—1
< Cmax {d(x,0)?, d(x,0)1TP)/2} Zz—i(l—p)/z
i=0
+27"C max {d(2"x,0)7, d(2"x,0)! TP/2}

n
< C max {d(x,0)?, d(x,O)(Hp)/z} ZZ_i(l_p)/z,
i=0

which implies the validity of (f) forall x € E andn € N.
For given m,n € N with n > m, we use (13.7) and (/) to verify

127"g(2"x) =27 (2"x)|
=27 g@"x) — 27" g(2" T 2" x) |

n—1

< C max {d(x, 0)?, d(x, 0)(1+p)/2} Z 7=i(1-p)/2
i=m

— 0 as m — o0.

Thus, {27"g(2"x)} is a Cauchy sequence for any x € E. Let us define a function
I:E— Fby

I(x) = lim 27"g(2"x). (g)
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If we substitute 2" x and 2"y for x and y in (a), divide the resulting inequality
by 2", and consider the case that n goes to infinity, then we see that / is an isometry.
The inequality ( /), together with (g), presents that the inequality (13.8) holds true
forany x € E.

Assume now that 0 < p < land I’ : E — F is an isometry satisfying the
inequality (13.8). Based on our assumption p > 0, it then follows from (13.8) that
I’(0) = 0. Since

11" (x) = I'(»)]| = d(x.y)
for all x, y € E, it follows from (13.7) that

17"2x) = I'(0)|| = d(2x,x) = d(x,0) = | I'(0)]|

and
11"(2x)|| = d(2x.0) = 2d(x.0) = 2|[I"(x)]|.

Hence, we have

117Q2x) = 1" ()12 = 117 @x) |12 = 2(1'2x). ' () + ' (0)1? = 1" ()]

Thus, we get
17" @) )l = (1'(2x). I'(x)).
i.e.,
I'(2x) = 21I'(x) (h)
for any x € E. Assume that
27K (2Fx) = I'(x) (i)

for all x € E and some k € N. Then, by (/) and (i), we obtain

kD (25 x) = 27k (2Fx) = I (),
which implies that, for 0 < p < 1, the equality (i) is true for all x € E and all
k e N.

For some 0 < p < 1 and for an arbitrary x € E, it follows from (13.8) and (i)
that

17(x) = I"(x)]

271 (25x) = 112" |
1 2.20=p)/2

- = k p k (1+p)/2
< K 5T—p)/2 = 1Cmax {d(2 x,0)?, d(2%x,0) }
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ka-p2 20702 ? ni
<2 s a7 € max {d(x. 07, d(x, 0P

— 0 as kK — oo.

This implies the uniqueness of / for the case 0 < p < 1. O

It would be interesting to compare the previous theorem with [335, Theorem 1]
because the function f involved in Theorem 13.11 is a kind of asymptotic isometry.
The following corollary may be proven by use of Theorem 13.11 or in a straight
forward manner. Indeed, it is an immediate consequence of [335, Proposition 4].

Corollary 13.12. Let G and F be a real normed space and a real Hilbert space,
respectively. Assume that a function f : G — F satisfies f(0) = 0and f (2kx) =
2% f(x) for all x € G and k € N. The function f is a linear isometry if and only
if there exists a 0 < p < 1 such that

/) = fO = llx =yl = O(llx = y117)

as ||x|| = oo and ||y| — oc.

Jung [178] also proved the Hyers—Ulam stability of isometries on a restricted
domain for the case p > 1.

Theorem 13.13. Let E be a subset of G with the property that
0cE and 27%x € E forallx € Eandk € N

and let F be a real Hilbert space with the associated inner product (-, -). If a function
f : E — F satisfies the inequality

/) = fO = d(x. y)| < ed(x, y)?

for some ¢ > 0, p > 1, and for all x,y € E, then there exists a unique isometry
1 : E — F such that

1/ (x) = 1(x) = fO) ]|
2(p=1)/2

=< -1z _ 1 max {2/e, 2¢} max {d(x,0)?, d(x,0)1+P)/2}

forany x € E.

Corollary 13.14. Let G and F be a real normed space and a real Hilbert space,
respectively. Suppose a function [ : G — F satisfies f(0) = 0 and f (ka) =
2K f(x) for all x € G and k € N. The function f is a linear isometry if and only
if there exists a p > 1 such that
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£ ) = fFDI = llx = yll| = O(llx — yII7)

as ||x|| = O0and | y| — 0.

For more general information on this subject, we refer the reader to [176, 188].

13.3 Fixed Point Method

Recently, Cidariu and Radu [57] applied the fixed point method to the proof of the
Hyers—Ulam stability of the Cauchy additive functional equation. Using their idea,
S.-M. Jung could present a short and simple proof for the Hyers—Ulam—Rassias
stability of isometries whose domain is a normed space and range is a Banach space
in which the parallelogram law holds true (see [182]).

Theorem 13.15 (Jung). Let E| be a normed space over K and let E; be a Banach
space over K in which the parallelogram law holds true. Assume that § : E; —
[0, 00) is an even function such that there exists a constant L, 0 < L < 1, with

§(2x) <2L28(x) (forall x € Ey),
x|l < L28(x) (for all x € Ey with || x| < 1), (13.9)
x| > L?8(x) (for all x € Ey with || x| = 1),

and that

lim 27"8(2"x) =0 (13.10)
n—o00

forall x € Ey. If a function f : E1 — Ej satisfies

1/ = FOI = llx = yll] < 8(x =) (13.11)
forall x,y € E1, then there exists an isometry I : E1 — E» such that
1+ L2
If ) = fO) =IOl = 7= V(%) (13.12)

forall x € Eq, where

V) = (1/vV1+2L2)([Ix] + 8(x))  (for |Ix]l < 1),
(1/L) V[ x][8(x) (for |lx| = 1).

The I is the unique isometry satisfying (13.12) and 1(2x) = 21(x) for any x € Ej.

Proof. First, we will prove that

V(2x) < 2Ly (x) (a)
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forall x € Eq.If ||x|| > 1, then («) immediately follows from the first condition of
(13.9). If || x|| < 1/2, then the first and second conditions of (13.9) imply that

_ 20-L) _ 20-L) ag o
2Ly (x) I/f(2>€)2«/1_|_W(L5(X) IIXII)EW(L §(x)—|lx][) = 0.

Now, let 1/2 < ||x|| < L,i.e., ||2x]| > 1.1t then follows from the first two conditions
of (13.9) that

1
4L?

1

Y(2x)? = ENE [2x(|6(2x)

IA

1
VELRILIC)

1 2
2 PP + T

§(x)* +

IA

[l 16 Cx)

1+2L2 1+2L?

1
< gz (Il +80)°
=y ()

forall x € E;.
Let us define
X ={h:E - E>| h(0) =0}

and introduce a generalized metric on X as follows:
d(hy, hy) = inf{C € [0, oo] | 71 (x) —h2(x)|| < C¥(x) forall x € El}.

Then, it is easy to prove that (X, d) is a generalized complete metric space (see
the proof of [189, Theorem 3.1] or [57, Theorem 2.5]). We now define an operator
A:X - Xby

(AR)(x) = (1/2)h(2x)

forallh € X and x € E;.

We assert that A is a strictly contractive operator. Given hy,h, € X, let C €
[0, 0] be an arbitrary constant with d(h1,h2) < C. From the definition of d, it
follows that

171 (x) = ha(x)[| = Cr(x)

for each x € E;. By the last inequality and (a), we have
[(AR1)(x) = (Ah2) ()| = (1/2)[|h1(2x) — h2(2x)|| = (1/2)C ¥ (2x) < CLY(x)

for all x € E;. Hence, it holds true that d(Ahy, Ahy) < CL,i.e., d(Ahy, Ahy) <
Ld(l’ll, hz) for any ]’ll, ]’lz € X.
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If we set g(x) = f(x) — f(0) for any x € Ej, then it follows from (13.11) that
lg(x) =gl = llx = yll| < 8(x—y) (b)

forall x,y € E;.
Now, we can apply the parallelogram law to the parallelogram

(Ag)(x) — g(x)

(Ag)(x)

and we conclude that

2[(AQ)(x) = g)I* + 2[(Ag) (V)1 = [2(Ag)(x) — g(x)[1* + llg ()|

forany x € E;. Since (Ag)(x) = (1/2)g(2x), it follows from the last equality and
(b) that

2[[(Ag)(x) —g)* = llg(2x) = g()II* + g (WII* = (1/2)llg2x)|1?
< 2(llx ]l +8(x))* = (1/2)g(2x) |12 (c)

foreach x € E;.
If |x|| < 1, then it follows from (c) that

2[[(Ag) () — ()% < 2(llx]| + 8(x))?
or equivalently
[(Ag)(x) —g()|l < V14 2L? ¢ (x) (d)

for all x € Ey with ||x|| < L. If ||x|| > 1, then it follows from (13.9), (), and (c)
that

2(A)(x) — g < 2(Ixll + 8(x))* — (1/2)]|g2x0)])?
< 2(llx] + 8(x0))* = (1/2)(|2x]| - 8(2x))*
< 2(llx]) + 8(0))* = (1/2)2]1x]| - 2L%8(x))?
= 4(1 + L?)||x[|8(x) + 2(1 — L*)§(x)*
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R 1—L*
< 41+ L?)[1x]18(x) + 2—5—lx[1§(x)

L2
1+ 12V
() ixtsco.

Hence, it follows that
I(Ag)(x) =gl < (1 + L?) Y (x) (e)
for all x € Ey with ||x|| > 1. In view of (d) and (e), we conclude that
d(Ag.g) <1+ L% (f)

According to Theorem 2.43 (i), the sequence {A” g} converges to a fixed point
I of A, i.e., if we define a function I : E; — E; by

I(x) = lim (A"g)(x) = lim 27"¢(2"x) (&)
n->00 n->00
forall x € Ey, then [ belongs to X and [/ satisfies
I1(2x) = 2I(x) (h)
for any x € E;. Moreover, it follows from Theorem 2.43 (iii) and ( f') that

1 1+ L?
d(Ag.g) < :
opdhe o =57

dg.I) <

i.e., inequality (13.12) holds true for every x € Ej.

If we replace x with 2”x and y with 2"y in (b), divide by 2" both sides of the
resulting inequality and let  go to infinity, then it follows from (13.10) and (g) that
I is an isometry.

Finally, it remains to prove the uniqueness of 1. Let I’ be another isometry sat-
isfying (13.12) and (%) in place of 7. If we substitute g, I, and 0 for x, x*, and ng
in Theorem 2.43, respectively, then (13.12) implies that

1+ L2
1—L

d(A"g, I')=d(g.1') < < 00.

Hence, I’ € X* (see Theorem 2.43 for the definition of X*). By (%), we further
have I'(x) = (1/2)1'(2x) = (AI')(x) forall x € Ey, i.e., I is a “fixed point” of
A. Therefore, Theorem 2.43 (ii) implies that I = [’. O
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We notice that the parallelogram law is specifically true for norms derived from
inner products. It is also known that every isometry from a real normed space into
a real Hilbert space is affine (see [15]). Since the isometry [ satisfies 7(0) = 0
(see the proof of Theorem 13.15), the following corollary is a consequence of
Theorem 13.15.

Corollary 13.16. Let E1 and E; be a real normed space and a real Hilbert space,
respectively. Given any 0 < p < 1, choose a constant € with 1 < ¢ < 2'7P and
define a function § : E; — [0, 00) by

8(x) = ef|x]”

for all x € Ey. If a function f : E1 — E, satisfies the inequality (13.11) for all
x,y € Ey, then there exists a unique linear isometry I : E1 — E» such that

1+e¢
e— e

If(x) = f(0) = I(0)|| = ¥ (x)

forall x € Eq, where

ve/(e+2)(lx]l +ellx?)  (for |Ix] < 1),

ellx|+P)/2 (for x| = D).

Y(x) =

We simply need to put L = £~1/2 in Theorem 13.15 to prove Corollary 13.16.
Similarly, Jung proved the following theorem and corollary.

Theorem 13.17. Let E1 be a normed space over K and let E» be a Banach space
over K in which the parallelogram law holds true. Assume that § : E; — [0, 00) is
an even function such that there exists a constant L, 0 < L < 1, with

28(x) < L%28(2x) (forall x € Ey),
x|l = 8(x) (for all x € Ey with || x| < 1),
x|l < L*8(x) (for all x € E with ||x]| > 1),

and
lim 2"§27"x) =0
n—->oo

forall x € Ey. If a function [ : E1 — E, satisfies the inequality (13.11) for all
X,y € Ei, then there exists an isometry I : E; — E, such that the inequality
(13.12) holds true for all x € Ey, where

(1/L)/1x[18(x) (for |x| < 1),

YO VTR ) (1l 4 800) (o el = 1),

The I is the unique isometry satisfying (13.12) and 1(2x) = 21(x) for any x € E;.
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Corollary 13.18. Let E1 and E, be a real normed space and a real Hilbert space,
respectively. For a given p > 1, choose constants €1 and e, with 0 < ¢; < 1 <
&2 < 2P~! and define a function § : E1 — [0, 00) by

erflx|? - (for |x| < 1),

e2flx||” (for |Ix]| = 1)

§(x) =

forall x € Ey. If a function f : E1 — E, satisfies the inequality (13.11) for all
X,y € Ey, then there exists a unique linear isometry I : E1 — E; such that

14+ ¢
1) = O = 1] = ==y
forall x € Eq, where
_ | EE x| P2 (for ||lx[l < 1),

V=) e T DIl + ealix?) or x| = 1).

13.4 Wigner Equation

Let E; and E; be real or complex Hilbert spaces (we denote the scalar field by K)
with the inner products and the associated norms denoted by (-, -) and || - ||, respec-
tively.

A function f : E1 — E; is called inner product preserving if it is a solution of
the orthogonality equation

(f(), f(¥) = {x.y) (13.13)

forall x, y € E;. We can present that f satisfies (13.13) if and only if it is a linear
isometry. Similarly, f : E; — E is a solution of the functional equation

(f(x). f(») = (y.x), (13.14)

for every x,y € Ej, if and only if f is a conjugate-linear isometry, i.e., f is an

isometry and f(Ax + puy) = A f(x) + @ f(y) forany x,y € E; and A, 1 € K.
Functions f, g : E1 — E; are called phase-equivalent if and only if there exists

a function o : E1 — S such that g(x) = o(x) f(x) for each x € E, where we set

S={zeK| [zl =1}
A functional equation

(F ), SO = [{x. ¥, (13.15)
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for any x,y € E, is called the Wigner equation (or the generalized orthogonality
equation) because it first appeared in the book by E. P. Wigner [358]. The following
theorem plays a crucial role in Wigner’s time reversal operator theory.

Theorem 13.19 (Wigner). If a function f : E1 — E, satisfies (13.15), then f is
phase-equivalent to a linear or a conjugate-linear isometry.

The “mathematical” proof of this theorem can be found in [317,329]. The Hyers—
Ulam stability of the Wigner equation has been proved, in a more general setting, in
[65]. For the real case, a more elementary proof was given in [64]:

Let E be a real Hilbert space with dim E > 2. If a function f : E — E satisfies
the inequality

(£, fON = e )l = 8 (13.16)

forall x,y € E and some § > 0, then there exists a solution function I : E — E
of the Wigner equation (13.15) such that

I f(x)—I(x)| < V8

forany x € E.

Let ¢ and d be given constants, where ¢ > 0 (¢ # 1) and d > 0. From now on,
we denote by D a subset of E; defined by

(x € Ey | |Ix]| =d} (for 0<c<1),
{xeEi||x| <d} (for c>1)

if there is no specification. We will exclude the trivial case D = {0}. We consider a
functiong : E 12 — [0, 00) satisfying the property

lim ™™ g(cx,c"y) =0 (13.17)

m-+n—00
forall x,y € D.

In order to define a class of approximate solutions of the Wigner equation, we
introduce the functional inequality

(£, SON = 1, )| < @(x,y) (13.18)
forall x, y € D. Let us define a functional sequence { f,, } by

Ja(x) =" f(c™"x) (13.19)
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for any x € E;. Then, it easily follows from (13.18) that
x| = ™ (™" x,c"x)
= [(fm(x), fn (X))

< |Ix|I® 4+ " o(c™x,c " x) (13.20)

for any x € D and m,n € Ny. In particular, if we set m = n in (13.20), then we
have

X[ = > p(c™x, ¢ 7" x) < | fa () < X7 + (e x,c7"x). (13.21)

With these considerations, J. Chmielifiski and S.-M. Jung [66] proved the Hyers—
Ulam—Rassias stability of the Wigner equation on a restricted domain.

Theorem 13.20 (Chmielinski and Jung). Ler E; and E» be real (or complex)
Hilbert spaces. If a function | : E1 — E, satisfies (13.18) with the function ¢ :
E 12 — [0, 00) satisfying the property (13.17), then there exists a solution function
1 : E1 — E; of the Wigner equation (13.15) such that

1/ (x) = I = Velx. x)

forall x € D. The function I is unique up to a phase-equivalent function.

Proof. The right-hand-side inequality in (13.21) and property (13.17) imply that
the sequence { f, (x)} is bounded for any x € D. Thus, there exists a subsequence
{ /1,0 ()} of { fn(x)} weakly convergent in E, (cf. [241, Theorem 2]). Next, we
choose 07, (x) € S such that

1, (0) { f1, 0 (%), f(x)) = 0.

As S is compact in K, we can find a convergent subsequence {ox,, (x)}. We will
now write {05, (x)} instead of {0%,, (x)}. Then, we have

(0n (%) fien 0 (x), f(x)) =0
which together with (13.20) gives us
(00 (X) fiey () (). [ (X))
= (00 (%) fie o0 (). ()]
= |{(fiw (), £(2))]

> x| —ck”(x)rp(c_k”(x)x,x). (a)
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Since the sequence {0, (X) fk, (x)(x)} is weakly convergent, we can define
Je(x) = w-lim 0y, (x) fie, () ()
n—>0o0

for each x € D. It follows from (13.18) that

[1{0m (X) fien () (%) 00 (¥) frew ) D)) = [{x. )]

< km ) g (kim0 k() y) )
forany x,y € D and m,n € Ny. Forafixed y € D and n € Ny, we define
a(2) = (200 (Y) fioy ) ()
for every z € E». Then, we have o € EJ and we can write (D) as
[1000m (X) fiey 2y CD| = [fax, )] < Fm T (im0 ),
Letting m — oo, we get

[loe(fic DI = {x, p)I[ = 0

and then

{on (9) fien ) () fx(0))] =[x, )] (c)

forallx € D.
For a fixed x € D, we define a functional 8 from the dual space E; by

B ) = (z, fu(x))

for any z € E», and then (c¢) can be expressed as

|B(0n () fiew i ()] = [, ¥)]-

Letting n — oo, we get from the definition of f that

IB(f«)] = 1(x. »)1.

ie.,
[(fe @), S| = 1{x. p)] (d)

forevery x,y € D.
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From (13.21) and (a), we obtain
1o (%) fie () (X) = ()2
= [low (%) fieu oy (> + 1 F O = 29t (0 (x) i, () (%), f (X))
< ||x||2 + CZk” (x)(p(c_kn (X)x, C_k" (X)x)

+ X1 + o(x. x) — 2[[x]|2 + 2ckn D (R x)
forall x € D. Letus fix x € D.If fu(x) # f(x). then we define

Jx(xX) — f(x) >
) = Sl

forall z € E,. Obviously, y € E5 and ||y| = 1. Thus,

y(@) = <z

¥ (00 (%) fiey o) (X) = f(x))]
< lon (x) fio, 0 (x) = fOl

< \/czk"(x)go(c—k" @, c~*n@x) 4+ @(x, x) + 2ckn@g(c~Fn@x x) .

Letting n — oo and using property (13.17) yield |y (fi(x) — f(x))| < Ve(x, x).
Hence,

[/ (x) = fO = Velx. x) (e)

for any x € D. (Obviously, the last inequality also holds true if fi(x) = f(x).)
Now, we have to extend fx from D to the whole E7. Putting

n(x) =min{n € No | ¢™"x € D}

for each x € E;\{0}, we define

B "X £ (7" ®yx)  (for x € E1\{0}),
UOES (for x = 0). (ﬁ

Ifx =0o0ry =0,then (/(x),1(y)) = (x,y) =0.Forx,y € E1\{0}, we have

(1), )] = [ fu(e™Ox), " fu(e™ D y)))|
= "+nG) |(f* (c_"(x)x), fe (c_"(y)y))|

= )+ () |(c_"(x)x, C—n(y)y)|

(. 9.
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i.e., I satisfies the Wigner equation (13.15). Moreover, if x € D, then n(x) = 0
and hence /(x) = fi(x). It then follows from (e) that

[1(x) = Ol = Velx. x)

foreach x € D.
It now suffices to prove the uniqueness of /. Suppose that I;,1, : £y — E3
satisfy the assertion of the theorem, i.e., that both are solutions of (13.15) such that

I7; (x) — f(x)]| < vo(x,x) forall x € D andi € {1,2}. Then
[11(x) = L2(x) || = 2v/@(x, x)

forevery x € D.Inview of Theorem 13.19, there exist two linear or conjugate-linear
isometries 71, T» : E1 — E, and functions 01,02 : E1 — S such that

Ii(x) = 01(x)T1(x) and I»(x) = 02(x)T2(x)

forany x € E;. Letus fix x € E;. As before, let n(x) be the smallest nonnegative
integer such that ¢ ™ x € D. Forn > n(x), we have ¢ " x € D and hence

4p(c™x,¢7"x) = | Li(e™"x) — (")
= |lo1(c™"X)T1(c7"x) — o2 (c " x)Ta(c " x)|?
= T (™" O)? + [ T2(c 7" x)|1?
—2%((o1(cT"X) T (™" x), 02(c " x) Ta(c ™ x)))

> 2)lc " x|? = 2|(T1(c " x), Ta(c " x))]

= 2¢72"|x |2 = 2¢ 2T (x), T2 (x)) .

Therefore, we have
1x[1? = 2¢*"p(c ™" x, ¢ " x) < [{T1(x), Ta(x))] (&)

forall x € E1 and n > n(x).
Assume that 7 (x) and T>(x) were linearly independent for some x € E;\{0}.
Then, we would have

(T1(x). T2(0))] < [T )1 T2 =[x,

i.e., there would exist £ € [0, 1) such that | (T (x), T»(x))| = £||x||?. This together
with (g) would give

X1 =2¢*" (™" x, ¢ 7" x) < &lx]?
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and consequently

(1 =9)x|I*> < 2¢*p(c™"x, " x)
for any n > n(x). Due to (13.17), the right-hand side of the above inequality tends
to zero as n — 00, a contradiction. Thus, the vectors 77 (x) and 7»(x) are linearly
dependent for any x € E;.

Assume now that 71 (x) = 07>(x) and |o| # 1 for some x € E;\{0}. Without
loss of generality, we can assume that |o| < 1. Once again, it would follow from

(g) that

1] = 2¢2" (e ™" x, ¢ 7" x) < (Ti(x), T2(x))]|
= [(0T2(x), T2 (x))|
= |o|-[(T2(x). T2(x))]|
= |o|-llx[I?

for all n > n(x). Therefore,
(1=l )lIxI* < 2¢*"p(c™x,c"x)
for any n > n(x). Letting n — oo, we obtain
(1=1lol)lIx[* <0,

a contradiction. Thus (defining 6 (0) = 1) we have proved that for any x € E there
exists o(x) € K such that |o(x)| = 1 and T7(x) = o(x)7T>(x). This implies

1) = 01 () T (x) = 01 (1) () Ta (x) = C“ffz)%zzm

for any x € E;, which means that /; and I, are phase-equivalent and ends the
proof. O

Let o(x,y) = ¢||x||?]|y||? with & > 0. Then
(e, e y) = U x| Py 1P

foreach m,n € N. Foreither0 <c <land p < lorc > 1and p > 1, the right-
hand side of the above equality tends to zero as m +n — o0;i.e., ¢ satisfies (13.17).
Thus, by applying Theorem 13.20, we can easily prove the following corollary.

Corollary 13.21. Assume either that p < 1 and D = {x € Ey | ||x| = d}
(d = 0)orthat p > 1and D = {x € Ey | |x|| < d} (d > 0). If a function
f : Ey — E; satisfies the inequality

Q) SONT =1 )| < ellx 171y 117
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forall x,y € D, then there exists a solution function I : E1 — E» of the Wigner
equation (13.15) such that

() = 1) < Ve llx]1”
for each x € D. The function I is unique up to a phase-equivalent function.

If we put p = 0 in Corollary 13.21, then we obtain the Hyers—Ulam stability of
the Wigner equation.

Corollary 13.22. If a function f : E1 — E, satisfies the inequality (13.16) for all
x,y €D ={x € Ei||x| =d}(d=0), then there exists a solution function
I : Ey — E5 of the Wigner equation (13.15) such that

I f(x)—I(x)| < V8

for any x € D. The function I is unique up to a phase-equivalent function.

In the following theorem, we prove the Hyers—Ulam—Rassias stability of the or-
thogonality equation.

Theorem 13.23. Let E1 and E, be real (or complex) Hilbert spaces. If a function
f : Ey — E; satisfies the inequality

(o), f(D)) = (2. 9)] = o(x. p) (13.22)

foranyx,y € D and ¢ : E12 — [0, 00) satisfies (13.17), then there exists a unique
linear isometry I : E1 — E, such that

1) = I = Vlx, x) (13.23)
forall x € D.
Proof. We define f,(x) = ¢” f(c™"x) and observe that

I = ™ p(c™x, ¢ "x)

IA

R((fm(x), fu (X))

1% + ™ (™ x, ¢ x)

IA

for all x € D. Using these inequalities, we present that

S (x) = fu ()]

< e2mp(emx, c7Mx) + (e x, ¢ X) 4 2eMm T (e x, ¢ X)
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forall x € D. Theright-hand side tends to zero as m,n — oo. Since E is complete,
we may define

fe@) = limfu(x)

for any x € D. Now, using (/) in the proof of Theorem 13.20, we extend fi to [
defined on E; and prove that [ satisfies (13.13) and (13.23).

If I’ also satisfies the assertion of the theorem, then (due to linearity of I’ and
(13.23))

I11'(x) = fu()| < c"Veolc™x,cx) =0 as n — oo

forall x € D. Therefore,
I'(x) = lim fy(x) = fiu(x)
n—oo

for each x € D, which implies that / = I’ on Ej. O

On the other hand, S.-M. Jung and P. K. Sahoo [207] proved the superstability of
the Wigner equation on restricted domains under some strong conditions imposed
on the control function:

Given an integer n > 2 and positive real numbers ¢ # 1 and d, we define

{x eR" | ||x|]| =d} (for 0<c<1),

Dy =
(x eR" | |x| <d} (for ¢ > 1),

where | - || denotes the usual norm on R” defined by
Xl = v/ (x.x)
with the usual inner product (-, -) defined by

(x,y) =x1y1 + X292+ + X

for all points x = (x1,...,x,) and y = (y1,...,ys) of R”.
Suppose ¢ : R” x R" — [0,00) is a symmetric function which satisfies the
following conditions:

(i) There exists a function ¢ : [0, 00)* — [0, 00) such that p(x, y) = ¢ (|||, [ y]))
forall x,y € R”,;
(ii) Forall x,y € R”

(/i) = 0 =)

either as |[A| = oo (for0 < ¢ < I)oras |A| = 0 (forc > 1);
(iii) If both |A| and || are different from 1, then for all x, y € R”,



13.4 Wigner Equation 323

)

either as [Ap| — oo (forO0 < ¢ < 1) oras [Au| — O (forc > 1).

Inc Inc
In [A] Infpul

(1/Balyptir. ) = o

Under these notations and conditions, Jung and Sahoo [207] proved the supersta-
bility of the Wigner equation on restricted domains.

Theorem 13.24. [f a function f : D, — R" satisfies the inequality (13.18) for all
X,y € Dy, then f satisfies the Wigner equation (13.15) for all x, y € Dy,.

They also proved the superstability of the orthogonality equation on restricted
domains.

Theorem 13.25. If a function f : D, — R” satisfies the inequality (13.22) for all
X,y € Dy, then f satisfies the orthogonality equation (13.13) for all x, y € Dy,.

Moreover, S.-M. Jung [177, 183] and Th. M. Rassias investigated the Hyers—
Ulam stability of the orthogonality equation (13.13) on a closed ball in R3. Here,
we introduce a result of Rassias:

If a function f : D — D, defined on a closed ball D C R? of radius d > 0 and
with center at the origin, satisfies f(0) = 0 and

(f(x), f(0) = (x. ) =6

for some 0 < § < min{1/4, d2/17} and for all x,y € D, then there exists an
isometry I : D — D such that

1448 (for d < m/Z),

—1
7Gx) = 1(0)] < (5d +3)/8  (for d > V17 /2)

forany x € D.



Chapter 14
Miscellaneous

One of the simplest functional equations is the associativity equation. This functional
equation represents the famous associativity axiom x - (y - z) = (x - y) - z. Sec-
tion 14.1 deals with the superstability of the associativity equation. In Section 14.2,
an important functional equation defining multiplicative derivations in algebras will
be introduced, and the Hyers—Ulam stability of the equation for functions on (0, 1]
will be proved. The gamma function I" is very useful to develop other functions
which have physical applications. In Section 14.3, the Hyers—Ulam—Rassias stabil-
ity of the gamma functional equation and a generalized beta functional equation will
be proved. The Hyers—Ulam stability of the Fibonacci functional equation will be
proved in the last section.

14.1 Associativity Equation

The associativity axiom x - (y - z) = (x - y) - z plays an important role in definitions
of algebraic structures. The functional equation

F(x,F(y.2)) = F(F(x,y).2)

is called the associativity equation.
The aim of this section is to solve the functional inequality

|F(kx,kF(y.2)) — F(kF(x,y).kz)| <6, (14.1)

where § is a given positive constant and the variables x, y, z, and k run over [0, o).
C. Alsina [4] presented that the functional inequality (14.1) is superstable.

Theorem 14.1 (Alsina). Let a function F : [0,00)> — [0,00) be given with
F(0,x) = x forall x > 0. If F satisfies the inequality (14.1) for all x, y,z,k > 0,
then F satisfies the equation

F(kx,kF(y.2)) = F(kF(x,y).kz) (14.2)

forallx,y,z,k > 0.

S.-M. Jung, Hyers—Ulam—Rassias Stability of Functional Equations in Nonlinear 325
Analysis, Springer Optimization and Its Applications 48,
DOI 10.1007/978-1-4419-9637-4_14, (© Springer Science+Business Media, LLC 2011
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Proof. Letu > 1 be fixed. Putting k = u”* (n € N), x = 01in (14.1), and dividing
the resulting inequality by u” yield

|[F(y,2) —u "F@W"y,u"z)| <u™"8.
Hence, we get
F(y,z2) = lim u " F(u"y,u"z) (a)
n—oo
for any y,z > 0 and any u > 1. It follows from () that

F(y.2) = lim u"F@u™"y,u™"2) (b)

fory,z>0andu < 1.
Using (14.1) and (a) yields

|F(x,F(y.2)) — F(F(x,y).2)|
= lim 27"|F(2"x,2"F(y.2)) — F(2"F(x.y).2"z)|

n—00

< lim 27"§
n—o0

=0

for all x, y,z > 0, where the associativity of F' follows.
Using this and (a) yields

|F(kx,kF(y.2)) — F(kF(x,y).kz)|
= Jim [ F (K (,2) =K (O F (e, ), K|

n—>0o0
= k- | lim k"D F (" k" F(p,2))
— lim k_(n+1)F(kn+1F()C, y),k”ﬂz)‘
n—o0
=k |F(x. F(y.2)) = F(F(x.y).2)|
=0

forevery x, y,z > 0 and k > 1. Hence, (14.2) holds true whenever k > 1.
Similarly, using (b) and the associativity of F we show that (14.2) holds true for
0<k<l. O

Moreover, Alsina [4] showed that if we fix k = 1, the superstability fails to hold
true for the associativity equation. It still remains open whether the associativity
equation is stable.
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14.2 Equation of Multiplicative Derivation

Let X be an infinite-dimensional real (or complex) Banach space. By B(X) we
mean the algebra of all bounded linear operators on X. We denote by F(X) the
subalgebra of all bounded finite rank operators. A subalgebra A of B(X) is said
to be standard if A contains F(X). Let A be a standard operator algebra on X. A
function f : A — B(X) is called a multiplicative derivationif f(AB) = Af(B)+
f(A)B forall A, B € A.

We introduce an important functional equation which defines multiplicative
derivations in algebras:

fxy) =xf(y) + f(x)y. (14.3)

P. Semrl [327] obtained the first result concerning the superstability of this equa-
tion for functions between operator algebras. Here, we introduce a Hyers—Ulam
stability result presented by J. Tabor [349] as an answer to a question by G. Maksa
[239].

Theorem 14.2 (Tabor). Let E be a Banach space, and let a function f : (0,1] —
E satisfy the inequality

[f(xy) =xf(y) = f)yl =6 (14.4)

for some § > 0 and forall x,y € (0, 1]. Then there exists a solution D : (0,1] - E
of the equation (14.3) such that

I/ (x) = D(x)|| = (4e)é

for every x € (0, 1].

Proof. Let us define a function g : (0, 1] — E by
glx) = f(x)/x
for each x € (0, 1]. Then g satisfies the inequality
lgCxy) —g(x) =gl = 8/(xy)
for any x, y € (0, 1]. Define a function G : [0,00) — E by G(v) = g(e™"). Then
IG( +v) = Gw) = GW)|| < §e"™ (a)
for every u, v > 0, which implies that

G +v) = Gu) =G| < de°
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forall u,v € [0, ¢) with u + v < ¢, where ¢ > 1 is an arbitrarily given constant.
According to Lemma 2.28, there exists an additive function 4 : R — E such

that
G () — A@u)|| < 3e$

for every u € [0, ¢). If we let ¢ — 1 in the last inequality, we then get
IG(w) — Aw)|| < 3ed ()
for every u € [0, 1]. Moreover, it follows from (a) that
IG@u+1) = Gu) = G| < §e"*,
IG(u+2)—Gu+1)—G(1)| < e t?,
G+ k) — Gu+ k'— )= G| < se"t*

for each u € [0, 1] and k € N. Summing up these inequalities, we obtain

|G +k) = Gu) = kG(D)] < e - e+ ()

foru € [0,1] and k € N.
Letv > 0 and let k € Ny be given with v — k € [0, 1]. Then, by (b) and (¢),
we have
[Gh) =AW = [IG(v) = G(v—k) —kG()|
+ G —k) =A@V —=k)| + || —AKk) + kG|

<de-e" + 38e + k||A(1) — G(D)|
< e -e' + 38e + 38ev
< de(e" + 3(1 +v))

< 46e-e".
This and the definition of G imply that
lg(x) — A(—Inx)| < 48e-e” " = 48e/x

forx € (0,1],1i.e.,
[ f(x)/x —A(=Inx)| < 4de/x (d)

for all x € (0, 1]. If we put D(x) = xA(—Inx) for x € (0, 1], we can easily check
that D is a solution of (14.3). This and (d) yield that

/() = D)l = [/ (x) —xA(=Inx)|| < (4¢)8

for each x € (0, 1]. O
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Similarly, Z. Pales [260] proved that the functional equation (14.3) for real-valued
functions on [1, 0o) is stable in the sense of Hyers and Ulam. Moreover, he remarked
that the equation (14.3) has a stronger property, i.e., a superstability on [1, 00).

14.3 Gamma Functional Equation

The gamma function
o0
F(x):/ e ¥y,
0

for x > 0, appears occasionally in the physical applications. The gamma function is
especially very useful to develop other functions which have physical applications.
It is well-known that the gamma function satisfies the functional equations

S(x+1)=xf(x) (14.5)
forall x > 0,
p—1
[T/(&+k)/p) = @m)2EDpl2= f(x)
k=0

forany x > O and p € N, and

f(x) f(1 —x) = a(sinwx) ™!

for each x € (0, 1).

The functional equation (14.5), however, is the most well-known among them
because it is the simplest and the most remarkable. For convenience, we call the
equation (14.5) the gamma functional equation.

Let R° = R\{0,—1,—2,...} and let a function ¢ : R® — [0, c0) satisfy

o J
d(x) = Z(p(x +Jj) 1_[ lx +i|™! < o0 (14.6)
j=0 i=0

forall x € R°.
S.-M. Jung [160] proved the Hyers—Ulam—Rassias stability of the gamma func-
tional equation (14.5) (cf. [5, 168]).

Theorem 14.3 (Jung). Assume the function f : R° — R satisfies the functional
inequality
|f(x+ 1) =xf(x)] < ¢(x) (14.7)
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for all x € R°. Then there exists a unique function G : R° — R which satisfies the
gamma functional equation (14.5) for all x € R® and the inequality

|f(x) = G(0)] = P(x) (14.8)

for every x € R°.

Proof. Let x be an arbitrary element of R°. First, we use induction on n to prove
that

n—1-—j

wa+f>rlu+z+ﬂ (a)

i=1

n—1
%w+m—fuﬂ1w+n

i=0

0
for any n € N, where we define H|x + i| = 1 conventionally. The inequality (a)

immediately follows from (14.7) for the case of n = 1. Assume that (a) holds true
for some integer n > 0. Using (14.7) and (a), we obtain for n + 1

f+n+D)=f0) [Jx+1)
=0
SIfG+n+ D)= (x+n)f(x+n)

n—1
fx+n) = f@ [Jex+i)
i=0
n—1 n—1—j
§<p(x+n)+|x+n|Zq0(x+j) 1_[ |x +i 4+ Jj|
j=0 i=1

+ |x + n|

n—1
—<p(x+n)+2<p(x+j)l_[|x+z+j|
j=0 i=1

_Z¢(X+1)H|X+I+J|

i=1

which ends the proof of (a).
If we divide both sides in (a) by |x(x + 1) ---(x +n — 1)|, we get

n—1
P@+nﬂi@+n*—fu)

i=0

n—1 J

< e+ N[]Ix+ilT @
j=0 i=0

for every n € N. By using (14.7) and (14.6), we have forn > m > 0

m—1 n—1
'f(x+m) l_[(x+i)_1 —f(x—i—n)l—[(x+i)_1

i=0 i=0
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m—1 m
=|fx+m [[e+D)" = fx+m+D][x+D)7!
i=0 i=0
m m+1
+ fatm+ D[+ = fa+m+2) [+
i=0 i=0
n—-2 n—1
+ f(x+n— 1)1_[()c—|-i)_l — f(x+n) 1_[()c—|-i)_l
i=0 i=0
n—1 J
< > e+ Dfe+ )= fa+i+ D [lx+il
j=m i=0
n—1 J
< Y e+ N[]Ix+il™"
j=m i=0

— 0 as m — oo.

Therefore, the sequence

n—1

fa+n [+

=0

is a Cauchy sequence, and we can define a function G : R° — R by

n—1
G(x) = nli)ngof(x +n) H(x +i)7 L
i=0

In view of (b) and (14.6), the inequality (14.8) is true. By the definition of G we can
easily verify that G satisfies (14.5) for its domain of definition:

n—1
Gx+1) = lim f(x+n+ D[Jex+i+D™!
i=0

:xnli)n;of(x+n+ 1)1—[(x+i)_1
i=0
= xG(x).

Assume now that G’ : R° — R is another function which satisfies (14.5) and
(14.8). It follows from (14.5) that

n—1 n—1
GX)=Gx+n[[x+D)" and G'¥) =G x+n)[[x+D" (o)

i=0 i=0
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foreach n € N. By (c), (14.8), and (14.6), we obtain

n—1
Gx)=G' ()| = [Gx+n) =G x+m)|[[Ix+il™"
i=0
n—1
< 2<I>(x—|—n)1_[|x—i—i|_1
i=0
00 n+j
= 2Z¢(x+n+j) l_[ |x 4!
j=0 i=0
00 J
=2 e+ D[+
j=n i=0
— 0 as n — oo,
which implies the uniqueness of G. O

The condition in (14.6) for ¢ is not very strong. By the ratio test for convergence
of infinite series, we can easily demonstrate that almost all functions ¢ : R° —
[0, 00) which are familiar to us, for example, ¢(x) = §, ¢|x|?, ¢ In|x|, c exp (|x]),
etc., satisfy the condition (14.6).

Even though a function G : R° — R satisfies the gamma functional equation
(14.5), G is not necessarily equal to the gamma function I" on (0, 00). If G is loga-
rithmically convex on (0, co) and satisfies the gamma functional equation (14.5) for
x > 0 and G(1) = 1, then G necessarily equals the gamma function I" on (0, co)
(see [208]).

We will now introduce a new functional equation

fx+p.y+q) =v(xy)fx,y). (14.9)

The gamma functional equation and the beta functional equation are special cases
of this functional equation (14.9).

In the rest of this section, we investigate the Hyers—Ulam stability of the func-
tional equation (14.9). Indeed, K.-W. Jun, G.-H. Kim, and Y.-W. Lee [148] proved
the following theorem.

Theorem 14.4 (Jun, Kim, and Lee). Let 8, p, and q be positive real numbers
and let ny be a nonnegative integer. If a function f : (0,00)> — R satisfies the
inequality

lf(x+p.y+q)—vx,»)f(x,y)] <6 (14.10)

forall x,y > ng and if the function ¥ : (0, 00)?> — (0, 00) satisfies

oo I 1
‘I’(x’y)_;jl:[oxﬁ(x+jp,y+jq) <00 (14.11)
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for all x,y > no, then there exists a unique solution G : (0,00)> — R of the
functional equation (14.9) with

| f(x,y) = G(x,y)| < ¥(x,y)é (14.12)

for any x,y > ny.

Proof. Forany x,y > 0andn € N, we define

n—1 1

Pu(x.y) = ; ' q)
(x,y) f(x+”1’Y+”q)‘i1:[()1//(x+1p,y+ﬂ1)

By (14.10), we have

|Pn+1(X,y) - Pn(x’y)|
=|f(x+np+p.y+ng+q)

n
1
—Y(x+np.y+nq) f(x+np.y+nq) . .
|]1:[01/f(X+Jp,y+Jq)

n

1
581.1:[0 v(x+jp.y +Jjq9) @
forall x,y > ngpandn € N.
We now use induction on 7 to prove
n—1 i 1
|Pn(x,y)—f(x,y)|ssggw(xﬂp’yﬂq) (b)

forall x, y > ng and n € N. In view of (14.10), the inequality () is true forn = 1.
Assume that the inequality (b) is true for some integer # > 0. Then, it follows from
(@) and (b) that

[Pry1(x,y) = f, )| < [Pug1(x,y) — Pu(x, )| + [Pu(x,y) — f(x, )]

n 1 1
=02 Ilyar;

=iz p.y+jq)

which ends the proof of (b).
We claim that { P, (x, y)} is a Cauchy sequence. Indeed, for any m,n € N with
n > mand x, y > ny, it follows from (14.11) and (@) that

n—1

|Pu(x.y) = Pu(x. )| < D |Piga(x.y) = Pi(x.y)]

i=m
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n—1 i

1
| Sy

il p.y+Jjq)

— 0 as m — oo.

Hence, we can define a function Gy : (ng, oo)2 — R by
Go(x,y) = lim Py(x,y).
n—->oo
Since Pp(x + p,y +¢q) = Y (x,y) Pot1(x, y), we have
Go(x + p.y +9) = ¥(x,y)Gol(x,y) (c)
forall x, y > ng. In view of (14.11) and (b), we get

1Go(x, y) = f(x, )l = lim [Pn(x,y) = f(x, )]

e’} i 1
DN ey

=5 =0 Py +Jjq)

IA

= W(x,y)s
forany x,y > ng. If Gy : (ng,o0)?> — R is another function which satisfies
Gi(x+p,y+q) = ¥ (x,y)Gi(x,y) and [Gi(x,y)—f(x,y)| = W(x,y)§ (d)
for any x, y > ny, then it follows from (14.12), (¢), and (d) that

|Go(x,y) — G1(x, y)|
n—1

1
= |Go(x +np,y +nq) —Gi(x +np,y +ngq)| . .
/.1:[0 Y(x+jp.y+Jjq)

n—1

1
<26W(x +np,y +nq) l_[ - ;
i Yt Py +j9)

o VY Fipy +ja)

—0 as n — o0

for any x, y > no, which implies the uniqueness of Gy.
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Finally, we extend the domain of Gy to (0, oo)z. For 0 < x,y < ng, we define

k—1
1
G(x,y):GO(x—i-kp,y—i-kq) s
}:[0 Y(x+np.y+nq)

where k is the smallest natural number satisfying both the inequalities x 4+ kp > ng
and y + kg > ny. It then holds true that G(x + p,y +¢q) = ¥ (x, y)G(x, y) for all
x,y > 0and G(x,y) = Go(x, y) for any x,y > ng. Thus, the inequality (14.12)
holds true for all x, y > ng. O

In the following corollary, we prove the Hyers—Ulam stability of the gamma func-
tional equation (14.5). We can compare this corollary with Theorem 14.3 or [5].

Corollary 14.5. Let § be a positive constant and let ng be a nonnegative integer. If
a function f : (0, 00) — R satisfies the inequality

Ifx+ 1) —xf(x)| =<6

for all x > nyg, then there exists a unique solution G : (0,00) — R of the gamma
functional equation (14.5) such that

|f(x) = G(x)| < ed/x
for all x > ny.

Proof. We apply Theorem 14.4 (for a single-variable case) with p = 1 and Y (x) =
x. For any x > 0, we have

G | 1 1
an—i-j 2(1/x)(1+x+1+(x+1)(x+2)+'”)

i=0 j=0
< (1 1+1 ! !
<{1/x)(1+ +5+§+“'
=e/x.

Then, the sequence

co i 1
;jl:[()x+j

converges to W(x) and W(x) < e/x for any x > 0. Hence, we complete the proof
by using Theorem 14.4. O

Jun, Kim, and Lee have also proved the stability of the functional equation (14.9)
in the sense of Ger (see [148]).
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Theorem 14.6. Let p and q be positive real numbers and let ny be a nonnegative
integer. Let f : (0,00)2 — (0, 00) be a function that satisfies the inequality

foe+tpy+a

VE () ‘ =)

forall x,y > ng, where ¥ : (0,00)%> — (0, 00) is a function such that

oo i 1
‘I’ 9 - . . <
() ;E,W(X+Jp,y+1q)

forallx,y > ng and ¢ : (0,00)> — (0, 1) is a function such that

o0
a(x,y) = Z In(l1—g(x+ip.y+iq)) < oo,
i=0

/B(x,y):ZIn(l—i-(p(x—l—ip,y—l—iq)) < 00
i=0

forall x,y > ng. Then there exists a unique solution G : (0,00)% — (0, 00) of the
functional equation (14.9) with

eV < G(x, y)/f(x,y) < P&

for any x,y > ny.

For more detailed information on the stability results of the functional equation
(14.9), we refer the reader to [217,219,234-236].

14.4 Fibonacci Functional Equation

The Fibonacci sequence is one of the most well-known number sequences. Let us
denote by F,, the nth Fibonacci number for any n € N. In particular, we will define
Fy := 0. It is well-known that the Fibonacci numbers satisfy the equation

Fp = Fpo1 + Fp—

for all integers n > 2 (ref. [225]). From this famous formula, we may derive a
functional equation

fx)=f(x—=1)+ f(x—2), (14.13)

which may be called the Fibonacci functional equation. A function f : R — R will
be called a Fibonacci function if it is a solution of the Fibonacci equation (14.13).
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The reader is referred to the recent book by M. Th. Rassias [284] providing a
self-contained and rigorous presentation of some of the most important theorems
and results from Number Theory with a wide selection of solved Olympiad-caliber
problems.

In this section, for fixed real numbers p and ¢ with ¢ # 0 and p? — 4g # 0, we
generalize the Fibonacci functional equation (14.13) into

fx)=pfx—1D—qf(x-2) (14.14)

and prove its Hyers—Ulam stability in the class of functions f : R — E, where E
is a real (or complex) Banach space.

By a and b we denote the distinct roots of the equation x? — px + ¢ = 0. More
precisely, we set

a=1/2)(p+Vp2—4q) and b= (1/2)(p— V> —4q).
Moreover, for any n € Z, we define

a — pn

Up = Un(p.q) = -

If p and q are integers, then {U, (p, q)} is called the Lucas sequence of the first kind.
It is not difficult to see that

Un+2 = pUn+1 —qU, (14.15)

for all integer n. For any x € R, [x] stands for the largest integer that does not
exceed x.

S.-M. Jung [185] investigated the general solution of the generalized Fibonacci
functional equation (14.14).

Theorem 14.7. Let E be either a real vector space if p> — 4q > 0 or a complex
vector space if p*> — 4q < 0. A function f : R — E is a solution of the functional
equation (14.14) if and only if there exists a function h : [—1,1) — E such that

fx) = U[X]Hh(x — [x]) - qU[x]h(x —[x]— 1). (14.16)
Proof. Since a + b = p and ab = g, it follows from (14.14) that

f)—af(x =) =b(f(x - 1) —af(x-2)).

(a)
f)=bf(x =D =a(f(x—1)=bf(x-2)).
By mathematical induction, we can easily verify that
f@)—af(x =1 =b"(f(x—n)—af(x —n—1)), ®)

f()=bf(x=1) =a"(f(x—n)=bf(x —n—1))
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forall x € R and n € Ny. If we substitute x + n (n > 0) for x in (b) and
divide the resulting equations by b” resp. a”, and if we substitute —m for n in the
resulting equations, then we obtain the equations in (b) with m in place of n, where
m € {0,—1,-2,...}. Therefore, the equations in () are true for all x € R and
neZz.

We multiply the first and the second equation of (b) by b and a, respectively. If
we subtract the first resulting equation from the second one, then we obtain

J(xX) = Un1 f(x =n) —qUy, f(x —n —1) (c)

forany x e Randn € Z.
If we put n = [x] in (c), then

F(x) = U1 f (x = [x]) = qUpe f (x — [x] = 1)

forall x € R.

We know that 0 < x —[x] < 1 and —1 < x —[x] —1 < 0. If we define a function
h:[-1,1) = E by h := f|-1,1), then we see that f is a function of the form
(14.16).

Assume now that f is a function of the form (14.16), where & : [-1,1) — E is
an arbitrary function. Then, it follows from (14.16) that

f(x) = Upsrh(x = [x]) — qUpgh(x = [x] = 1),
S =1) = Upgh(x = [x]) — qUpg—1h(x — [x] = 1),
f(x =2) = Upj—1h(x = [x]) = qUpxg—2h(x = [x] = 1)

for any x € R. Thus, by (14.15), we obtain

S =pfx=1)+qf(x—-2)
= (Upg+1 = PU + qUpg-1)h(x — [x])
—4(Ur = PUp—1 + qUpg—2)h(x — [x] = 1)
= 0,

which ends the proof. O
Remark 1. Tt should be remarked that the functional equation (14.14) is a particu-

n

lar case of the linear equation Zpif(gi (x)) =0 with g(x)=x — 1 and n = 2.
Moreover, a substantial part of lthe(:) proof of Theorem 14.7 can be derived from the-
orems presented in the books [227,229]. However, the theorems in [227,229] deal
with solutions of the linear equation under some regularity conditions, for example,
the continuity, convexity, differentiability, analyticity, and so on, while Theorem
14.7 deals with the general solution of (14.14) without regularity conditions. In-
deed, the proof of Theorem 14.7 is simple and straightforward.
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We now denote by a and b the distinct roots of the equation x> — px +¢ = 0
satisfying |a| > 1 and 0 < |b| < 1.

S.-M. Jung [185] proved the Hyers—Ulam stability of the generalized Fibonacci
functional equation (14.14) and J. Brzdek and S.-M. Jung have proved a more gen-
eral theorem (ref. [44]).

Theorem 14.8 (Jung). Let (E, Il- ||) be either a real Banach space if p* —4q > 0
or a complex Banach space if p?> — 4q < 0. If a function f : R — E satisfies the
inequality

/() —pfx—D+qf(x=2)[| <6 (14.17)

for all x € R and for some § > 0, then there exists a unique solution function
F : R — E of the generalized Fibonacci functional equation (14.14) such that

II 1] §
la —b| (Jal —1)(1 — |b])

[ f(x) = F)| < (14.18)

forall x € R.

Proof. Analogously to the first equation of (a) in the proof of Theorem 14.7, it
follows from (14.17) that

| f() —af(x = 1) = b(f(x — 1) —af(x —2))| <

for each x € R. If we replace x with x — k in the last inequality, then we have

[fx—k)—af(x—k—=1)=b(f(x—k—1)—af(x —k—2))|| <§

and further

|64 (f(x = k) —af(x —k = 1)
— B (flx—k = 1) —af(x —k —2)| < [b[*s @

forall x € R and k € Z. By (a), we obviously have

| () —af(x =1) =b"(f(x =n) —af(x —n—1)|

Z |BF(f(x —k) —af(x —k — 1))
k=0

b (fx—k =1 —af(x—k-2)|
—1

<Y |bl*s (b)
k=0

forevery x e Randn € N.
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For any x € R, (a) implies that the sequence {b"(f(x —n) —af(x —n — 1))}
is a Cauchy sequence. (Note that 0 < |b| < 1.) Therefore, we can define a function
Fi:R — E by

Fi(x) = lim b"(f(x —n)—af(x—n— 1)),
n—o0
since E is complete. In view of the definition of F}, we obtain
pFi(x —1) —qF1(x —2)
= (p/b) lim BN (f(x =+ 1) —af(x =+ 1) = 1))
— (g/b?) lim b"2(f(x — (1 +2) —af(x — (1 +2) — 1))

= (p/b)F1(x) — (¢/b*) Fi(x)
= Fi(x) (o)

for all x € R, since b2 = pb — q. If n goes to infinity, then (b) yields

[f(x) —af(x = 1) = Fi(x)] =

8
= 15| (d)

forevery x € R.
On the other hand, it also follows from (14.17) that

| ) =bf(x =D —a(f(x =D =bf(x-2)| <.

Analogously to (a), replacing x with x +k in the above inequality and then dividing
by |a|* both sides of the resulting inequality, we have

la ™ (f(x + k) =bf(x + k= 1))
—a N (fx+k—=1)—bf(x +k—2))| < la|7*s (e)

forall x € R and k € Z. By using (e), we further obtain
Jla™ (f(x +n) =bf(x +n—1) = (f(x) =bf(x = D)]
< Z la™ (f(x + k) =bf(x + k — 1))
. —a N (fx+ k=1 =bf(x +k—2))|

<Y la[™*s )
k=1

forx e Randn € N.

On account of (e), we see that the sequence {a ™" (f(x +n)—bf(x +n—1))}is
a Cauchy sequence for any fixed x € R. (Note that |a| > 1.) Hence, we can define
a function F> : R — E by
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F(x) = lim a(f(x +n)—bf(x +n—1)).
n—0o0

Using the definition of F yields

pha(x —1) —gF(x —2)

= (p/a) lim a " V(f(x +n—1)=bf(x + (n—1)—1))
n—>0o0
—(¢/a® lim a2 (f(x +n—2)=bf(x + (n—2) — 1))
n—0o0

= (p/a)Fa(x) — (¢/a*) F2(x)
= F(x) (g)

for any x € R. If we let n go to infinity, then it follows from ( /') that

[F2(x) = f(x) +bf(x = D = |
al—1

(h)

for each x € R.
By (d) and (), we have

b
Hf(x)— (b_aFl(x)— bfan(x)) H

- ﬁ“ (b—a)f(x)— (bFl (x) — an(x))H

< l;bllbf(X) —abf(x = 1) =bFi(x)]
a—>b|

+ L aFa() — af @) + abf(x — D)
@ 0]
_lal=1b] 5 O

= la=5] (la]—1)(1—|b])

for all x € R. We now define a function F : R — E by
b a

b—a b—a

for all x € R. Then, it follows from (c) and (g) that

F(x) = Fi(x) — Fa(x)

pF(x—1)—gF(x —-2)

pb
p_atr=D=y

b
= —b_a(pF1(x— 1) —qFi(x=2)) - ﬁ(sz(x— 1) — gF>(x —2))
b a
=5, ——

= F(x)

b
p_“an(x—n— bq Fi(x—2) + 2

—a b—a

Fa(x —2)

F(x)

for each x € R, i.e., F is a solution of (14.14). Moreover, by (i), we obtain the
inequality (14.18).
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Now, it only remains to prove the uniqueness of F. Assume that F, F' : R — E
are solutions of (14.14) and that there exist positive constants C; and C;, with

[f(x) = F)[ =C1 and | f(x) = F'(x)|| = C2 ()

for all x € R. According to Theorem 14.7, there exist functions &, i’ : [-1,1) — E
such that

F(x) = U[X]Hh(x — [x]) - qU[x]h(x —[x]— 1),
F'(x) = Up41h' (x — [x]) — qUph/ (x — [x] = 1)

for any x € R, since F and F' are solutions of (14.14).
Fix at with 0 <t < 1. It then follows from () and (k) that

(k)

|Uns1(h(t) = B (0)) + Un(gh'(t = 1) — gh(z = 1)) ||
= [(Un+11(1) = qUah(t = 1)) = (Un1' (1) = qUah'(t = 1)) |
=[F(n+1)—F'(n+0)
<IF+0)— fa+ )|+ f(n+1)— F'(n+0)
<Ci+C

foreachn € Z, i.e.,

a"tl — pn+l , a — b" ,
(O =W @®) + ———(qh'(t = 1) — gh(r - 1))“ )
< G+ G

for every n € Z. Dividing both sides by |a|" yields

a—(b/a)"b ) 1—(b/a)"
T(h(t) — K1) + W(

< (Ci + C)lal™

gh'(t — 1) —qh(t — 1))”

and letting n — oo, we obtain
a(h(t) =h' (1)) +q(K'(t—1)—h@—1)) =0. (m)
Analogously, if we divide both sides of (/) by |»|" and let n — —oo, then we get
b(h(t)—h'(t)) +q(h'(t = 1) = h(t — 1)) = 0. (n)

By (m) and (n), we have

(a q)( h(t) — h'(t) )_(0)
b g)\W@t-1)—-hit-1)) \0oJ°
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Since ag — bgq # 0 (where both a and b are nonzero and so ¢ = ab # 0), it should
hold true that
h@)—h@)=hWt—-1)—h@t—-1)=0

for any t € [0,1), i.e., h(t) = h'(¢) for all t € [—1, 1). Therefore, we conclude
that F(x) = F'(x) for any x € R. (The presented proof of uniqueness of F is
somewhat long and involved. Indeed, the uniqueness can be obtained directly from
[48, Proposition 1].) |

Remark 2. The functional equation (14.14) is a particular case of the linear equa-
tions of higher orders and the Hyers—Ulam stability of the linear equations has been
proved in [48, Theorem 2]. Indeed, J. Brzdek, D. Popa, and B. Xu have proved an
interesting theorem, from which the following corollary follows (see also [46,353]):

Let a function f : R — E satisfy the inequality (14.17) for all x € R and for
some § > 0 and let a,b be the distinct roots of the equation x> — px + q = 0.
Ifla] > 1,0 < |b] < 1, and |b| # 1/2, then there exists a solution function
F :R — E of (14.14) such that

48
1]|2]b] -1

[ f(x)—F)| < 2lal = (14.19)

forall x € R.
If either 0 < |b| < 1/2 and |a| > 3/2—|b| or 1/2 < |b| < 3/4 and |a| >
(5—6|b|)/(6—8|b|),then

48 - § _ lal—1b| §
[2lal —1||216] = 1] = (lal = 1)(1—|b]) = la—=>b] (la| —1)(1—b])’

Hence, the estimation (14.18) of Theorem 14.8 is better in these cases than the
estimation (14.19).

Remark 3. As we know, {U, (1, —1)},=12,... is the Fibonacci sequence. So if we set
p = land ¢ = —1 in Theorems 14.7 and 14.8, then we obtain the same results as
in [184, Theorems 2.1, 3.1, and 3.3].
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